
Module 2: Fluid Kinematics

Lagrangian and Eulerian Description of fluid flow, Continuity, Momentum, Bernoulli, Energy

Equation and Momentum equation, problems solving using any programming language

INTRODUCTION

KINEMATICS OF FLOW

Kinematics is defined as that branch of science which deals with motion of particles without

considering the forces causing the motion. The velocity at any point in a flow field at any time is

studied in this branch of fluid mechanics. Once the velocity is known, then the pressure distribution

and hence forces acting on the fluid can be determined. In this chapter, the methods of determining

velocity and acceleration are discussed.

METHODS OF DESCRIBING FLUID MOTION

The fluid motion is described by two methods. They are -(i) Lagrangian Method, and (ii) Eulerian

Method. In the Lagrangian method, a single fluid particle is followed during its motion and its

velocity, acceleration, density, etc., are described. In case of Eulerian method, the velocity, accelera-

tion, pressure, density etc., are described at a point in flow field. The Eulerian method is commonly

used in fluid mechanics.

TYPES OF FLUID FLOw

The fluid flow is classified as :

(i) Steady and unsteady flows:

(ii) Uniform and non-uniform flows;

(iii) Laminar and turbulent flows;

(iv) Compressible and incompressible flows;

(v) Rotational and irrotational flows; and

(vi) One, two and three-dimensional flows.

Steady and Unsteady Flows. Steady flow is defined as that type of flow in which the fluid

characteristics like velocity, pressure, density, etc., at a point do not change with time. Thus for

steady flow, mathematically, we have



V
= 0,re

др

et
=0. =0

ot
20 X020 Kop 20

where (xo, yo, Zo) is a fixed point in fluid field.

Unsteady flow is that type of flow, in which the velocity, pressure or density at a point changes with

respect to time. Thus, mathematically, for unsteady flowле
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Uniform and Non-uniform Flows. Uniform flow is defined as that type of flow in

which the velocity at any given time does not change with respect to space (i.e., length of direction of

the flow). Mathematically, for uniform flow

=0
ds = constant

where ƏV Change of velocity

As Length of flow in the direction S.

Non-uniform flow is that type of flow in which the velocity at any given time changes with respect

to space. Thus, mathematically, for non-uniform flow

av

as=constant
≠0.

Laminar and Turbulent Flows. Laminar flow is defined as that type of flow in which

the fluid particles move along well-defined paths or stream line and all the stream-lines are straight and

parallel. Thus the particles move in laminas or layers gliding smoothly over the adjacent layer. This
type of flow is also called stream-line flow or viscous flow.

Turbulent flow is that type of flow in which the fluid particles move in a zig-zag way. Due to the

movement of fluid particles in a zig-zag way, the eddies formation takes place which are responsible

VD

V
for high energy loss. For a pipe flow, the type of flow is determined by a non-dimensional number

called the Reynold number,

where D = Diameter of pipe

V = Mean velocity of flow in pipe

and v = Kinematic viscosity of fluid.

If the Reynold number is less than 2000, the flow is called laminar. If the Reynold number is more

than 4000, it is called turbulent flow. If the Reynold number lies between 2000 and 4000, the flow may

be laminar or turbulent.

inCompressible and Incompressible Flows. Compressible flow is that type of flow

which the density of the fluid changes from point to point or in other words the density (p) is not

constant for the fluid. Thus, mathematically, for compressible flow

p Constant

Incompressible flow is that type of flow in which the density is constant for the fluid flow. Liquids

are generally incompressible while gases are compressible. Mathematically, for incompressible flow

p = Constant.



Rotational and Irrotational Flows. Rotational flow is that type of flow in which the

fluid particles while flowing along stream-lines, also rotate about their own axis. And if the fluid

particles while flowing along stream-lines, do not rotate about their own axis then that type of flow
called irrotational flow.

is

One-, Two- and Three-Dimensional Flows. One-dimensional flow is that type of

flow in which the flow parameter such as velocity is a function of time and one space co-ordinate only,

say x. For a steady one-dimensional flow, the velocity is a function of one-space-co-ordinate only. The

variation of velocities in other two mutually perpendicular directions is assumed negligible. Hence

mathematically, for one-dimensional flow

u =f(x), v = 0 and w = 0

where u, v and w are velocity components in x, y and z directions respectively.

Two-dimensional flow is that type of flow in which the velocity is a function of time and two

rectangular space co-ordinates say x and y. For a steady two-dimensional flow the velocity is a function

of two space co-ordinates only. The variation of velocity in the third direction is negligible. Thus,

mathematically for two-dimensional flow

u =f(x, y), v= f2(x, y) and w = 0.

Three-dimensional flow is that type of flow in which the velocity is a function of time and three

mutually perpendicular directions. But for a steady three-dimensional flow the fluid parameters are

functions of three space co-ordinates (x, y and z) only. Thus, mathematically, for three-dimensional
flow

u =f(x, y, z), v f₂(x, y, z) and w = f3(x, y, z).

RATE OF FLOW OR DISCHARGE (Q)

It is defined as the quantity of a fluid flowing per second through a section of a pipe or a channel.

For an incompressible fluid (or liquid) the rate of flow or discharge is expressed as the volume of fluid

flowing across the section per second. For compressible fluids, the rate of flow is usually expressed as

the weight of fluid flowing acrossoss the section. Thus

(i) For liquids the units of Q are m³/s or litres/s
(ii) For gases the units of Q is kgf/s or Newton/s

Consider a liquid flowing through a pipe in which

A = Cross-sectional area of pipe

V = Average velocity of fluid across the section

Then discharge Q= AXV. ...(5.1)

CONTINUITY EQUATION

The equation based on the principle of conservation of mass is called continuity equation. Thus for

a fluid flowing through the pipe at all the cross-section, the quantity of fluid per second is constant.

Consider two cross-sections of a pipe as shown in Fig. 5.1.

Let V₁= Average velocity at cross-section 1-1

P1 Density at section 1-1

A₁ = Area of pipe at section 1-1



and V2, P2, A₂ are corresponding values at section, 2-2.

Then rate of flow at section 1-1 = PAV

Rate of flow at section 2-2 = P2A2V2
According to law of conservation of mass

Rate of flow at section 1-1 = Rate of flow at section 2-2

or PAV= PA₂V₂ ...(5.2)

2
1

1
②

Equation (5.2) is applicable to the compressible as well as incom- Fig. 5.1 Fluid flowing through

pressible fluids and is called Continuity Equation. If the fluid is in- a pipe.
compressible, then p₁ = p2 and continuity equation (5.2) reduces to

AV= A2V2 ...(5.3)

Problem 5.1 The diameters of a pipe at the sections I and 2 are 10 cm and 15 cm respectively. Find

the discharge through the pipe if the velocity of water flowing through the pipe at section 1 is
5 m/s. Determine also the velocity at section 2.

Solution. Given:
2

or

At section 1, D₁ = 10 cm = 0.1 m
Ο

A (D3)= (1)2 = 0.007854 m² D₁=10cm D15cm

V= 5 m/s.

At section 2, D₂ = 15 cm = 0.15 m
V= 5m/sec

A2=A2 = (.15) = 0.01767 m² Fig. 5.2

(i) Discharge through pipe is given by equation (5.1)

Q = A₁x V

= 0.007854 × 5 = 0.03927 m³/s. Ans.

Using equation (5.3), we have A₁V = A₂V2

AV 0.007854
(ii) V2 = x 5.0 = 2.22 m/s. Ans.

A 0.01767

Problem 5.2 A 30 cm diameter pipe, conveying water, branches into two pipes of diameters

20 cm and 15 cm respectively. If the average velocity in the 30 cm diameter pipe is 2.5 m/s, find the

discharge in this pipe. Also determine the velocity in 15 ст ріре if the average velocity in 20 cm

diameter pipe is 2 m/s.

Solution. Given:

V₁= 2.5m/sec

D₁= 30cm

2

V2
= 2m

/s
ec

D
=

 20
cm

Fig. 5.3

3

Va
?D= 15cm



.

D₁ = 30 cm = 0.30 m

A=D2=x 3²  = 0.07068 m²4

V₁ = 2.5 m/s

D2 = 20 cm = 0.20 m

A₂= (2)=x4 = 0.0314 m²,4

V₂= 2 m/s

D3 = 15 cm = 0.15 m

π

A3(.15)x 0.225 = 0.01767 m²
4 4

Find (i) Discharge in pipe 1 or

(ii) Velocity in pipe of dia. 15 cm or V3

Let Q1, Q2 and 23 are discharges in pipe 1, 2 and 3 respectively.
Then according to continuity equation

21 = 22 + 23

(i) The discharge Q in pipe 1 is given by

...(1)

Q₁= AV = 0.07068 x 2.5 m³/s = 0.1767 m³/s. Ans.

(ii) Value of V3

Q2= A2V2= 0.0314 x 2.0 = 0.0628 m³/s

Substituting the values of Q₁ and Q2 in equation (1)

0.1767 = 0.0628+ Q3

Q3= 0.1767 -0.0628 = 0.1139 m³/s

0.1139
V= = 6.44 m/s. Ans.

0.01767

But Q3 = A3 xV3 = 0.01767 x V3 or 0.1139 = 0.01767 x V3

Problem 5.3 Water flows through a pipe AB 1.2 m diameter at 3 m/s and then passes through a

pipe BC 1.5 m diameter. At C, the pipe branches. Branch CD is 0.8 m in diameter and carries one-

third of the flow in AB. The flow velocity in branch CE is 2.5 m/s. Find the volume rate of flow in

AB, the velocity in BC, the velocity in CD and the diameter of CE.

Solution. Given:

Diameter of pipe AВ,

Velocity of flow through AB,

Dia. of pipe BC,

Dia. of branched pipe CD,

Velocity of flow in pipe CE,

Let the flow rate in pipe

Velocity of flow in pipe

Velocity of flow in pipe

DAB= 1.2 m

VAB=3.0 m/s

DRC= 1.5 m

DCD = 0.8 m

VCE = 2.5 m/s

AB= Q m³/s

BC= VBC m/s

CD = VCD m/s



A B Q

1.2 m 1.5 m C

VAB- 3 m/sec

0.8 m D

02

E

VC2.5 m/sec

Fig. 5.4

Diameter of pipe

Then flow rate through

CE = DCE

CD = Q/3

20
and flow rate through CE= Q-Q/3 =

3

or

or

(i) Now volume flow rate through AB = Q = VABX Area of AB

(ii) Applying continuity equation to pipe AB and pipe BС,

VABX Area of pipe AB = VRCX Area of pipe BC

3.0 (DAB) = VBCX (DBC)24 4

3.0 x (1.2)2 = VBC × (1.5)²

지
= 3.0 × (DA(DAB)2= 3.0 x (1.2)2= 3.393 m³/s. Ans.

4

or

or

or

or

π

[DDivide by
L 4

3x1.22
VBC= = 1.92 m/s. Ans.

1.52

Q 3.393
= 1.131 m³/s

3

(iii) The flow rate through pipe

CD = Q=
3

Q₁= VCD × Area of pipe CD x (DCp)²

1.131 = Vcp

4

π

x 0.82 = 0.5026 VCD
4

1.131
VCD = 2.25 m/s. Ans.

0.5026

(iv) Flow rate through CE,

Q2=0-Q1 3.393 -1.131 = 2.262 m²/s
π

Q₂= VCE× Area of pipe CE = VCE (DCE)

2.263 = 2.5 xxX (DCE)2
4

DCE=
2.263 x 4

2.5 x
=√1.152 = 1.0735 m

.. Diameter of pipe CE = 1.0735 m. Ans.



Problem 5.4 A 25 cm diameter pipe carries oil of sp. gr. 0.9 at a velocity of 3 m/s. At another

section the diameter is 20 cm. Find the velocity at this section and also mass rate of flow of oil.

Solution. Given:

at section 1, D₁ = 25 cm = 0.25 m

π

A= D=x 0.25² = 0.049 m³44 4

V₁ = 3 m/s

at section 2, D₂ = 20 cm = 0.2 m

or

A2= (0.2)²= 0.0314 m²4

V₂=?
Mass rate of flow of oil =?

Applying continuity equation at sections 1 and 2,

A₁V = A2V2
0.049 x 3.0 = 0.0314 x V₂

0.049 x 3.0
V2 = 4.68 m/s. Ans.

0.0314

Mass rate of flow of oil

Sp. gr. of oil

= Mass density xQ = pxA, xV

_ Density of oil

Density of water

.. Density of oil = Sp. gr. of oil x Density of water

900 kg
= 0.9 × 1000 kg/m³ =

m

.. Mass rate of flow = 900 x 0.049 x 3.0 kg/s = 132.23 kg/s. Ans.

Problem 5.5 A jet of water from a 25 mm diameter nozzle is directed vertically upwards. Assuming

that the jet remains circular and neglecting any loss of energy, that will be the diameter at a point 4.5 m

above the nozzle, if the velocity with which the jet leaves the nozzle is 12 m/s.

Solution. Given:

Dia. of nozzle, D = 25 mm = 0.025 m

Velocity of jet at nozzle, V = 12 m/s

Height of point A, h = 4.5 m

Let the velocity of the jet at a height 4.5 m = V₂

Consider the vertical motion of the jet from the outlet of the

nozzle to the point A (neglecting any loss of energy).

Initial velocity,

Final velocity,

u = V₁ = 12 m/s

V= V2

Value of g =-9.81 m/s² and h = 4.5 m

Using, V²-u²= 2gh, we get

V2-122= 2 x (-9.81) × 4.5

A

JET OF
WATER

4.5 m

DIA=25 mm

NOZZLE

Fig. 5.5



V2=√12-2 ×9.81x 4.5=√144-88.29 = 7.46 m/s

Now applying continuity equation to the outlet of nozzle and at point A,

we get

AV= A₂V2
π

DXV
or A2=

Let

π
Then

A4

V2 V2

D₂ = Diameter of jet at point A.

A2 D or 0.0007896 = x D22 4

πx (0.025)² x12
= 0.0007896

4 x 7.46

0.0007896 x4
D= = 0.0317 m = 31.7 mm. Ans.

CONTINUITY EQUATION IN THREE-DIMENSIONS

Consider a fluid element of lengths dx, dy and dz in the direction of x, y and z. Let u, v and w are the

inlet velocity components in x, y and z directions respectively. Mass of fluid entering the face ABCD
per second

= p x Velocity in x-direction × Area of ABCD

= pxux(dy x dz)

Then mass of fluid leaving the face EFGH per second = pu dydz +

e

ax
(pu dydz) dx

... Gain of mass in x-direction

= Mass through ABCD - Mass through EFGH per seconde

= pu dydz - pu dydz-
x (pu dydz)dx

a
= (pu dydz) dx

ax
AZe

(pu) dx dydz { dydz is constant}
дx

Similarly, the net gain of mass in y-direction
D

H

a A

w E dz
= (pv) dxdydz C

ду F
X

B dy

a

and in z-direction
dx

=- (pw) dxdydz
Y Fig. 5.6

.. Net gain of masses=-(pu)+ ду

(wd) + (1d)e

dxdydz

Since the mass is neither created nor destroyed in the fluid element, the net increase of mass per unit

time in the fluid element must be equal to the rate of increase of mass of fluid in the element. But mass



of fluid in the element is p. dx. dy. dz and its rate of increase with time is5 (p dx. dy. dz) or

eр

Drdx dy dz.
Equating the two expressions,

dt

or

e de

dxdydz = dxdydz
axayaz at

or

e

2P+2 ar (pu)+2 (pv)+2 (pw) = 0 [Cancelling dx.dy.dz from  both sides]..(.5.3A)
Equation (5.3A) is the continuity equation in cartesian co-ordinates in its most general form. This

equation is applicable to:

(i) Steady and unsteady flow,

(ii) Uniform and non-uniform flow, and

(iii) Compressible and incompressible fluids.

др
For steady flow. p = 0 and hence equation (5.3A) becomes as

et

dy

0= )wp( + (1d) C+ (nd). e

e

ax dz

If the fluid is incompressible, then p is constant and the above equation becomes as

ди av Əw

дх ду dz

...(5.3B)

...(5.4)

Equation (5.4) is the continuity equation in three-dimensions. For a two-dimensional flow, the com-

ponent w = 0 and hence continuity equation becomes as

ди ду
+= 0.

дх ду
...(5.5)

5.6.1 Continuity Equation in Cylindrical Polar Co-ordinates. The continuity equation in

cylindrical polar co-ordinates (i.e., r, 0, z co-ordinates) is derived by the procedure given below.

Consider a two-dimensional incompressible flow field. The

two-dimensional polar co-ordinates are r and 9. Consider a fluid

element ABCD between the radii r and r + dr as shown in

Fig. 5.7. The angle subtended by the element at the centre is do.

The components of the velocity V are u, in the radial direction

and u in the tangential direction. The sides of the element are

having the lengths as

Side AB = rd0, BC = dr, DC = (r+ dr) d0, AD = dr.

The thickness of the element perpendicular to the plane of
the paper is assumed to be unity.

Consider the flow in radial direction

Mass of fluid entering the face AB per unit time

ene

A

D

rde

u+

dr)de

B

au

ar

C

dr

dr

ne

de dr

= px Velocity in r-direction × Area

Fig. 5.7



172 Fluid Mechanics

= px u x (AB x 1) (. Area = AB x Thickness = rd0 x 1)

= p x u x (rd0 x 1) = p. u. rdo

Mass of fluid leaving the face CD per unit time

= p x Velocity × Area

ди
= px .dr x (CD x 1)

ar
(. Area = CD x 1)

[ CD = (r+ dr) d0]

.. Gain of mass in r-direction

ди

= px u+drx(r + dr)d9

ди

u, x + ,  dr + dr  + (dr)]0ar ar

ди

= p[u,  xr  +  u,  x dr+ r2 dr)
[The term containing (dr)2 is very small and has been neglected]

per unit time

= (Mass through AB - Mass through CD) per unit time

ди,
= p., p. u,. rdo-p u,.r+ u. dr+r.dr dar

ди,
= p. u,. rd0-p. u. r. de-рu.ddr+r.dr de

ar

=-p u.dr+r.dr. de
ar

9d .rd .2p-= [This is written in this form because

(r. d0. dr. 1) is equal to volume of

element]

Now consider the flow in 0-direction

Gain in mass in 9-direction per unit time

= (Mass through BC - Mass through AD) per unit time

= [p x Velocity through BCx Area - px Velocity through AD × Area]

ди

p.ug.drx1-pe+.de xdrx1

ди

=-d do dr x 1 (.. Area = dr x 1)

du r.d0. dr
[Multiplying and dividing by r]

.. Total gain in fluid mass per unit time

и ди

r ar

Ju rde. dr
.r. dr. de-р ...(5.5A)

r
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But mass of fluid element = p x Volume of fluid element

= p x [rd0 x dr x 1]

= p x rd0. dr
Rate of increase of fluid mass in the element with time

e

[p.rdo.dr] = aprde dr ...(5.5B)
at at

(: rd0. dr. 1 is the volume of element and is a constant quantity)

Since the mass is neither created nor destroyed in the fluid element, hence net gain of mass per unit

time in the fluid element must be equal to the rate of increase of mass of fluid in the element.

Hence equating the two expressions given by equations (5.5 A) and (5.5 B), we get

or

or

ΟΙ

or

or

du rdo. dr eр
-d r. dr. de-р rd0 dr

r ar дө r ar

ди, 1

- [Cancelling rdr. d0 from both sides]
ar 20 r at

en 1
+p +p =0 ...(5.5C)

at r ar r

eр

Equation (5.5 C) is the continuity equation in polar co-ordinates for two-dimensional flow.

For steady flow = 0 and hence equation (5.5 C) reduces to
at

u ди ди 1
+p =0

ar r

+no+n

ди 1
=0

r ar r

u+r+ =0

ar

a a

e

(ru)+ (n) = 0
ar ar

ди,

ar
...(5.5D)

Equation (5.5 D) represents the continuity equation in polar co-ordinates for two-dimensional steady

incompressible flow.



VELOCITY AND ACCELERATION

Let V is the resultant velocity at any point in a fluid flow. Let u, v and w are its component in x, y and

z directions. The velocity components are functions of space-co-ordinates and time. Mathematically,
the velocity components are given as

u =f(x, y, z, f)

v= f₂(x, y, z, t)
w =f(x, y, z, t)

and Resultant velocity, V = ui + vj + wk = √u² + v²+ w²

Let a, a, and a are the total acceleration in x, y and z directions respectively. Then by the chain

rule of differentiation, we have

du Əu dx du dy дu dz ди
a= +

+

+

dt Ox dt dy dt dz dt

But
dx dy dz
= u,-=v and= w

dt dt dt

du ди ди ди ди
a= =uv+ w +

dt дх ду

ze

at

dv Jv av av av

Similarly, + + W ...(5.6)
dt дx dz at

dw aw Aw Əw Əw
a=

u =

+ -+-W -+

dt дх ду dz et

For steady flow, = 0, where V is resultant velocity
et



or
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ди

Ət

av

=0, = 0 and
Jw

et
=0

Hence acceleration in x, y and z directions becomes

du ди
a=-= u+v+w

ди ди

dt дх dy

ze

dv дy av ν

...(5.7)
dt дх ду az

dw Əw du dw

a₂= =u +v+w
dt дх ду az

Acceleration vector A = ai+aj+ak ...(5.8)

= √a²+a²+a?²
5.7.1 Local Acceleration and Convective Acceleration. Local acceleration is defined as

the rate of increase of velocity with respect to time at a given point in a flow field. In the equation given

ди ду ди
by (5.6), the expression oris known as local acceleration.

Convective acceleration is defined as the rate of change of velocity due to the change of position of

fluid particles in a fluid flow. The expressions other than
ди ду

and in equation (5.6) are known
Ət Ət er

as convective acceleration.

Problem 5.6 The velocity vector in a  fluid flow is given

V = 4x'i-10x²yj + 2tk.

Find the velocity and acceleration of a fluid particle at (2, 1, 3) at time t = 1.

Solution. The velocity components u,  v and w are u = 4x2, v  =- 10x2 y, w = 2t

For the point (2, 1, 3), we have x = 2, y = 1 and z = 3 at time t = 1.

Hence velocity components at (2, 1,3) are

or

u = 4 x (2) = 32 units

v=- 10(2)2(1) =-40 units

w=2x1 = 2 units

.. Velocity vector V at (2, 1, 3) =32i-40j + 2k

Resultant velocity = √u²+v²+ W2

=√322+(-40)² + 2² = √1024+1600+ 4 = 51.26 units. Ans.

Acceleration is given by equation (5.6)

ди ди ди
a=u+v+w+

dx дy

dv

dz

Әv

du

+ar

a=u+v+w+
Әх ду

av

at



dw

a=u++w+
д ду dz

dw dw ow

dt

ди ди ди

Now from velocity components, we have

= 12x,= 0,= 0 and=0
dy

ze

av av
=-20xy, =-10x,=0=0

ди

Әx

av

ex ду ez et

Əw Ow dw Əw
= 0, =0,=0 and = 2.1

дх ду ez at

Substituting the values, the acceleration components at (2, 1, 3) at time 1 = 1 are

...Acceleration is

or Resultant

a = 4x³ (12x²) + (- 10x2y) (0) + 2t x (0) +0

= 48x³ = 48 x (2)5 = 48 x 32 = 1536 units

a = 4x³ (- 20xy) + (- 10x2y) (- 10x²) + 2t (0) + 0

=- 80xy + 100xy

=-80 (2) (1) + 100 (2)4 x 1 =- 1280 + 1600 = 320 units.

a = 4x³ (0) + (- 10x²y) (0) + (2r) (0) + 2.1 = 2.0 units

A = ai + aj + ak = 1536i + 320j + 2k. Ans.

A =(1536)² + (320)² +(2)2 units

=/2359296+102400+4 = 1568.9 units. Ans.



EQUATIONS OF MOTION

According to Newton's second law of motion, the net force F acting on a fluid element in the

direction of x is equal to mass m of the fluid element multiplied by the acceleration a, in the x-direction.

Thus mathematically,

Fx=m.ax

In the fluid flow, the following forces are present:

(i) F, gravity force.

(ii) F, the pressure force.

(iii) F force due to viscosity.

(iv) F, force due to turbulence.

...(6.1)

(v) F, force due to compressibility.

Thus in equation (6.1), the net force

Fx= (F)x+ (Fp)x+ (F)x  + (F)x+ (F)x
(i) If the force due to compressibility, F is negligible, the resulting net force

Fx= (F+ (F)x+ (F)x+ (F)x
and equation of motions are called Reynold's equations of motion.

(ii) For flow, where (F) is negligible, the resulting equations of motion are known

Navier-Stokes Equation.

as

(iii) If the flow is assumed to be ideal, viscous force (F) is zero and equation of motions are

known as Euler's equation of motion.



EULER'S EQUATION OF MOTION

This is equation of motion in which the forces due to gravity and pressure are taken into considera-

tion. This is derived by considering the motion of a fluid element along a stream-line as:

Consider a stream-line in which flow is taking place in s-direction as shown in Fig. 6.1. Consider a

cylindrical element of cross-section dA and length ds. The forces acting on the cylindrical element are:

1. Pressure force pdA in the direction of flow.

2. Pressure force(p+2 dt  ) dA opposite to the direction of flow,
ds

3. Weight of element pgdAds.

Let 0 is the angle between the direction of flow and the line of action of the weight of element.

The resultant force on the fluid element in the direction of s must be equal to the mass of fluid

element x acceleration in the direction s.

.. pdA ds dA-pgdAds cos 0

= pdAds xa ...(6.2)

where a, is the acceleration in the direction of s.

dy
Now a= where v is a function of s and t.

dt

ds ey νον ds
= + +

ds dt ot es at dt

If the flow is steady, =0
et

vov
a=

ds

(
p
++
d
s
)
d
A

dz

Substituting the value of a, in equation (6.2) and simplify-

ing the equation, we get

or

ds
dsdA- pg dAds cos = pdAds x

Dividing by

ер

pas

pdsdA,
др

pds
-g cos 0=

av

+ g cos 0+v=0
Əs

But from Fig. 6.1 (b), we have cos 0 =

νον

ds

p
d
A

Əv
(a)

pgdAds

(b)

as Fig. 6.1 Forces on a fluid element.

dz

ds

1 dp dz vdv
+g+ =0 or

p ds ds ds

dp
aP + gdz+ vdv = 0
P

dp
or + gdz + vdv = 0 ...(6.3)

p

Equation (6.3) is known as Euler's equation of motion.

S



BERNOULLI'S EQUATION FROM EULER'S EQUATION

Bernoulli's equation is obtained by integrating the Euler's equation of motion (6.3) as

f+[gdz+ fvdv = constant
If flow is incompressible, p is constant and

P+gz+ = constant

P 2

or P+z+ = constant

Pg 2g

or + z = constant

Pg 2g

Equation (6.4) is a Bernoulli's equation in which

P = pressure energy per unit weight of fluid or pressure head.
Pg

v²/2g = kinetic energy per unit weight or kinetic head.

z = potential energy per unit weight or potential head.

ASSUMPTIONS

...(6.4)

The following are the assumptions made in the derivation of Bernoulli's equation:

(i) The fluid is ideal, i.e., viscosity is zero (ii) The flow is steady

(iii) The flow is incompressible (iv) The flow is irrotational.

Problem 6.1 Water is flowing through a pipe of 5 cm diameter under a pressure of 29.43 N/cm²

(gauge) and with mean velocity of 2.0 m/s. Find the total head or total energy per unit weight of the
water at a cross-section, which is 5 m above the datum line.

Solution. Given:

Diameter of pipe
Pressure,

= 5 cm = 0.5 m

p = 29.43 N/cm² = 29.43 x 10 N/m²
Velocity, v = 2.0 m/s

Datum head, z=5 m

Total head

Pressure head

= pressure head + kinetic head + datum head

p 29.43×104
= 30 m

pg 1000 ×9.81 {op for water = 1000 kg
m

v² 2×2
Kinetic head = = = 0.204 m

2g 2 x9.81

...Total head

24

= P+ + z = 30+0.204 + 5 = 35.204 m. Ans.
Pg 2g

Problem 6.2 A pipe, through which water is flowing, is having diameters, 20 cm and 10 сm at the

cross-sections 1 and 2 respectively. The velocity of  water at section I is given 4.0 m/s. Find the velocity

head at sections I and 2 and also rate of discharge.
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Solution. Given:

...Area,

D₁ = 20 cm = 0.2 m

A=D2=(2)² =  0.0314 m²
4 4

1 2

D, = 20 cm D₂ = 10 cm
V = 4.0 m/s V₁ = 40 m/sec

D, = 0.1 m

π

(.1)2 = .00785 m²
4 Fig. 6.2

(i) Velocity head at section 1

V² 4.0 x 4.0
=

2g 2x9.81
= 0.815 m. Ans.

(ii) Velocity head at section 2 = V₂2/2g
To find V2, apply continuity equation at 1 and 2

A₁V = A₂V2 or V2=
AV .0314
A₂ .00785

x 4.0 = 16.0 m/s

.. Velocity head at section 2 =V 16.0 ×16.0 = 83.047 m. Ans.
2g 2 ×9.81

(iii) Rate of discharge = A₁V or A2V2
= 0.0314 x 4.0 = 0.1256 m³/s

= 125.6 litres/s. Ans. { 1 m³= 1000 litres}
Problem 6.3 State Bernoulli's theorem for steady flow of an incompressible fluid. Derive an

expression for Bernoulli's equation from first principle and state the assumptions made for such a
derivation.

Solution. Statement of Bernoulli's Theorem. It states that in a steady, ideal flow of an incom-

pressible fluid, the total energy at any point of the fluid is constant. The total energy consists of

pressure energy, kinetic energy and potential energy or datum energy. These energies per unit weight
of the fluid are :

P
Pressure energy =

Pg

Kinetic energy =
2g

Datum energy = z

Thus mathematically, Bernoulli's theorem is written as

+ 2 = Constant.
pg 2g

Derivation of Bernoulli's theorem. For derivation of Bernoulli's theorem, Articles 6.3 and 6.4

should be written.

Assumptions are given in Article 6.5.



Problem 6.4 The water is flowing through a P=39.24 N/cm
pipe having diameters 20 cm and 10 cm at sections I

and 2 respectively. The rate of flow through pipe
is 35 litres/s. The section I is 6 m above datum and

section 2 is 4 m above datum. If the pressure at sec-

tion 1 is 39.24 N/cm², find the intensity of pressure

at section 2.

Solution. Given:

At section 1,

and

At section 2,

Rate of flow,

Now

..

D₁ = 20 cm = 0.2 m

A=(.2)2²  = .0314 m²
4

P₁ = 39.24 N/cm²

= 39.24 x 104 N/m²

z₁ = 6.0 m

D2 = 0.10 m

A=(0.1)2  = .00785 m²
4

22=4 m

P2=?

35

D₁=20 cm

6 m/ D2=10=10 cm
4 m

DATUM LINE

Q=35 lit/s ==.035 m³/s
1000

Q= AV= A2V2

V=
0.035

A .0314

Q .035
V==

A2 .00785

= 1.114 m/s

4.456 m/s

Applying Bernoulli's equation at sections 1 and 2, we get

P V P2 V
- + 21 = 12 + +23

pg 2g Pg 2g

or
39.24 x104 (1114)2

1000 × 9.81 2×9.81

P2
+6.0 =

or

or

40+0.063 + 6.0 =

1000 × 9.81

P2

9810

(4.456)2
2 x9.81

+ 1.012 +4.0

46.063= P2 +5.012
9810

+4.0

P2
= 46.063-5.012 = 41.051

9810

p₂ = 41.051 x 9810 N/m²

Fig. 6.3

41.051 x 9810
N/cm² = 40.27 N/cm². Ans.

104



Problem 6.5 Water is flowing through a pipe having diameter 300 mm and 200 mm at the bottom

and upper end respectively. The intensity of pressure at the bottom end is 24.525 N/cm² and the

pressure at the upper end is 9.81 N/cm². Determine the difference in datum head if the rate of flow

through pipe is 40 lit/s. 2

Solution. Given:

Section 1, D₁ = 300 mm = 0.3 m

P = 24.525 N/cm² = 24.525 x 10 N/m²

D2 = 200 mm

P2 = 9.81 N/cm

Section 2, D2 = 200 mm = 0.2 m

Rate of flow

P2 = 9.81 N/cm² = 9.81 x 10 N/m²
= 40 lit/s

Z 1

D₁ = 300 mm
2

p₁ = 24.525 N/cm
2

or

Now

Q=
40

= 0.04 m³/s
1000 DATUM LINE

AV= A2V2 = rate of flow = 0.04 Fig. 6.4

.04 .04 0.04
.. V= = 0.5658 m/s

A TT
(0.3)2

44

n2
D

≈0.566 m/s

V=
.04

A

.04 0.04
1.274 m/s

K (0.2)2
元

(D)2
4 4

Applying Bernoulli's equation at sections (1) and (2), we get

Pi Vi +2 = D2 + V12+

+22
pg 2g pg 2g

+ 2
9.81×104

+
(1.274)2

1000 × 9.81 2×9.81

24.525 x 104 .566 x.566
or +

1000 ×9.81 2 ×9.81

ΟΠ 25+.32+ z₁ = 10 + 1.623+ 22

or

+

25.32+z = 11.623 + 22

22-2=25.32-11.623 = 13.697 = 13.70 m

.. Difference in datum head = 22-2 = 13.70 m. Ans.

Problem 6.6 The water is flowing through a taper pipe of length 100 m having diameters 600 mm

at the upper end and 300 mm at the lower end, at the rate of 50 litres/s. The pipe has a slope of 1 in 30.

Find the pressure at the lower end if the pressure at the higher level is 19.62 N/cm².
Solution. Given

Length of pipe,

Dia. at the upper end,

... Area,

L = 100 m

D₁ = 600 mm = 0.6 m

A₁=D=x(6)4

= 0.2827 m²

P1= pressure at upper end

= 19.62 N/cm²
D=
30

mm
SL
OP
E 

1 I
N 3

0

LE
NG
TH
=1
00

 m

Fig. 6.5

D, 
=

 60
0 m
m

1я
00 

2

P
= 19

.6
2 N

/cm
²

DATUM LINE



= 19.62 x 10 N/m²

Dia. at lower end, D₂ = 300 mm = 0.3 m

... Area,
π

A2=D=(.3)2 = 0.07068 m
4 4

Q = rate of flow = 50 litres/s =

Let the datum line passes through the centre of the lower end.

50
= 0.05 m³/s

1000

Then 22 = 0

1 10
As slope is 1 in 30 means 2130 x 100= m

3

Also we know Q= AV = A2V2

V=
Ω 0.05

= 0.1768 m/sec = 0.177 m/s
A .2827

Ο 0.5
and V₂= = 0.7074 m/sec = 0.707 m/s

A2 .07068

Applying Bernoulli's equation at sections (1) and (2), we get

PV + = 12++22
P2 V

2

Pg 2g Pg 2g

19.62 x104 .1772 10 P2 .7072
or +0

1000 × 9.81 2 x9.81 3 Pg 2 x9.81

or 20+ 0.001596 + 3.334=2 + 0.0254
Pg

or 23.335- 0.0254= P2

1000 ×9.81

or p₂ = 23.3 x 9810 N/m² = 228573 N/m² = 22.857 N/cm². Ans.

The Bernoulli's equation was derived on the assumption that fluid is inviscid (non-viscous) and

therefore frictionless. But all the real fluids are viscous and hence offer resistance to flow. Thus there

are always some losses in fluid flows and hence in the application of Bernoulli's equation, these losses

have to be taken into consideration. Thus the Bernoulli's equation for real fluids between points 1 and

2 is given as

+++++
pg 2g pg 2g

where h is loss of energy between points 1 and 2.

...(6.5)



Problem 6.7 A pipe of diameter 400 mm carries water at a velocity of 25 m/s. The pressures at the

points A and B are given as 29.43 N/cm² and 22.563 N/cm² respectively while the datum head at A and

B are 28 m and 30 m. Find the loss of head between A and B.

Solution. Given:

Dia. of pipe,

Velocity,

At point А,

D = 400 mm = 0.4 m

V = 25 m/s

PA = 29.43 N/cm² = 29.43 x 104 N/m²

24 = 28 m

VA= v= 25 m/s DA
 =4

00
 m
mm 

2

A

... Total energy at А, EA= PAA+2
Pg 2g

ZA

29.43 x104 252
+28

=

PA
=2
9.
43

 N
/c
²

=2
8 m

ZB

B

DATUM LINE

Fig. 6.6

DB
 =

 4
00

 m
m

2

PR
 =
22
.5
63
 N
/c
m

ZA
=3
0 m

At point В,

... Total energy at В,

.. Loss of energy

1000 ×9.81 2×9.81

= 30 + 31.85 + 28 = 89.85 m

PR = 22.563 N/cm² = 22.563 x 10 N/m²

Zg= 30 m

VB=V V= 25 m/s

E PB++2

=

pg 2g

22.563 x104 252

1000 ×9.81 2 x 9.81
+30= 23 + 31.85+ 30 = 84.85 m

= EA-E= 89.85-84.85 = 5.0 m. Ans.

Problem 6.8 A conical tube of length 2.0 m is fixed vertically with its smaller end upwards. The
velocity of flow at the smaller end is 5 m/s while at the lower end it is 2 m/s. The pressure head at the

smaller end is 2.5 m of liquid. The loss of head in the tube is
0.35(v-v2)

2g
where v is the velocity at

the smaller end and v, at the lower end respectively. Determine the pressure head at the lower end.
Flow takes place in the downward direction.

Solution. Let the smaller end is represented by (1) and lower end by (2)
Given :

1

Length of tube,

Loss of head

L = 2.0 m

v₁ = 5 m/s

P/pg = 2.5 m of liquid

v2= 2 m/s

0.35(v-v2)=7h=

2g 2

Fig. 6.7



Pressure head,

0.35[5-2]² 0.35 x9
=

= 0.16 m
2g 2 x9.81

P2=?
Pg

or

Applying Bernoulli's equation at sections (1) and (2), we get

PV

Pg 2g

P2V2 +22+41
pg 2g

Let the datum line passes through section (2). Then 22 = 0, z = 2.0

2.5+
52

2 x9.81
+2.0= 2 +P2

Pg

22

2x9.81
+0+0.16

2.5+ 1.27 + 2.0 ) == P2 +0.203+.16
Pg

P2 = (2.5+1.27 + 2.0) - (.203+.16)
pg

=5.77-.363 =5.407 m of fluid. Ans.

Problem 6.9 A pipeline carrying oil of specific gravity 0.87, changes in diameter from 200 mm

diameter at a position A to 500 mm diameter at a position B which is 4 metres at a higher level. If the

pressures at A and B are 9.81 N/cm² and 5.886 N/cm² respectively and the discharge is 200 litres/s

determine the loss of head and direction of flow.

Solution. Discharge, Q = 200 lit/s = 0.2 m³/s

Sp. gr. of oil = 0.87

ko
.. p for oil = .87 x 1000 = 870

m

Given: At section A, D = 200 mm = 0.2 m

Area.
π π

AA= (D)=(.2)2
4 4

= 0.0314 m²

PA = 9.81 N/cm²

= 9.81 x 104 N/m²

If datum line is passing through A, then

At section B,

Area,

4

DA
= 2
00

 m
m

PA
=
 9
.8
1 
N/
cm

ZA=0

V=2 0.2 = 6.369 m/s
A 0.0314

DB= 500 mm = 0.50 m

A=D²=(5)²  = 0.1963 m²

PB = 5.886 N/cm² = 5.886 x 10+ N/m²

Fig. 6.8

DB
= 5

00
 m
m

Р
в
 =
5.
88
6 
N/
cm

2

4 m

DATUM LINE



Total energy at A

Zg = 4.0 m

Q 0.2
VB= = 1.018 m/s

Area .1963

=E= PA+A+Z
V

Pg 2g

9.81×10 (6.369)
+0 = 11.49 + 2.067 = 13.557 m

Total energy at B

(i)

(ii)

870 ×9.81 2×9.81

V
=E PB+B +ZR

pg 2g

5.886 × 104 (1.018)2
+

870 ×9.81 2×9.81
+4.0=6.896 + 0.052 + 4.0 = 10.948 m

Direction of flow. As E is more than E and hence flow is taking place from A to B. Ans.

Loss of head = h₁= EA - Еg = 13.557- 10.948 = 2.609 m. Ans.

PRACTICAL APPLICATIONS OF BERNOULLI'S EQUATION

Bernoulli's equation is applied in all problems of incompressible fluid flow where energy consid-

erations are involved. But we shall consider its application to the following measuring devices

1. Venturimeter.

2. Orifice meter.

3. Pitot-tube.

Venturimeter. A venturimeter is a device used for measuring the rate of a flow of a fluid

flowing through a pipe. It consists of three parts:

(i) A short converging part, (ii) Throat, and (iii) Diverging part. It is based on the Principle of

Bernoulli's equation.

Expression for rate of flow through venturimeter

Consider a venturimeter fitted in a horizontal pipe through which a fluid is flowing (say water), as
shown in Fig. 6.9.

Let d₁ diameter at inlet or at section (1),
P₁ = pressure at section (1)
v₁ = velocity of fluid at section (1),

a = area at section (1) = 이

and d2,  P2, v2, a2 are corresponding values at section (2).
Applying Bernoulli's equation at sections (1) and (2), we get

う

INLET THROAT

Fig. 6.9 Venturimeter.

PL++ 2
pg 2g pg 2g

As pipe is horizontal, hence z₁ = 22

2

Pivi =P2+2 or P-P2

Pg 2g pg 2g Pg 2g 2g



{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

