MODULE-V

OPTIMIZATION TECHNIQUES IN L INEAR AL GEBRA

Introduction: Linear algebra is a branch of mathematics that deals with vectors, matrices, and
linear transformations. It is a fundamental tool in many fields, including operations research,
computer science, and engineering. Linear algebra is used in computer science to develop
algorithms. For example, linear algebra can be used to sort data, or to find the eigenvalues of a
matrix. Linear algebra is used in engineering to design systems. For example, linear algebra

can be used to design bridges, or to optimize the performance of a machine.

Solving Optimization Problems: Linear algebra can be used to solve optimization problems.
For example, linear algebra can be used to find the shortest path between two points, or to
allocate resources efficiently.

Developing Algorithms: Linear algebra can be used to develop algorithms. For example,
linear algebra can be used to sort data, or to find the eigenvalues of a matrix.

Designing Systems: Linear algebra can be used to design systems. For example, linear algebra

can be used to design bridges, or to optimize the performance of a machine.

Diagonalization of Symmetric Matrices

A square matrix A is said to be symmetric if AT =A. Such a matrix is necessarily square.

Its main diagonal entries are arbitrary, but its other entries occur in pairs®on opposite sides of
the main diagonal and these matrices form an important class and arise in a variety of practical
situations. An important result concerning the eigenvalues and eigenvectors is the eigenvalues

of a real symmetric matrix are real

Note: A is an orthogonal matrix, then AT = A-L,
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Problems

el 1 3p
1. Diagonalize the matrix (orthogonally diagonalize) A= e1 5 lu.
§3 1 1g

Solution: The character equation of A is |A— 1 |: 0

1-1 1
1 5-1 1|=0
1 1-1

By expanding, we get

1°-712+01 +36 =0, then roots are
I =-2, 3, 6are the eigen values
Casel. 1 =-2
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Thus & = 3 is the eigen vector corresponding to 1 =-2
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is the eigen vector correspondingto 1 =3
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The normalized form of the vector is é
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The diagonal matrix can be obtained
e-2 0 Oy
D=PAP=PTAP = P:eéO 3 03
g0 0 6f
66 -2 —15
2. Diagonalize the matrix A="-2 6 -1
é u
g-1 -1 5y

Solution: The character equation of A is |A— 1 |: 0
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By expanding, weget

13-1712+9001 -144 =0, then roots are
I =3, 6,8are the eigen values
Casel. 1 =3
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Thus & = g 13 is the eigen vector corresponding to 1 =3
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The normalized form of the vector is
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is the eigen vector correspondingto I =6
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Thus ek ="1 s the eigen vector corresponding to 1 =8
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The normalized form of the vector is € 1 u
Cm U
¢ )
¢0
€ Uj

-1 -1y
e. l I“

\.The orthonormal basis matrix is P =
e l l Iu

¢ 1 2 u
H W U

The diagonal matrix can be obtained

83 0 O0g¢g
D:P-lAP:PTAP:eéo 6 0‘5
0 0 8j

A Quadratic Form
A quadratic form on R" is a function Q defined on R" whose value at a vector x in R" can be

computed by an expression of the form Q(x) = x" Ax, where A is a symmetric matrix. The

matrix A is called the matrix of the quadratic form.

Examples

1. 2x2 +4xy +3y?
2. X2 +2y? +37%2 +4xy +6yz +8xz

3. X2 +3C +42 +2X X +6X X +12X X
1 2 3 1 2 1 3 23

Matrix corresponding to the quadratic forms

1. 2X2 +4xy +3y?
Real symmetric matrix corresqondlng to above quadratic form is

€ coeff .of x2 coeff .of x yfZJ
_¢ U g2 2
ATl 2 =& 3l
é_coeff.of xy  coeff.of y2 U € °U

62 d

Real symmetric matrix corresponding to the quadratic form

2. X2 +2y? +322 +4xy +6yz +8xz
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Real symmetric matrix corresponding to above quadratic form is

€ coeff .of x2 1 coeff .of xy 1coeff of xz°
g 2 2 j el 2 4
A=F1coeff.of xy coeff.of y* Llcoeff.of yz =g 2 3§
2 2 U )
81 1 U 84 3 3§
€ coeff.of xz coeff.of yz  coeff.of z2 U
€2 2 v
Problems

eX, 0 83
1 Let x= "~ . Compute xTAx for matrix A=¢g -2q

g 20 é u

Solutlon

g3
X" Ax = [x ] —ZﬂeXlﬂ
1 2 e 2 7 Ue

8 ué zu
XTAX =3X2 - 4xX X +7x 2
1 1 2 2
2. Let x= % Comput f
. Let x= ompute
eXu pute x" Ax for matrix A= 60 119
g 2u é a
Solution:
7 OﬂéXﬂ
X" Ax =[x
C e0 1106y
Ué 20

X" AX = 4x2 +11x2

3. Let Q(X)=x2+2x 2 +3x 2+4xx +6X X +8XX Write this quadratic formas x Ax .
1 2 3 12 2 3 13

Solution:
1 2 4gexa
Q(x)=x"Ax=[x x ]82 2 3ﬂg f
1 3 l\]? 2l:|
@4 3 3{exsl

Canonical form(Change of Variable in a Quadratic Form)

Given real quadratic form V in n variables X, X,, X,....... X,, it is possible to find a set of new

variables Y, Y,, Ygyeeeen y,such that V can be expressed as
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where 11,12, 13,......, Inare eigen values of matrix of quadratic form.

Problems

1. Reduce quadratic form 3x? +5y? + 3z - 2xy - 2yz + 2xz to canonical form by an

orthogonal transformation.

Solution: The symmetric matrix corresponding to the quadratic form is

3 -1 1
_8_1 e 40
é u
gl -1 34§
The character equation of A is }A— 1 |: 0
3-1 -1 1
-1 5-1 -1=0
1 -1 3-1

By expanding, we get

1°-1112+261-36=0
To solve this cubic equation we get
I =2, 3, 6are the eigen values

Casel. 1 =2
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-1 3 _qué, u_énu
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eyu _€ g u is the eigen vector for I =2
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The normalized form of the vector is ¢ U=¢0 i
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