5. Introduction to Groups Theory

5.1 Properties of groups

Groups:
Let G be a non-empty set and * be a binary operation on G.
G is called a group under the operation * if

Q) Closed: a*b € G,Va,b € G

(i) Associative: a x (b *c) = (a*b) *xc, Va,b,c €G

(iii)  Identity: There exists e € G suchthata xe = exa =a,Va € G

(iv)  Inverse: Forevery a € G, there existsa™® € G suchthata ™l xa =axa ! =e.
It is denoted by (G,*).

Abelian group:

A group (G,*) is said to be an abelian group if it satisfies commutative property
axb=b=+*a,Va,b€GQG.

Finite and infinite groups:

A group (G,*) is said to be a finite group if G has a finite number of elements. Otherwise, it is
called as an infinite group. If G has n elements, then 0(G) = n.
1. Check whether the set of integers under addition is an abelian group.

Q) a+beZVabezZ

(i) a+(b+c)=(a+b)+cVabc€eZ

(i)  Thereexists 0 € Zsuchthata+0=04+a=a,Va € Z

(iv)  Forevery a € G, there exists —a € G such that (—a) + a = a + (—a) = 0.

(V) a+b=b+aVabE€EGQG.

Therefore, (Z, +) is closed, associative, identity, inverse and commutative.

Hence, (Z,*) is an abelian group.

2. Check whether the set of integers under subtraction is a group.
0) a—beZvVabeZ
(i) a—((b-c)#(a—-b)—cVab,ceZ
Therefore, (Z, —) is closed but not associative.

Hence, (Z, —) is not a group.
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3. Check whether the set of integers under multiplication is a group.
Q) axbe€eZVabe€eZ
(i) ax(bxc)=(axb)XxcVab,c€Z
(iii)  Thereexists1 € Zsuchthatax1=1Xa=a,Va € Z
(iv) ForeveryaeG,%xazaxizl.But%eEZ
Therefore, (Z,X) is closed, associative, identity, but not inverse.

Hence, (Z,X) is not a group.

4. Check whether the set of all non-zero rational numbers under multiplication is a
group.
0) axbeQ—1{0},vabeQ—{0}
(i) ax(bxc)=(axb)XxcVa,b,ceQ—{0},
(i)  Thereexists 1 € Q — {0}, suchthata X1 =1Xa = a,Va € Q — {0},
(iv)  Foreverya € Q — {0}, there exists% € Q — {0} such that %x a=ax % = 1.
Therefore, (Q — {0},X) is closed, associative, identity and inverse.

Hence, (Q — {0},%) is a group.

5. Prove that the set of all n X n non-singular matrices under matrix multiplication
is a group but not abelian.
Let M be the set of all n X n non-singular matrices.
() ABEM,VABEM
(i)  A(BC) = (AB)C,VA,B,CEM
(iii)  Thereexists I € M suchthat Al =IA = A,VAEM
(iv)  Forevery A € M ,there exists A™t € M such that AA™1 = A"14A =1
Therefore, (M, X) is closed, associative, identity and inverse.
Hence, (M, Xx) is a group.

Since AB # BA, (M, x) is not an abelian group.




6. Check whether the set of all fourth roots of unity under multiplication is a group.
Let W = {1,—1,i,—i}
Q) axbeW,Va,beW
(i) aX(bxc)=(@xb)xcVa,b,ceW
(iii)  Thereexists1 € W suchthatax1=1Xa=a,VaeW
(iv)  Forevery a € W,thereexists b € W suchthat b xa=axb = 1.
Therefore, (W,X) is closed, associative, identity and inverse.

Hence, (W,X) is a group.

7. Let G be a set of all non-zero real numbersand leta x b = %(ab).
Show that (G,*) is an abelian group.

() axb=3(ab)€GVabeG
(i) ax(®rc)=axi(bo)= %{a% (bc)} = 2{a(bo)} =+ {(ab)c}
(axb)*c= %(ab) * ¢ = %{% (ab)c} = %{(ab)c}
Therefore,ax (bxc) = (a*xb) xc, Va,b,c €EG
(ili)  There exists 2 € G such that
a*2=%(ax2)=a,VaEG
2*a=%(2><a)=a,VaEG
(iv)  Forevery a € G, there exists b = Z € G such that
1 1 4
axb =E(ab) =5(ax5> =2
1 1/4
b*azz(ba) =E(E><a) =2
(V) a*bzi(ab)=§(ba)=b*a,Va,bEG
Therefore, (G,*) is closed, associative, identity, inverse and commutative.

Hence, (G,*) is an abelian group.




8. Let o be an operation on Z defined by x oy = x + y + 1, prove that (Z,°) is an

abelian group.

Q) xoy=x+y+1€ZVx,y€Z

(i) xo(yez)=xo(y+z+1)=x+y+z+1+1
(xeoy)oz=(x+y+1Doez=x+y+1+z+1
Therefore, x o (yoz) = (xoy) oz Vx,y,z € Z.

(iii)  There exists —1 € Z such that
xo(-1)=x—-14+1=x,Vx€Z
(D) ox=—-14+x+1=xVx€EZ

(iv)  Forevery x € Z, there exists —x — 2 € Z such that
xo(—x—2)=x—x—2+1=-1
(—x—2)ox=—x-2+x+1=-1

(V) Xoy=x+y+1l=y+x+1=yox,Vx,y€Z

Therefore, (Z,0) is closed, associative, identity, inverse and commutative.

Hence, (Z,°) is an abelian group.




9. Let G be the set of all real numbers not equal to —1 and * be defined by
a*b = a+ b + ab then prove that (G, =) is an abelian group.
Q) a*b=a+b+ab€eG,VabeG
(i) ax(b*xc)=ax(b+c+ bc)
=a+b+c+bc+alb+c+bc)
=a+b+c+ab+ bc+ca+ abc
(axb)*c=(a+b+ab)*c
=a+b+ab+c+ (a+b+ab)c
=a+b+c+ab+ bc+ca+abc
Therefore, a * (b xc¢) = (a*b) *c, Va,b,c €G

(ili)  There exists 0 € G such that
ax0=a+0+a(0)=a,Va€ea
Oxa=0+a+(0)a=a,VaeG

(iv)  Forevery a € G, there exists —ﬁ € G such that

2

a*(_L)=a_ﬁ+a(_L)=m=o

1+a 1+a 1+a
a a a —a+a+a?-a?
(——)*az——+a+(——)a=—=0
1+a 1+a 1+a 1+a

(V) a*b=a+b+ab=b+a+ba=b=xa,Va,beG
Therefore, (G,*) is closed, associative, identity, inverse and commutative.

Hence, (G,*) is an abelian group.

10. Theorem 1: In a group, prove that there exists only one identity element.

Suppose there are two identity elements e, e, € G.
Since e, is an identity element, e;a = ae; = a,Va € G.
Since e, is an identity element, e;a = ae, = a,Va € G.
This shows that ae; = a = ae, and hence e; = e,.
This means that e; and e, are not different.

Therefore, there exists only one element.




11. Theorem 2: In a group G, prove that every element has only one inverse.
Suppose a’ and a'’ are two inverse elements of a € G.
Since a’ is an inverse of a, aa’ = a’a = e, where e is an identity element of G.
Since a” is an inverse of a, aa” = a’’a = e, where e is an identity element of G.
Therefore, a’ = a’e = a’(aa’") = (a'a)a”’ = ea”’ =a".
This means that a’ and a’ are not different.
Therefore, every element has only one inverse.
12. Theorem 3: For any elements a, b in a group G,
Prove that (a™')™' =a and (ab)™! = b la™ 1.
(i) Leta ! =c.Thenca=ala=eandac =aa™! =e.
Therefore, ca = ac = e.
Hence,a =c ' = (a1 ?
(i) (ab)(bla V) =abbVHal=aeal=(ae)al=aal=e.
(b~*a Y (ab) =b Y (aa)b=b"teb=b"1(eb) = b~ b =e.
Therefore, b~1a™1 is the inverse of ab.

Hence, (ab)™! = b~ ta .

13. Theorem 4: Let G be a group and a, b, x € G. Prove that left cancellation law and
right cancellation law hold.
(i) To prove: xa = xb = a = b (Left cancellation law)
xa = xb = x~Y(xa) = x~1(xb)
= (x"'x)a = (x"x)b
= ea=c¢eb
=a=5»>
Therefore, left cancellation law holds.
(i)  To prove: ax = bx = a = b (Right cancellation law)
ax = bx = (ax)x™! = (bx)x~?
= a(xx™ 1) = b(xx™1)
= ae = be
=a=»b

Therefore, left cancellation law holds.
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14. Theorem 5: Let G be agraph and a, b € G. Then (i) The equation ax = b has a

unique solution in G. (ii) The equation ya = b has a unique solution in G.

(i) ax =a(a™*b) =(aa ™ )b=eb=1b
Therefore, x = a~1b is the solution of ax = b.
Suppose x; and x, are the two solutions of ax = b.
Then ax; = b and ax, = b.
This implies that ax; = ax,
By left cancellation law, x; = x, .
Therefore, the two solutions of ax = b are not different.

Hence, the equation ax = b has a unique solution in G.

(i) ya=(ba Y)a=b(ata)=be=>b
Therefore, y = ba™? is the solution of ya = b.
Suppose y; and y, are the two solutions of ya = b.
Then y,a = b and y,a = b.
This implies that y,a = y,a
By right cancellation law, y; = vy, .
Therefore, the two solutions of ya = b are not different.

Hence, the equation ya = b has a unique solution in G.

15. Prove that a group G in which every element is its own inverse is abelian.
Leta,b € G.Bydata,a =a"1,b=b"tand ab = (ab)™?!
ab = (ab)™*=b"ta™ ! = ba

Therefore, G is an abelian group.
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16. Prove that a group G is abelian if and only if (ab)™! = a~'b~1,va,b € G
If part: Suppose G is abelian.
(ab) ' =(ba) ' =a b ,Va,beG
Only if part: Suppose (ab)™! = a~1p~1
ab = (@~1)~1(h~1)"1 [Sincea = (=)L, b = (b-1)"]

=(a ™ H)1! [Since a™1b~! = (ab)™]
= (B ) a )T [Since (ab)"t =b"ta 1 in G]
= ba [Since (a™1)™! = q]

Therefore, G is abelian.

17. In a group G having more than one element if x> = x for every x € G.
Prove that G is abelian.
Leta,b € G.By data, a®? = a,b? = band (ab)? = ab
a(ab)b = (aa)(bb) = a?b? = ab = (ab)? = (ab)(ab) = a(ba)b
By left cancellation law, (ab)b = (ba)b
By right cancellation law, ab = ba

Therefore, G is an abelian group.

18. Prove that a group G is an abelian if and only if (ab)? = a?b? Va,b € G
If part: Suppose G is an abelian.
(ab)? = (ab)(ab) = a(ba)b = a(ab)b = (aa)(bb) = a?b?
Only if part: Suppose (ab)? = a?b?
(ab)(ab) = (aa)(bb)
a(ba)b = a(ab)b
By left cancellation law, (ba)b = (ab)b
By right cancellation law, ba = ab

Therefore, G is abelian.




5.2 Particular groups

1. The Klein 4-group

Consider aset A = {e, a, b, c} on this set, suppose we define a binary operation
described by the following table:
It is easy to verify that A is an abelian group under the binary operation defined.

e is the identity element of G and every element is its own inverse.

This group is of order 4. ele a b c
It is called as the Klein 4-group or Quadratic group. ele a b ¢
ala e ¢ b
It is denoted by K, or V,. blb ¢ e a
cle b a e

Additive group of Integers modulo n

Let n be a specified positive integer > 2. It is known that Congruent to modulo n is an
equivalence relation on Z. This relation induces a partition of Z with the congruence
classes. Forany a € Z, Additive group of Integers modulo the congruence class
determined by the expression [a] = {x € Z|x = a (mod n)} = {a + nx|x € Z}.

Now [0] ={0+nx|x € Z},[1] ={1+ nx|x € Z},... , [n—1]={n—1+nx|x € Z}
Let Z be the set of these equivalence classes. That is, Z = {[0], [1], [2], ..., [n — 1]}
Consider Z under the binary operation addition modulo n, denoted by &@,, .

This group is called additive group of integers modulo n and is denoted by (Z,, , ®,,).

The order of this group is n.

Example: Operation table for (Z¢, +) is given by

Ul D W N R O+
Ul D W N = OO
O Ul WD W N =
R O Ul b W NN
N R O Ul A WlWw
W N R O Ul DD
S W N R O ul|ut




2. Multiplicative group of integers mod p

Let n be a given integer > 1 and Z,, denote the set of all congruence classes modulo n.

That is, Z,, = {[0], [1],[2], ..., [n—1]}.

Multiplication modulo n denoted by ®,, is defined as

[x] ®nly] = [x x y],V[x], [y] € Z,.

Consider Z,, under the binary operation multiplication modulo n denoted by ®,, .

() [xI®nlyl € Z,, Vix], [y] € Z,

(i)  [x]1®nily] ®ulzl} = {[x] ®nly]} ®nlzl, VIx], [y], 2] € Zy,

(iii)  There exists [1] € Z,, such that [x] ®,[1] = [1] ®,[x] = [x].

(iv)  Forany [x] € Z,, there exists [y] € Z, such that [x] ®,[y] = [y] ®.[x] = [1],
if n is a prime number,

V) [x]®nlyl = [yl ®ulx], VIx], [y] € Z,
Therefore, (Z,,, ®,,) is an abelian group only if n is a prime number.

Note:

(Zy, ®,) is the multiplicative group of integers modulo p.
Itis also denoted by (Z, X).
ZF ={[0],[1],[2], ..., [p — 1]}. Order of the group 0(Z}) = p — 1.

Operation table for (ZF, X)is

Example 1: Find the operation table for (Z%, x).

v | | W~ X
Oy O | | B =] =
W= | SR
el IS RN WS N ey RSO RIS
LI | Oy | | L = | | o
M| V=W,
=N W | O S| O




Example 2: Find all x in (Zf;, %) such that x = x™1.

X123 |4|5|6|7|8|9|10
1|11 2|3|4|5|6|7|8|9]10
2|2 4|6 |8|10|1|3|5]|7|9
3(3|6|9|1|4|7|10]2|5]|8
4148|159 |2|6|10 3|7
5|/5(|10| 4|93 |8|2|7|1]6
6|6 |17 |2|8|3|9|410|5
7173|106 |2|9|5|1]8]4
|8 |5|2|10]7|4|1|9|6]|3
99| 7|5|3|1|10|8|6| 4|2
10109 |8 |7 |6 |5|4|3]2]1

From the above table x.x = 1 is true only if x = 1 or 10.
1 and 10 are only elements of (Z];, x) which are their own inverses.
That is, 1 and 10 are only solutions of x? = 1(mod 11)

Example 3: If p is a prime, prove that (p — 1)! = —1(mod p)
[Wilson’s theorem]
Consider the group (Z,x).

zg ={[11,[2L.[3], ... [p — 11}

In Z# , only [1] and [p — 1] have their own inverses. ([x] = [x]™1)

Remaining (p — 3) elements have "2;3 pairs of the form [x], [x]~twith [x] # [x]~.
Multiplying all these elements,

2x3x..X(p—2)=17 (modp)

2X3%X..X(p—2)=1(modp)
2X3X.X(p—=2)x(p—-1)=1x(p—1) (modp)

(p—D!=(p—1) (modp)

(p — 1D!'= -1 (mod p)
This proves the result.
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4. Permutation groups

Example : Permutation group of degree 3

Consider that set A = {1, 2, 3}. These 3 elements can be permuted in 3! = 6 ways.
These permutations are 123,132,213,231,312,321. That is,

ne( 3 )n-G I Dot )

=15 2 m=G g )r=G 13

Since these six permutations are 1-1 and onto functions from A to A, the
composition of any two of these permutations is also a permutation.

If S3 = {P,, P,, P,, P35, P,, P}, composition table for S5 is as below.

S5 is closed and associative under composition of permutations.

S5 contains identity element P,. S5 contains inverse of each element.

By table, Pyl = Py, Pyt =P,,P;1 =P, P;1 =P;,P; 1 =P, Pst = Ps.
Therefore, S5 is a group under composition of permutations.

S5 is a symmetric group of order 3. S5 is not commutative.




Problem : Consider the symmetric group S, consists of all the permutations of

theset4 ={1,2,3,4}.

What is the order of §,? What is the identity element of S$,?

2 3 4 2 3 47, .. 1 11
Ifa—[z 4 3 1]and[>’—[4 5 1 3verlfythat(aﬁ) = a .
Q) The order of S, = 4! = 24.
N . o 1 2 3 4
(i) Identltyelementof54—P0—[1 5 3 4
1 ([l 2 3 4111 2 3 4p\¢
(i) (ap) ‘([2 4 3 1]4 2 1 3)
o2 3 4 [1234
2 3 1 4 31 2 4
111 2 3 4'n 2 3 49t
Fram =1y 5 1 3l [2431]
:'1234'[1234[1234]
3 2 4 1114 1 3 2 31 2 4
Therefore,(af)™! = a1




5.3 Subgroups
Definition: A non-empty subset H of a group G is called a subgroup of G whenever H itself
is a group under the binary operation in G.
Examples:
1. Under the usual addition, the set of all even integers is a subgroup of the group of
integers.
2. Under the usual multiplication, the set of all even integers is the subgroup of the
group of all non-zero real numbers.
3. Under the composition of permutations, {P,, P, P»}, {P,, P3}, {Py, P, }are the subgroups
of the symmetric group S; = {P,, P;, P,, P5, P, Ps}.
4. LetH ={0,2,4} € Z,, (H,+) is asubgroup of (Zg, +).
Remarks:
1. Foranygroup G, e € G and {e} € G.
Since {e} is a group under the operation in G, {e} is a subgroup of G.
2. Forany group G, G € G. Thus every group is a subgroup to itself.
3. {e}and G are called trivial subgroups of a group G .

All the other subgroups are called proper subgroups of G.




1. Theorem 1: Prove that H is a subgroup of G if and only if
abe Handa 1€ H va,b € H.
If part:
Suppose H is a subgroup of G.
= H is a group under the same operation of G.
= H is closed and H has inverse for each element of H.
= abeHanda ' € H,Va,b € H.
Only if part:
Suppose ab € Hand a™! € H,Va,b € H.
Since ab € H, H is closed.
Since H € G,a(bc) = (ab)c,Va,b,c € H. H is associative.
Since a,a™! € H,aa™! = e € H by given conditions. Hence H has identity element.
Since a™! € H, for any a € H, H has inverse.
Therefore, H is a group.
Since H isagroup and H € G, H is a subgroup of G.
2. Theorem 2: Prove that H is a subgroup of G ifand only if ab=! € H,Va, b € H.
If part:
Suppose H is a subgroup of G.
Then clearly, H is a group under the same operation of G.
Hence, forany a,b € H,b~' € Hand ab™! € H.
Only if part:
Suppose ab™! € H,Va,b € H.
By taking b = a,aa™! € H. Thus e € H. Identity property holds.
By takinga = eand b = a,ea™! = a~! € H. Inverse property holds.
Sinceb € H,b~ € H, a(b™1)~1 € H, by given condition.
Therefore, ab € H. Closed property holds under the binary operation of G.
Since associative property holds for all the elements of G, this holds for H € G.

Therefore, H is a subgroup of G.




3. Theorem 3: When H is finite, P.T. H is a subgroup of G if and only
ifab e H Va,b € H.
If part:
H is a subgroup of G.
= H is a group.
= H is closed.
= ab € H,Va,b € H.
Only if part:
ab € H,Va,b € H.
That is, H is closed.
Since H € G and G is associative, H is also associative.
Consider aset aH = {ah|h € H}, forany a € H.
Sincea € H,ah € H, for any h € H.
Therefore, aH < H. Since H is finite, aH is also finite.
Define a function f: H — aH by f(h) = ah,Vh € H.
Then f(hy) = f(h,) = ah, = ah, = hy = h,, by left cancellation law.
Therefore, f is 1-1 from H to aH. Since f s finite, |H| = |aH|.
aH € H,|H| = |aH| = H = aH.
Since a € H,a = ahy, forsome h; € H.
Since a = ae,ae = ahy, forsome h; € H.
By left cancellation law, e = h € H. Identity law holds.
e € H= e € aH = e = ah,, for some h, € H. h, = a~1. Inverse property holds.
Therefore, H is a group. Since H < G, H is a subgroup of G.
This completes the proof of the theorem.
4. Prove that the intersection of two groups of a group is a subgroup of the group.
Let G be a group and H and K be two subgroups of G.
a,beEHNK =>abeHanda b €K
= ab'eHandab ' €K
=ableHNK

Therefore, H N K is a subgroup of G.
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5. Check whether the union of two subgroups of a group a subgroup?
Consider two subgroups of a symmetric group S; as Ty = {Py, P3}, T, = {P,, P,}.
ButT, UT, = {P,, P,, P;, P,} is not closed. Because P;P, = P; € T, U T,.
Therefore, T, U T, is not a group.
6. LetGbheagroupand] = {x € G|xy = yx,Vy € G}. P.T. ] is a subgroup of G.
eeEG>ey=ye,VyEG
= e€]
= ] is non-empty.
Forany a,b € Jandany y € G,
(ab)y = a(by) = a(yb) = (ay)b = (ya)b = y(ab)
Therefore, ab € J.
ya =ay
= a (ya)a”
= (a'y)(aa™) = (a'a)(ya™)
= (a™'y)e =e(ya™)

1

1 1

=a"'(ay)a”

=aly=ya”
Therefore,a™1 €]

Thus, ab € J,a™* € ],Va,b €]
Therefore, J is a subgroup of G.

7. Consider the subset H of the symmetric group S, consisting of the following
1 2 3 4 1 2 3 4 1 2 3 4
eIementsofS4.P0—[1 5 3 4],P1—[2 1 4 3],P2—[3 4 1 2],

P; = [411 § g ﬂ Construct a table to show that H is an abelian group of S,.

This table shows that H is closed under permutation. Py|Py| Py | P, | Py
Therefore, by theorem 3, H is a subgroup of S,. Py | P |Py| P3| P
The table also shows that the commutative law holds in H. Py | Py | P3| Po| Py

Therefore, H is an abelian group.

8. For the group Z3, find subgroups of orders 6, 12 and 36.
Consider the group Z, of order 6.
Z3 = Zg X Zg X Zg is a group of order 63 = 216.
Every element of Z2 is of the form (a, b, c) , where a, b, c € Zg.

H, ={(a,0,0)|a € Z} is a subgroup of order 6.
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H, = {(a,b,0)|a € Zs, b = 0,3} is a subgroup of order 12.
H; = {(a,b,0)|a,b € Z} is a subgroup of order 36.

5.4 Cyclic group
Definition:
A group is said to be the cyclic group if for some a € G, every element x € G is of the
form a™, for some n € Z. The element a is called the generator of the cyclic group G.
Itis denoted by G =< a >.
Example:
G = {i,—i,—1, 1} is the cyclic group generated by i.
Every element of G is of the form i™, for some n € Z.
Hence, i is the generator of the cyclic group G.
Theorem 1:
If a is a generator of a cyclic group G, show that inverse of a is also a generator.
Proof:
a is a generator of the cyclic group G.
= If g € G then g = a™, for some n € Z.
=g=a"={(a )} =(a1)™ forsomen € Z.
= a1 is also a generator of the cyclic group G.
Examples:
1. Show that the group (G,*) is a cyclic group whose multiplication table is

b d

o R[0T R |~

~ oA e x
o lAIaITRIA
Qo Al
TR AN |8
o TR~
Ao | R (™m0 ®

a is an identity element of G.
b>=bxb=c
b3=b?xb=cxb=d
b*=b3xb=dxb=c¢
b>=b*xb=exb=f
b =b>xb=fxb=a

Every element of G is an integral power of b.

Therefore, (G,*) is a cyclic group.
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2. Prove that the Klein-4 group is not cyclic.
In the Klein-4 group, every element is its own inverse.
X" =X.x=e€
x3=x?x=ex=x
Ifniseven, x® =x?" = (x?)"=e" =¢
Ifnisodd, x" = x"L.x =ex =x
Therefore, every integral power of x is equal to either e or x.
= No element in this group can be a generator.
= Klein-4 group is not cyclic.
3. Prove that the multiplicative group of non-zero rational numbers are not
cyclic.
Consider (Q*,%).
Q™ is the set of all non-zero rational numbers and X is the usual multiplication.
Suppose (Q*,x) is cyclic.

= There is a non-zero rational numberg # 1 as a generator.

m n
= Since 2,3 € Q*, we have 2 = (S) and 3 = (5) forsome m,n € Z.

= This gives 2™ = 3™, which is impossible.
Therefore, (Q*,%) is not cyclic.

4. Prove that the group (Z,4, +) is cyclic. Find all its generators.
The elements of Z are the congruent classes [0], [1], [2], [3].

The operator + is 'addition modulo 4'.

[1] = [1]*

[4] = [1] + [1] + [1] + [1] = [1]*
Therefore, every element of Z is an integral power of [1].
Therefore, (Z,,+) is a cyclic group.
[1] is the generator of Z,.
[1]7 = [-1] = [4 — 1] = [3] is also a generator of Z,.
[0]™ # [1], forany n € Z.
[2]" # [1], forany n € Z.
Therefore, [1] and [3] are the only generators of Z, .

notesforvtuin



5.5 Lagrange’s theorem
If G is a finite group and H is a subgroup of G, then 0(G)|0(H).
Proof:
H is a subgroup of a finite group G.
= H is also finite.
= H = {hy, hy, hs, ..., h,,}, where each h; is distinct.
= Ha = {h,a, h,a, hsaq, ..., h,,a}, where each h;a is distinct.
= The right coset Ha has n distinct elements.
Since G is finite, there are a finite number of distinct right cosets.
LetG = Ha; UHa, VU ..U Ha,
= 0(G) = |Haq| + |Hay| + -+ |Hay| =n+n+ -k times = nk
= n|0(G)
= 0(H)|0(G)




