MODULE-II
LINEAR TRANSFORMATION

Introduction

In this chapter we will discuss linear transformations, which are the most natural kind of a
map from one vector space to another, and show how they are intimately related with matrices. In
our discussions we will give concrete examples as often as possible, and use the general properties
we have shown about vector spaces to motivate results relevant to solving systems of linear

equations and solving differential equations.

Topic Learning Objectives:

Upon Completion of this module, students will be able to:
< Transform vector space from one dimension to other using linear transformation.

< Apply rank-Nullity theorem.
© Estimate inner product of vectors, orthogonal and orthonormal basis of a vector space

Linear Transformation/Linear Mapping:
Let U and V be two vector spaces over the same field F. The mapping Y] Y ©  is said to be a
linear transformation if
YD T Y YT DA R NTYLY o
|Gy hRaNON NTY
Note:
1) Linear transformation is also called as linear mapping or linear operator.
2) Inthe definition the sign +in| T denotes the addition in the vector space U, where
asthesign+in'y | YT denotes the addition in the space V.

Problems:

LIFQAws'Y Cac 'Y isdefined by f(x,y, z) = (x +y, y + z), show that f is a linear
transformation.

Solution: Let&y efh«f» QA efe i beanytwoelementsof ¢ 4 Consider
QT Ve odde adde o
Gp O Gp G G G Qe
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Let 0 N'Y be arbitrary.
Consider @8] 0 Bod M wh Bl @0p Bph B O o
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Therefore, fis a linear transformation.

2.1F Y0 Y @we'Y isdefinedby’Y oplodds 1 dd we , show that T is a linear

transformation.
Solution: Let| Wpl O o O 0pl O Us be any two elements of oo 'Y Consider
YT Y ododos e bl o
Y e O Wo
mMae Odos o
T Ol o T O Qo
Y 0l Oh e Y Gl O (o
Y i Y YT Let
O N'Y be arbitrary.
Consider,Y ¢8| Y& Qladoe Y 00l Add Ao mAodAve A8 T Qch o
Yob @Y modas @Y |
=Y Y

Therefore, T is a linear transformation.
3. If Tisamapping from w¢ Y into wc 'Y defined by
Yoo o oegi—- oifle-he (le— & 0éi— hshow that T is a linear transformation.

4. Find the linear transformation Q] 'Y< © 'Y< such that Q php mp and

N pip  dig.
5. Find the linear transformation Y( 'Y< © Yo such that Y php mphg andY  php c

phr .
Ordered basis of V:
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Definition: Let V be a vector space over a field F and dim[V] = n > 0. Choose a basis
£ 4 i 1 8- of V written in order. This basis | = 4 i 1 8- is called an ordered basis

of V. In an ordered basis, the order in which the elements are arranged is taken in to account.

Example:
pimimh mpimh Mmp i mpehimh mMmph phmm & mimp b pimim d mh pim

are three different basis of R®.

Note:

DS | o | 80 & beanordered basis of V, then for| N

| =cg pt+Cd ct+Cd o+é +ca & N F are called coordinates of the vector |

2) The coordinates depend on the choice of the ordered basis.

Problems:

1. Find the coordinate vector of (3, -2, 1) relative to (i) ordered standard basis

(ii) the ordered basis {(1, 1, 1), (1, 0, 0), (1, 1, 0)} of 'Yo.

Solution:

(i) Standard basis is (1, 0, 0), (0, 1, 0), (0, 0, 1)

C ol cdp @pimin o mhpin b MimpP WA oldc  cide p

v ~ Vo
g

#+ o cp Qoo .
Therefore, coordinate vector of (3, -2, 1) relative to standard basis is (3, -2, 1) itself.
(i) Let of cip (Gpphiplp Oc pimim o phphim @B A Of@p Dol o
#0p O G0 ol GO0 il p
Solving we get ¢1 = 1, ¢c1 = 5, c3 = -3 which are coordinates of (3, -2, 1) with respect to the
ordered basis (1, 1, 1), (1, 0, 0), (1, 1, 0).

Kernel and image of a linear transformations:

To every linear transformation we associate two important subspaces.

Let "Y{ @ © o be linear, the kernel of T, Written kerT, is U w{’Y 0  mO and the image of T,
written imT, is Ui @'Y O . In other words, the image is what we normally mean by the image
of a function.

Property of all linear maps
Lemma: Let 'Y{ ® © w be a linear map. Then'Y mb  mo.
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Proof.Ymb Ymb m©O Ymb YT
By the definition of linearity now add 'Y 1m0 to both sides
Yo Ymo Ymo Ymo Ym0

mo Y o
Problem 1. Letd ™ P so that we have a linear map Yei'Y< 'Y< givenby'Ys @  Oh. We
m T
will find 91X "Ys and Q1Y
W

Solution: 1&Ys Yo © {ai@N'Y

p

m o (eaNY

W

T johoaN'yY

Another way to write this is that 1& Yo {0& l and so AET 1&x Yo p

Now webll do the kernel
0 1L ) C
MWiYs Yo o m (wNY

® T W q
I Y
R
o'y
T

Again, we could write thisas 001 Yo {10& l :
The kernel and image are equal in this case.

Range and Kernel of a linear transformation
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Definition: Let "Y]"Y © w be a linear transformation. The range of T is the set, 'Y 'Y Y| M N

Y ,i.e.,’Y 'Y isthe set of all T-images of the elements of U. Clearly,’Y 'Y P .

Definition: Let Y| Y O () be a linear transformation. The Kernel (or null space) of T is the set
0y | NYTY | n where 0 is the zero vector of V.

Rank and Nullity:

Definition: Let 'Y§ 'Y © ¢ be a linear transformation. Then,
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1) If'Y 'Y is finite dimensional, the dimension of 'Y Y is called the Rank of linear transformation
and is denoted by i Y .

2) If O'Y is finite dimensional, the dimension of O Y is called the Nullity of linear
transformation and is denoted by € Y .

Rank-Nullity theorem

Let "Y]"Y © w be a linear transformation and U be a finite dimensional vector space. Then Q¢

YY O WAG Y WAYEBTY &Y QY. [or Rank+Nullity=dim(domain)]

The null space of the matrix O, denoted by O 0 , is the set of all n-dimensional column vectors X

such that o .

Problems:

1. LetYiwe Y ©wc'Y definedbyY ohw @ oo . Find the range space, kernel, rank, and
nullity. Also, verify the rank-nullity theorem.

Solution:

To find 4 1 : We shall write the images of the elements w.r.t standard basis

YQ Ypim  pip QYQ Ymp  pim

Therefore, the matrix Aof T is _ by echelon form

There are 2 non-zero rows. C Rank of A is 2
Hence,'Y 'Y is subspace generated by pip Q m p .

CYY opp om p oo T

YY  @e o oY To

findd 4 :
LetY oo m# & oo n#0 © TMO TH#O MO T
CO 'Y contains only zero elements of wc 'Y
COY mim - Nullspace  Tim

Q& O Y m# Nullity n
CRank+Nullity ¢ m ¢ AT wc'Y

Hence rank-nullity theorem is verified.
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2. Let"Y{ @ © w be a linear transformation defined by
Yohold  © oid  ohicd & . Find the range, null space, rank, nullity and hence

verify the rank-nullity theorem Solution:
We shall write the images of the elements of standard basis
Ypimm  piplg
Ympin  ph opim G

v v

Ymmp  mmp Qe
Clearly the set ©pf Ol (0o generatesY 'Y .
p P CQ

Considerthematrixd p p ™
m TP

P pPC P P q p P q
O p p nDn ¢ ¢Dmn p p Byechelonform

mT M op MM P TP

CAT'Y'Y o#10&0 0.Y'Y issubspace generated by pipic i miplp O mimip .
CYY aoplplc o mplp & minp oo  mhohe @
YUY oo olch o ofeiolaN'y  'YoTo
find O 'Y :
Consider’Y held  mimmn
0,0 o20+0 @ - mmm
+0 TMO+0 MO ® & T
+0 MO mMa T

O 'Y contains only zero vector

Y mmn +#WGO Y mwaNullity T
CRank+Nullity o m o Qi& Yo Hence
rank-nullity theorem is verified.
3. Let'Yi'YoO 'Yobe defined by 'Y piminm  piphgh’y miphm  pb pim i’y mimip
m 1 p . Find the range space, null space, rank and nullity of 'Y and verify the rank-nullity theorem.
4. Let'Yi'YoO'Yobe defined by 'Y @idhd & o o & . Find the range space, null

space, rank and nullity of Y and hence verify the rank-nullity theorem.
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Matrix of the linear transformation:

Let VV and W be vector spaces of dimension m and n respectively over the same field F. Let &,

~
o Y

Ol O ol B e O O Wl Ach (ol 8 e be the ordered basis of V and W respectively. Let
"Yi @ © @ be a linear transformation defined as

Y (I)p (I)pp&)p (I)cp(:)c d)opa)o 8 8¢ (I)‘sp(j.)é
Y (I)c (I)pc&)p (I)cc&)c (I)cq(j.)c 884 (I)‘sqa.)é 88
88888888888888#
Y O« (I)pé((z)p (I)c,é((z)c, (I)oé((I)o 88¢ (A)SG(I)S

The transpose of the coefficient matrix is called the fimatrix of the linear transformationo relative to
the basis 6p Q Oc. This matrix is denoted by Oy and is given by

Wpp Wpc §  Wpa
Wcp OY b e B8 (e

g 8

Wep Qe 8 Qe
Problems:
1. Find the matrix of the linear transformation Y{ ¢ Y © o Y definedby’Y olo &  @hohoo

@ with respect to standard bases.

;Y

Solution: By data’y e & ohoiow
B:={(L, 0), (0, 1)} & B2 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} Now
T(1,0)=(1,1,3)&T(0,1)=(1,0,-1)

Y pim phplo G pimim Oc mhpim o MiTp

v v ~
g

+ pipic  0ddfae w0 phoc plae ©

v v v v v

Y mp  phim p M piminm G mipim 0o mimip

+ pim p GOS0 H@p pPhoc TOe P

p P
Cov p T is matrix of the linear transformation.
6 p

2. Find the matrix of the linear transformation "Yj s 'Y © ¢ 'Y defined by 'Y o ¢ &
O ol & withrespectto &  pipip h pimin b piphm 16c  pimh mp ¢
Solution: By datad efi«fi» o «he

6o pipiph pimimh phpim 16  pimh mp 3

Yopipip gl piminm  pim AY phphim cip

Ypiphp g Gepim Gcmp  Odhe w0 Qb ¢

Ypimin  pim G pim Gcmp  Ohe WO Pl W
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~
g

Ypipim  cip Gepim Gcmp  Ohe WO o P

C p q
Cov is matrix of the linear transformation.
¢cmp
p Q
3. Given the matrix O m p , find the linear transformation 'Y{ ¢ Y © we 'Y relative to

P O

the basis®  piph pip 16c  pipiph pi piph mnip $
Solution: Define Yiwe 'Y @ ws 'Y by

Ypip popipilp mph pip p mmp  pipim
Y pip copipip ppl plp omnip  oiphe
Let @ie N 'Y be arbitrary, then

~
g

oh 6 (I)p ph P (I)q ph P (I)p (A)(ﬁ (:)p"' (:)q &+ (I)p (I)c: W Q (I)p"‘ (I)c )
Solving we get (5- 0 (I)-
Consider, _

Applying linear transformation on both sides

Yol ooy pip @Y pip

< <

ot PP o——0lPlQ & o— co—eirbe 6—0 whed oo
C S c < < < <
'Y oo ® cwioh oo o6 isthe required transformation relative to the basis &p Q 6c.
4. Find the matrix of the linear transformation Yiws Y © ¢ 'Y definedby 'Y ahoia o o
@ & with respect to standard bases of ws 'Y and t¢ Y 8

5. Find the matrix of the linear transformation Y{ w¢ Y © wo 'Y

defined by Y ¢ ®  cwloi-3x+3w relativeto bases &y  pip i pip and&c  piph
ph p plph mmp

Change of Basis
Definition: Let "Y{ w ©  be linear transformation defined over Field F,

o 5

Let &p )l O ol 8 ) be basis of Vand 6 @ph Ol ok 81 Gz be another basis of V.
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