
 

  

  

MODULE-II  

LINEAR TRANSFORMATION  

  

Introduction  

In this chapter we will discuss linear transformations, which are the most natural kind of a 

map from one vector space to another, and show how they are intimately related with matrices. In 

our discussions we will give concrete examples as often as possible, and use the general properties 

we have shown about vector spaces to motivate results relevant to solving systems of linear 

equations and solving differential equations.  

  

Topic Learning Objectives:  

  
Upon Completion of this module, students will be able to:  
º Transform vector space from one dimension to other using linear transformation.  

º Apply rank-Nullity theorem.  

º Estimate inner product of vectors, orthogonal and orthonormal basis of a vector space  

  

Linear Transformation/Linear Mapping:  
Let U and V be two vector spaces over the same field F. The mapping Ὕȡ Ὗ ᴼ ὠ is said to be a 

linear transformation if  

i. Ὕ ‌  ‍   Ὕ ‌   Ὕ ‍ ȟ ᶪ‌ȟ ‍ ᶰ Ὗ ii. Ὕ ὧȢ 

‌   ὧȢ Ὕ ‌ ȟ ᶪὧ ᶰ Ὂȟ ‌ ᶰ Ὗ  

Note:   
1) Linear transformation is also called as linear mapping or linear operator.  

2) In the definition the sign + in ‌  ‍ denotes the addition in the vector space U, where 

as the sign + in Ὕ ‌   Ὕ ‍  denotes the addition in the space V.  

Problems:  
  

1. If Ὢȡ ὠσ Ὑ  ᴼ ὠς Ὑ  is defined by f(x, y, z) = (x + y, y + z), show that f is a linear  

transformation.  

Solution: Let ὥ  ● ȟ ◐ ȟ ◑  Ǫ   ● ȟ ◐ ȟ ◑  be any two elements of ╥ ╡  Consider 

Ὢ ‌  ‍   Ὢ ὼρ  ὼςȟ ώρ  ώςȟ ᾀρ  ᾀς   

 ὼρ  ὼς  ώρ  ώςȟ ώρ  ώς  ᾀρ  ᾀς   

 ὼρ  ώρ    ὼς  ώς ȟ ώρ  ᾀρ   ώς  ᾀς   
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 ὼρ  ώρ ȟ ώρ  ᾀρ   ὼς  ώς   ώς  ᾀς   

 Ὢ ὼρȟ ώρȟ ᾀρ   Ὢ ὼςȟ ώςȟ ᾀς   

ᵼ Ὢ ‌  ‍   Ὢ ‌   Ὢ ‍   
  

Let ὧ ᶰ Ὑ be arbitrary.  

Consider Ὢ ὧȢ ‌   Ὢ ὧȢ ὼρȟ ὧȢ ώρȟ ὧȢ ᾀρ   ὧȢ ὼρ  ὧȢ ώρȟ ὧȢ ώρ  ὧȢ ᾀρ   

 ὧ ὼρ  ώρȟ ώρ  ᾀρ   ὧȢ Ὢ ὼρȟ ώρȟ ᾀρ   ὧȢ Ὢ ‌  ᵼ 

Ὢ ὧȢ ‌   ὧȢ Ὢ ‌   

Therefore, f is a linear transformation.  

  

  

2. If Ὕȡ ὠσ Ὑ  ᴼ ὠσ Ὑ  is defined by Ὕ ὼρȟ ὼςȟ ὼσ   πȟ ὼςȟ ὼσ , show that T is a linear  

transformation.  

Solution: Let ‌  ὼρȟ ὼςȟ ὼσ  Ǫ ‍  ώρȟ ώςȟ Ùσ  be any two elements of ὠσ Ὑ  Consider 

Ὕ ‌  ‍   Ὕ ὼρȟ ὼςȟ ὼσ   ώρȟ ώςȟ ώσ   

 Ὕ ὼρ  ώρȟ ὼς  ώςȟ ὼσ  ώσ   

 πȟ ὼς  ώςȟ ὼσ  ώσ   

 πȟ ὼςȟ ὼσ   πȟ ώςȟ ώσ   

 Ὕ ὼρȟ ὼςȟ ὼσ   Ὕ ώρȟ ώςȟ ώσ   

 Ὕ ‌  ‍   Ὕ ‌   Ὕ ‍  Let 

ὧ ᶰ Ὑ be arbitrary.  

Consider,Ὕ ὧȢ ‌   Ὕ ὧȢ ὼρȟ ὼςȟ ὼσ   Ὕ ὧὼρȟ Ãὼςȟ Ãὼσ   πȟ Ãὼςȟ Ãὼσ   ÃȢ πȟ ὼςȟ ὼσ   

Ὕ ὧȢ ‌   ὧȢ Ὕ πȟ ὼςȟ ὼσ   ὧȢ Ὕ ‌   

ᵼ Ὕ ὧȢ ‌   ὧȢ Ὕ ‌   

Therefore, T is a linear transformation.  

3. If T is a mapping from ὠς Ὑ  into ὠς Ὑ  defined by  

Ὕ ὼȟ ώ   ὼ ὧέί—  ώίὭὲ—ȟ ὼ ίὭὲ—  ώ ὧέί— ȟ show that T is a linear transformation.  

4. Find the linear transformation Ὢȡ Ὑς ᴼ Ὑς such that Ὢ ρȟ ρ   πȟ ρ  and  

Ὢ ρȟ ρ   σȟ ς .  

5. Find the linear transformation Ὕȡ Ὑς ᴼ Ὑσ such that Ὕ ρȟ ρ   πȟ ρȟ ς  and Ὕ ρȟ ρ   ςȟ 

ρȟ π .  

Ordered basis of V:  
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Definition: Let V be a vector space over a field F and dim[V] = n > 0. Choose a basis  

╪ ȟ ╪ ȟ ╪ ȟ ȣ ȟ ╪▪ of V written in order. This basis ║  ╪ ȟ ╪ ȟ ╪ ȟ ȣ ȟ ╪▪ is called an ordered basis 

of V. In an ordered basis, the order in which the elements are arranged is taken in to account.  

Example:  

ρȟ πȟ π ȟ πȟ ρȟ π ȟ πȟ πȟ ρ ȟ πȟ ρȟ π ȟ πȟ πȟ ρ ȟ ρȟ πȟ π ȟ πȟ πȟ ρ ȟ ρȟ πȟ π ȟ πȟ ρȟπ  

are three different basis of R3.  

  

Note:  
  

1) If ὄ  ‌ρȟ ‌ςȟ ‌σȟ ȣ ȟ ‌ὲ  be an ordered basis of V, then for ‌ ᶰ ὠ  

‌= cρ‌ρ+ cς‌ς+ cσ‌σ+é+cὲ‌ὲ, ὧὭ ᶰ F are called coordinates of the vector ‌  

  

2) The coordinates depend on the choice of the ordered basis.  

Problems:  
  

1. Find the coordinate vector of (3, -2, 1) relative to (i) ordered standard basis  

(ii) the ordered basis {(1, 1, 1), (1, 0, 0), (1, 1, 0)} of Ὑσ.  

Solution:  

  

(i) Standard basis is (1, 0, 0), (0, 1, 0), (0, 0, 1)  

Ḉ σȟ ςȟ ρ   ὧρ ρȟ πȟ π   ὧς πȟ ρȟ π   ὧσ πȟ πȟ ρ  ᵼ ὧρ  σȟ ὧς  ςȟ ὧσ  ρ  

ᵼ σȟ ςȟ ρ   ὧρȟ ὧςȟ ὧσ .  

Therefore, coordinate vector of (3, -2, 1) relative to standard basis is (3, -2, 1) itself.  

(ii) Let σȟ ςȟ ρ   ὧρ ρȟ ρȟ ρ   ὧς ρȟ πȟ π   ὧσ ρȟ ρȟ π   ὧρ  ὧς  ὧσȟ ὧρ  ὧσȟ ὧρ   

ᵼ ὧρ  ὧς  ὧσ  σȟ ὧρ  ὧσ  ςȟ ὧρ  ρ  

Solving we get c1 = 1, c1 = 5, c3 = -3 which are coordinates of (3, -2, 1) with respect to the 

ordered basis (1, 1, 1), (1, 0, 0), (1, 1, 0).  

Kernel and image of a linear transformations:  

To every linear transformation we associate two important subspaces.  

Let Ὕȡ ὠ ᴼ ὡ be linear, the kernel of T, Written kerT, is ὺ‭ὠȡ Ὕ ὺ   πύ  and the image of T, 

written imT, is ὺ‭ὠȡ Ὕ ὺ . In other words, the image is what we normally mean by the image 

of a function.  

Property of all linear maps  
Lemma: Let Ὕȡ ὠ ᴼ ὡ be a linear map. Then Ὕ πὺ   πύ.  
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Proof. Ὕ πὺ   Ὕ πὺ  πὺ   Ὕ πὺ   Ὕ πὺ   

By the definition of linearity now add Ὕ πὺ  to both sides  

Ὕ πὺ   Ὕ πὺ   Ὕ πὺ   Ὕ πὺ   Ὕ πὺ   

πύ  Ὕ πὺ   

Problem 1. Let ὃ  π  ρ  so that we have a linear map Ὕὃȡ Ὑς  Ὑς given by Ὕὃ ὼ   ὃὼ. We  

 π  π  

will find Ὥά Ὕὃ and ὯὩὶὝὃȢ  

  ὼ  

Solution: Ὥά Ὕὃ  Ὕὃ ώ  ȡ ὼȟ ώ ᶰ Ὑ   

 π  ρ  ὼ  

   π  π  ώ  ȡ ὼȟ ώ ᶰ Ὑ   

ώ  

 π  ȡ ὼȟ ώ ᶰ Ὑ   

Another way to write this is that Ὥά Ὕὃ  ίὴὥὲ  and so ÄÉÍ Ὥά Ὕὃ  ρȢ  

  

Now weôll do the kernel    

 ὼ  π  ὼ  ς  

ὯὩὶ Ὕὃ  Ὕὃ ώ   π   ȡ ώ  ᶰ Ὑ   

 π  ρ  ὼ 

 π  ὼ  ς   

 ώ  π  ὼ  ς  

 Ὑ    

  
ὼ   

   ȡ ὼ ᶰ Ὑ   

π  

  

Again, we could write this as ὯὩὶ Ὕὃ  ίὴὥὲ .  

  

The kernel and image are equal in this case.  

  
Range and Kernel of a linear transformation  
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Definition: Let Ὕȡ Ὗ ᴼ ὠ be a linear transformation. The range of T is the set, Ὑ Ὕ   Ὕ ‌ Ⱦ‌ ᶰ 

Ὗ , i.e., Ὑ Ὕ  is the set of all T-images of the elements of U. Clearly, Ὑ Ὕ  Ṗ ὠ.  

  
Definition: Let Ὕȡ Ὗ ᴼ ὠ be a linear transformation. The Kernel (or null space) of T is the set 

ὔ Ὕ   ‌ ᶰ ὟȾὝ ‌   π  where 0 is the zero vector of V.   
Rank and Nullity:  

  
Definition: Let Ὕȡ Ὗ ᴼ ὠ be a linear transformation. Then,  
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1) If Ὑ Ὕ  is finite dimensional, the dimension of Ὑ Ὕ is called the Rank of linear transformation 

and is denoted by ὶ Ὕ .  

  

2) If ὔ Ὕ  is finite dimensional, the dimension of ὔ Ὕ is called the Nullity of linear 

transformation and is denoted by ὲ Ὕ .  

  

Rank-Nullity theorem  

  
Let Ὕȡ Ὗ ᴼ ὠ be a linear transformation and U be a finite dimensional vector space. Then ὨὭά 

Ὑ Ὕ   ὨὭά ὔ Ὕ   ὨὭά Ὗ ὭȢ ὩȢ ὶ Ὕ   ὲ Ὕ   ὨὭά Ὗ. [or Rank+Nullity=dim(domain)]  

  
The null space of the matrix ὃ, denoted by ὔ ὃ , is the set of all n-dimensional column vectors X 

such that ὃὢ  π.  

  

Problems:  

  
1. Let Ὕȡ ὠς Ὑ  ᴼ ὠς Ὑ  defined by Ὕ ὼȟ ώ   ὼ  ώȟ ὼ . Find the range space, kernel, rank, and 

nullity. Also, verify the rank-nullity theorem.  

Solution:  

To find ╡ ╣ : We shall write the images of the elements w.r.t standard basis  

Ὕ Ὡρ   Ὕ ρȟπ   ρȟρ ǪὝ Ὡς   Ὕ πȟρ   ρȟπ   

Therefore, the matrix A of T is by echelon form   

There are 2 non-zero rows. Ḉ Rank of A is 2  

Hence, Ὑ Ὕ  is subspace generated by ρȟρ Ǫ πȟ ρ .  

Ḉ Ὑ Ὕ   ὼ ρȟρ   ώ πȟ ρ   ὼȟ ὼ   πȟ ώ   

Ὑ Ὕ   ὼȟ ὼ  ώ   ὠς Ὑ  To 

find ╝ ╣ :  

LetὝ ὼȟ ώ   π ᵼ ὼ  ώȟ ὼ   π ᵼ ὼ  ώ  πȟ ὼ  π ᵼ ὼ  πȟ ώ  π  

Ḉ ὔ Ὕ  contains only zero elements of ὠς Ὑ   

Ḉ ὔ Ὕ   πȟπ  ᵼ Nullspace  πȟπ   

ὨὭά ὔ Ὕ   π ᵼ Nullity  π  

Ḉ Rank+Nullity  ς  π  ς  ÄÉÍ ὠς Ὑ   

Hence rank-nullity theorem is verified.  
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2. Let Ὕȡ ὠ ᴼ ὡ be a linear transformation defined by    

Ὕ ὼȟ ώȟ ᾀ   ὼ  ώȟ ὼ  ώȟ ςὼ  ᾀ . Find the range, null space, rank, nullity and hence 

verify the rank-nullity theorem Solution:  

We shall write the images of the elements of standard basis  

Ὕ ρȟ πȟ π   ρȟ ρȟ ς   ὥρ  

Ὕ πȟ ρȟ π   ρȟ ρȟ π   ὥς  

Ὕ πȟ πȟ ρ   πȟ πȟ ρ   ὥσ  

Clearly the set ὥρȟ ὥςȟ ὥσ generates Ὑ Ὕ .  

  ρ  ρ  ς  

 Consider the matrix ὃ  ρ  ρ  π   

π π  ρ  

  

ρ ρ  ς  ρ  ρ  ς  ρ  ρ  ς  

 ὃ  ρ  ρ  π  Ḑ π  ς  ς  Ḑ π  ρ  ρ  By echelon form   

 π  π  ρ  π  π  ρ  π  π  ρ  

  

Ḉ ÄÉÍ Ὑ Ὕ   σ ᵼ ὶὥὲὯ  σ . Ὑ Ὕ  is subspace generated by ρȟρȟς ȟ πȟρȟρ Ǫ πȟπȟρ .  

Ḉ Ὑ Ὕ   ὼ ρȟρȟς   ώ πȟρȟρ   ᾀ πȟπȟρ   ὼȟ ὼȟ ςὼ   πȟ ώȟ ώ   πȟπȟ ᾀ   

Ὑ Ὕ   ὼȟ ὼ  ώȟ ςὼ  ώ  ᾀȾὼȟ ώȟ ᾀ ᶰ Ὑ   Ὑσ To 

find ὔ Ὕ :  

Consider Ὕ ὼȟ ώȟ ᾀ   πȟ πȟ π   

ὼ ,ὼ  ώȟ 2ὼ +ώ  ᾀ   πȟ πȟ π   

ᵼ ὼ  πȟ ὼ + ώ  πȟ ςὼ  ώ  ᾀ  π  

ᵼ ὼ  πȟ ώ  πȟ ᾀ  π  

ὔ Ὕ  contains only zero vector  

ὔ Ὕ   πȟ πȟ π  ᵼ ὨὭά ὔ Ὕ   π ᵼ Nullity  π  

Ḉ Rank+Nullity  σ  π  σ  ὨὭά Ὑσ  Hence 

rank-nullity theorem is verified.  

3. Let Ὕȡ Ὑσ ᴼ Ὑσ be defined by Ὕ ρȟ πȟ π   ρȟ ρȟ ς ȟ Ὕ πȟ ρȟ π   ρȟ ρȟ π ȟ Ὕ πȟ πȟ ρ    

πȟ πȟ ρ . Find the range space, null space, rank and nullity of Ὕ and verify the rank-nullity theorem.  

4. Let Ὕȡ Ὑσ ᴼ Ὑσ be defined by Ὕ ὼȟ ώȟ ᾀ   ὼ  ώȟ ὼ  ᾀȟ ώ  ᾀ . Find the range space, null 

space, rank and nullity of Ὕ and hence verify the rank-nullity theorem.  
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Matrix of the linear transformation:  

Let V and W be vector spaces of dimension m and n respectively over the same field F. Let ὄρ   

ὥρȟ ὥςȟ ὥσȟ ȣ ȟ ὥά  Ǫ ὄς  ὦρȟ ὦςȟ ὦσȟ ȣ ȟ ὦὲ be the ordered basis of V and W respectively. Let 

Ὕȡ ὠ ᴼ ὡ be a linear transformation defined as  

Ὕ ὥρ   ὥρρὦρ  ὥςρὦς  ὥσρὦσ  ȣ ȣ Ȣ  ὥὲρὦὲ  

Ὕ ὥς   ὥρςὦρ  ὥςςὦς  ὥσςὦσ  ȣ ȣ Ȣ  ὥὲςὦὲ ȣ ȣ 
ȣ ȣ ȣ ȣ ȣ ȣ ȣ ȣ ȣ ȣ ȣ ȣ ȣ ȣ Ȣ  

Ὕ ὥά   ὥράὦρ  ὥςάὦς  ὥσάὦσ  ȣ ȣ Ȣ  ὥὲάὦὲ  

The transpose of the coefficient matrix is called the ñmatrix of the linear transformationò relative to 

the basis ὄρ Ǫ ὄς. This matrix is denoted by ὃὝ and is given by  

ὥρρ 

ὥςρ ὃὝ   Ȣ  

ὥρς  

ὥςς  

Ȣ  

Ȣ  

Ȣ Ȣ  

ὥρά  

ὥςά  

Ȣ   

ὥὲρ  ὥὲς  Ȣ  ὥὲά  

Problems:  

1. Find the matrix of the linear transformation Ὕȡ ὠς Ὑ  ᴼ ὠσ Ὑ  defined by Ὕ ὼȟ ώ   ὼ  ώȟ ὼȟ σὼ 

 ώ  with respect to standard bases.  

Solution: By data Ὕ ὼȟ ώ   ὼ  ώȟ ὼȟ σὼ  ώ   

B1 = {(1, 0), (0, 1)} & B2 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} Now 

T (1, 0) = (1, 1, 3) & T (0, 1) = (1, 0, -1)  

Ὕ ρȟ π   ρȟ ρȟ σ   ὧρ ρȟ πȟ π   ὧς πȟ ρȟ π   ὧσ πȟ πȟ ρ   

ᵼ ρȟ ρȟ σ   ὧρȟ ὧςȟ ὧσ  ᵼ ὧρ  ρȟ ὧς  ρȟ ὧσ  σ  

Ὕ πȟ ρ   ρȟ πȟ ρ   ὧρ ρȟ πȟ π   ὧς πȟ ρȟ π   ὧσ πȟ πȟ ρ   

ᵼ ρȟ πȟ ρ   ὧρȟ ὧςȟ ὧσ  ᵼ ὧρ  ρȟ ὧς  πȟ ὧσ  ρ  

ρ ρ  

Ḉ ὃὝ  ρ  π  is matrix of the linear transformation.  

 σ  ρ  

2. Find the matrix of the linear transformation Ὕȡ ὠσ Ὑ  ᴼ ὠς Ὑ  defined by Ὕ ὼȟ ώȟ ᾀ    

ὼ  ώȟ ώ  ᾀ  with respect to ὄρ  ρȟ ρȟ ρ ȟ ρȟ πȟ π ȟ ρȟ ρȟ π ȟ ὄς  ρȟ π ȟ πȟ ρ Ȣ  

Solution: By data ╣ ●ȟ ◐ȟ ◑   ●  ◐ȟ ◐  ◑   

ὄρ  ρȟ ρȟ ρ ȟ ρȟ πȟ π ȟ ρȟ ρȟ π ȟ ὄς  ρȟ π ȟ πȟ ρ Ȣ  

Ὕ ρȟ ρȟ ρ   ςȟς ȟ Ὕ ρȟ πȟ π   ρȟπ  ȟ Ὕ ρȟ ρȟ π   ςȟρ   

Ὕ ρȟ ρȟ ρ   ςȟ ς   ὧρ ρȟ π   ὧς πȟ ρ   ὧρȟ ὧς  ᵼ ὧρ  ςȟ ὧς  ς  

Ὕ ρȟ πȟ π   ρȟ π   ὧρ ρȟ π   ὧς πȟ ρ   ὧρȟ ὧς  ᵼ ὧρ  ρȟ ὧς  π  

notesforvtu.in



 

  

Ὕ ρȟ ρȟ π   ςȟ ρ   ὧρ ρȟ π   ὧς πȟ ρ   ὧρȟ ὧς  ᵼ ὧρ   ςȟ ὧς  ρ  

ς ρ  ς  

Ḉ ὃ Ὕ     is matrix of the linear transformation.  

 ς  π  ρ   

 ρ  ς  

3. Given the matrix ὃ   π  ρ , find the linear transformation Ὕȡ ὠς Ὑ  ᴼ ὠσ Ὑ  relative to  

 ρ  σ  

the basis ὄρ  ρȟ ρ ȟ ρȟ ρ ȟ ὄς  ρȟ ρȟ ρ ȟ ρȟ ρȟ ρ ȟ πȟ πȟ ρ Ȣ 

Solution: Define Ὕȡ ὠς Ὑ  ᴼ ὠσ Ὑ  by  

Ὕ ρȟ ρ   ρ ρȟ ρȟ ρ   π ρȟ ρȟ ρ   ρ πȟ πȟ ρ   ρȟ ρȟ π   

Ὕ ρȟ ρ   ς ρȟ ρȟ ρ   ρ ρȟ ρȟ ρ   σ πȟ πȟ ρ   σȟ ρȟ φ   

Let ὼȟ ώ  ᶰ ὠς Ὑ be arbitrary, then  

ὼȟ ώ   ὧρ ρȟ ρ   ὧς ρȟ ρ   ὧρ  ὧςȟ ὧρ+ ὧς  ᵼ ὧρ  ὧς= ὼ Ǫ ὧρ+ ὧς  ώ  

Solving we get ὧ   Ǫ ὧ   

Consider,   

Applying linear transformation on both sides  

Ὕ ὼȟ ώ   ὼ ώ Ὕ ρȟ ρ   ώ ὼ Ὕ ρȟ ρ   
 ς  ς  

 ὼ ώ ρȟρȟπ   ώ ὼ σȟρȟφ   ὼ ώ  σώ σὼ ȟ ὼ ώ  ώ ὼ ȟ φώ φὼ   
 ς  ς  ς  ς  ς  ς  ς  

ᵼ Ὕ ὼȟ ώ   ὼ  ςώȟ ώȟ σὼ  σώ  is the required transformation relative to the basis ὄρ Ǫ ὄς.  

4. Find the matrix of the linear transformation Ὕȡ ὠσ Ὑ  ᴼ ὠς Ὑ  defined by Ὕ ὼȟ ώȟ ᾀ   ὼ  ώȟ 

ώ  ᾀ  with respect to standard bases of ὠσ Ὑ  and ὠς Ὑ Ȣ  

5. Find the matrix of the linear transformation Ὕȡ ὠς Ὑ  ᴼ ὠσ Ὑ   

defined by Ὕ ὼȟ ώ   ὼ  ςώȟ ώȟ-3x+3ώ  relative to bases ὄρ  ρȟ ρ ȟ ρȟ ρ  and ὄς  ρȟ ρȟ 

ρ ȟ ρȟ ρȟ ρ ȟ πȟ πȟ ρ .  

  

  

Change of Basis  
  

Definition: Let Ὕȡ ὠ ᴼ ὠ be linear transformation defined over Field F,  

  

Let ὄρ  ὥρȟ ὥςȟ ὥσȟ ȣ ȟ ὥά  be basis of V and ὄς  ὦρȟ ὦςȟ ὦσȟ ȣ ȟ ὦὲ  be another basis of V.  
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