MODULE-4

NORMAL FORMS FOR CONTEXT-FREE GRAMMARS

The goal of this section is to show that every CFL, without ¥'is generated by a
CFG in which all productions are of the form AABC or AAa, where A, B, and
C are variables, and a is a terminal. This form is called Chomsky Normal Form.
To get there, we need to make a number of preliminary simplications, which are

themselves useful in various ways.

1. We must eliminate useless symbols, those variables or terminals that do not
appear in any derivation of a terminal string from the start symbol.

2. We must eliminate #-productions, those of the form AA gfor some variable
A

3. We must eliminate unit productions, those of the form AAB for variables
A and B.

1. Eliminating Useless Symbols:
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Example 7.1: Consider the grammar:

S—= AB | a
A=b

All symbols but B are generating: o and b generate themselves; S generates
a, and A generates b I we eliminate B, we must eliminate the production
S — AD, leaving the grammanr:

5 an
A—=b

Now, we find that only § and o arve reachable from S, Eliminating A and
b leaves only the production 5 — a. That production by itsell is a grammar
whose language is {a}, just as is the language of the original grammar.

Note that if we start by checking [or reachability first, we lind that all
svinbols of the grammar

S AB | a
Ad—=b

are reachable.

Theorem 7.2: Let (¢ = (V.T, P, 5) be a CFG, and assume that L(G) # O
we obtain by the [ollowing steps:

1. First eliminate nongenerating svinbols and all productions involving one
or more of those svibols. Let 5 = (15, Ty, P, S} be this new grammar.
Note that S must be generating, since we assume L{G7) has at least one
string, o S has not been eliminated.

2. Second, eliminate all symbols that are not reachable in the grammar Gy,

Then (1 has no useless svmbols, and L((H ) = L{{G).

2. Eliminating g-Productions:

Nullable Variable: A variable Aiis nullable if , A=>¢

Let ¢ = (V. T, P, 5) be a CFG. We can find all the nullable svinbols of ¢ by
the [ollowing iterative algorithim. We shall then show that there are no nullable
symbols except what the algorithm linds,

BASIS: I 4 — ¢ is a production of &, then A4 is nullable.

INDUCTION: If there is a production B — OOy Oy, where each € is
mullable, then B is nullable. Note that each €5 must be a variable to be nullable,
<o we only have to consider productions with all-variable bodies.
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Example 7.8: Consider the grammar

S =+ AB
A—add e
B — BB |«

First, let us find the nullable symbols. 4 and B arve directly nullable because
they have productions with e as the body. Then, we find that S is nullable,
becanse the production S — AL has a body consisting of nullable syimbols only.,
Thus, all three variables are nullable.

Now, let us construct the productions of grammar . First consider
S — AB. All symbols of the body are nullable, o there are four ways we
could choose present or absent for 4 and B, independently. However, we are
not allowed to choose to make all svimbols absent, so there arve only three pro-
ductions:

S—AB|A| B

Next, consider production 4 — a44. The second and third positions hold
nullable symbols, so again there are four choices of present fabsent. In this case,

all four choices are allowable, since the nonnullable svmbol a will be present in
any case. Owr four choices vield productions:
A=add|ad|ad]a

Note that the two middle choices happen to vield the same production, since it

doesn’t matter which of the A’ we eliminate if we decide to elininate one of

them. Thus, the inal grammar 4 will only have three productions for A.
Similarly, the production I vields for G/

B —=buBB|bB|b

The two e-productions ol & vield nothing for /. Thus, the [ollowing produoc-
tions:

S—AB|A| B
A—=add|ad |a
B - bBB|bB|b

constitute . O

Eliminating Unit Productions:

AA unit production is a production of the form A A B, where both A and B

are variables.
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However, unit productions can complicate certain proofs and they also introduce

extra steps into derivations that technically need not be there.
Ex:AAB
B->a|ab

Can be rewritten as, AAa | ab, by eliminating the unit production AAB.

Consider the context free grammar given below and remove unit production

for the same.
S->0A|1B|C
A->0S|00
B->1|A
C->01

Step 1:

S->C is unit production but while removing S->C we have to consider what C

gives so we can add a rule to S.

S->0A|1B|01

Step 2:

B->A is also unit production

B->1|0S|00

Finally, we can write CFG without unit production as follows T
S->0A|1B|01

A->0S|00

B->1/0S|00
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C->01

Therefore, the simplification involves following steps in the same order as

mentioned below:

1. Eliminate #productions
2. Eliminate unit productions

3. Eliminate useless symbols

Chomsky Normal Form:

Every nonempty CFL without ¥'has a grammar G in which all productions are in

one of the two simple forms, either:

1. AABC, where A, B, and C, are each variable, or

2. A Aa, where Aiis a variable and a is a terminal.
Also, G has no useless symbols. Such a grammar is said to be in Chomsky

Normal Form or CNF.

Steps to convert given CFG to CFN:

1. Eliminate #productions
Eliminate unit productions

Eliminate useless symbols

M w N

Put the resulting grammar to CNF

f Arrange all the bodies of length 2 or more consist only variables.

f Break bodies of length 3 or more into a cascade of productions, each
with a body consisting of two variables.

Example :

notesforvtu.in



Convert the following grammar to CNF.
SAABa
AAaab
BAAC

Ans:

Step 1: Eliminate #productions:

Given grammar doesngt have any g-productions.

Step 2: Eliminate unit productions

Given grammar doesnit have any unit productions.
Step 3: Eliminate useless symbols

Given grammar doesnit have any useless symbols.

Step 4: Convert to CNF

SAABT, SAAD;
D1ABT,
AAT, T Ty AAT, D,
D, AT, Ty
BAAT. BAAT,
T.Aa T.Aa
ToAb ToAb
TAC TAC

Therefore, final grammar in CNF is Go=(V4, T, S, P0)
Where Vi={S, A, B}
To={a, b}

S is the start symbol
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Po={ SAAD;
D1ABT,
AAT, D,
Do ATy
BAAT.
T.Aa
ToADb
TAC }

(Note: For More problems refer classwork)
The Pumping Lemma for Context-Free Languages:

The Size of Parse Trees:

Statement of the Pumping Lemma for CFL.:
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