
 

  

  MODULE-IV  
  

INNER PRODUCT SPACES  

Introduction  

A basis is a set of independent vectors that span a space. Geometrically, it is a set of 

coordinate axes. A vector space is defined without those axes, but every time we think of the x-y 

plane or three-dimensional space or 𝑅𝑛, the axes are there. They are usually perpendicular. The 

coordinate axes that the imagination constructs are practically always orthogonal. In choosing a 

basis, we tend to choose an orthogonal basis. The idea of an orthogonal basis is one of the 

foundations of linear algebra. We need a basis to convert geometric constructions into algebraic 

calculations, and we need an orthogonal basis to make those calculations simple. A further 

specialization makes the basis just about optimal. The vectors should have length 1. For an 

orthonormal basis (orthogonal unit vectors).  

We will find the definition of a vector space V involves an arbitrary field K. Here we first 

restrict K to be the real field R, in which case V is called a real vector space, we extend our results 

to the case where K is the complex field C, in which case V is called a complex vector space. Also, 

we adopt the previous notation that 𝑢, 𝑣, 𝑤 are vectors in V and 𝑎, 𝑏, 𝑐 are scalars in K. Furthermore, 

the vector spaces V in this chapter have finite dimension unless otherwise stated or implied. Recall 

that the concepts of ‘‘length’’ and ‘‘orthogonality’’ did not appear in the investigation of arbitrary 

vector spaces V. Here we place an additional structure on a vector space V to obtain an inner 

product space, and in this context these concepts are defined.  

In this chapter we will introduce the notion of an inner products, inner product spaces, 

length and orthogonality, orthogonal sets and Bases, projections, Gram-Schmidt process, QR- 

factorization, least squares problem and least square error.  

  

Topic Learning Objectives:  

  
Upon Completion of this module, students will be able to:  

  
 Understand the requisites for a vector space to be inner product space.  

 Learn to establish angle between two vectors, orthogonal and orthonormal of vectors.  

 Determine orthonormal basis using Gram-Schmidt algorithm.  

 Solving inconsistent system of equation using least square method.  
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Inner Product and Inner product spaces  

Definition: Let V be a real vector space. Suppose to each pair of vectors u and v ϵ V, there is 

assigned a real number, denoted by< 𝑢, 𝑣 >. This function is called a (real) inner product on V if 

it satisfies the following axioms:  

1. Linear Property:   

2. Symmetric Property: .  

3. Positive Definite Property: and  if and only if 𝑢 = 0  

The vector space V with an inner product is called a (real) inner product space  

  

  

The Length of a Vector (Norm of a vector)  

Definition: If 𝑣 is vector in 𝑉 with entries 𝑣1, 𝑣2, … 𝑣𝑛, then norm of vector 𝑣 is nonnegative and 
given by.  

‖𝑢‖   

We use notation ‖𝑢‖  𝑢, 𝑣 > frequently  

Note: If ‖𝑢‖ = 1 or, equivalently, if < 𝑢, 𝑣 >= 1, then u is called a unit vector and it is said to be 

normalized. Every nonzero vector 𝑣 𝑖𝑛 𝑉 can be multiplied by the reciprocal of its length to obtain 

the unit vector 𝑣  =   𝑣  which is a positive multiple of 𝑣. This process is called normalizing v.  

‖𝑣‖  

Example of Inner product spaces  

1. Euclidean n- space in 𝑅𝑛. Let u and v are vectors in 𝑅𝑛, then we represent vectors as  

follows  

𝑢 = (𝑎1, 𝑎2, 𝑎3, … . 𝑎𝑛) and 𝑣 = (𝑏1, 𝑏2, 𝑏3, … . 𝑏𝑛), then inner product of 𝑢 and 𝑣 is  

given by  

< u, v  𝑎𝑛𝑏𝑛  

Sometimes vectors u and v in 𝑅𝑛 also represented as 𝑛 × 1 matrices as follows  

𝑢 = 𝖥I𝑎 𝑎𝑎2311  II   and 𝑣 = 𝖥II𝑏𝑏𝑏231  1II    

I 

 I . I  I . I  

 I . I  I . I  

 [𝑎𝑛]  [𝑏𝑛]  
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The transpose 𝑢𝑇 is a 1 × 𝑛 matrix, and the matrix product 𝑢𝑇𝑣 is a 1 × 1 matrix, which 

we write as a scalar. The number 𝑢𝑇 𝑣 is called the inner product of u and v. Hence the 

inner product of two vectors (column matrix) u, v also represented as  

    𝖥𝑏         

 
  

  𝑇𝑣 = [𝑎   𝑎 𝑎   … 𝑎 ] I𝑏𝑏 I   𝑎  𝑏  + 

𝑎 𝑏   + 𝑎  𝑏   + 𝑎 𝑏  

< u, v >= 𝑢 

  1  2  3  𝑛 I 𝑛   𝑛  

  
  

Norm of a vector  

𝑢 isIf 

  then the 

norm of vector is given by  

‖𝑢‖  

   𝑛  

2. Function space 𝐶  and Polynomial space 𝑃(𝑡)  

The notation 𝐶 ] is used to denote the vector space of all continuous functions on the 

closed interval 𝐶 ]   that is, where 𝑎  𝑏. The following defines an inner product 

on 𝐶  where 𝑓  and 𝑔  are functions in 𝐶[𝑎, 𝑏]  

𝑏  

 𝑓, 𝑔  𝑑𝑡  
𝑎  

It is called the usual inner product on 𝐶[𝑎, 𝑏]. The vector space P(t) of all polynomials is a 

subspace 𝐶[𝑎, 𝑏] for any interval [a, b] and hence, the above is also an inner product on  

𝑃(𝑡).  

Norm of a vector  

Let where 𝑓 and  are functions in 𝐶[𝑎, 𝑏] then norm of f and g are given by  
𝑏 

‖𝑓‖  𝑓, 𝑓  𝑑𝑡  
𝑎  

3. Matrix Space  

Let 𝑀 = 𝑀𝑚,𝑛, the vector space of all real matrices 𝑚 × 𝑛 matrices. An inner product is 

defined on M by  
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< 𝐴, 𝐵   

Where 𝑡𝑟() denotes trace of matrix and 𝐴, 𝐵  𝑀𝑚,𝑛.  

‖𝐴‖  𝐴, 𝐴  𝑎   

Angle Between Vectors  

Definition: For any non-zero vectors 𝑢 and 𝑣 in an inner product space 𝑉, the angle between u and 

v is defined as follows  

cos 𝜃 = < 𝑢,𝑣>  
‖𝑢‖‖𝑣‖  

Where  𝜋 by Cauchy-Schwartz inequality and angle exists is unique  

Orthogonal Vectors  

Definition: Two vectors 𝑢 and 𝑣 in 𝑅𝑛 are orthogonal to each other if their inner product  

< u, v >= 0  

Orthogonal Sets and Bases  

DEFINITION: A set of vectors 𝑆 = {𝑢1, 𝑢2, 𝑢3 … 𝑢𝑛} in V is said to be an orthogonal set if each 

pair of distinct vectors from the set 𝑆 is orthogonal, that is, < 𝑢𝑖, 𝑢𝑗 >= 0 for 𝑖  𝑗. The set 𝑆 is 

called orthonormal if 𝑆 is orthogonal and each vector in 𝑆 has unit length.  

i. Orthogonal < 𝑢𝑖, 𝑢𝑗 >= 0 for 𝑖  𝑗  

ii. Orthonormal < 𝑢 , 𝑢  >= {0 for 𝑖  𝑗  

 𝑖  𝑗  1 for 𝑖  𝑗  

If the vectors in set 𝑆 are orthogonal then they are linearly independent set. Thus, S is an 

orthogonal basis of vector space V.  

Note: Normalizing an orthogonal set S refers to the process of multiplying each vector in S by 

the reciprocal of its length in order to transform S into an orthonormal set of vectors.  

  
Orthogonal Projection:  

DEFINITION: For given a non-zero vector 𝑢 in 𝑅𝑛, any vector 𝑦 can be written as sum of two 

orthogonal vectors, one is multiple of 𝑢 and other is orthogonal to 𝑢.  

𝑦 = 𝑦  + 𝑧  

Where 𝑦   is orthogonal projection of 𝑦 onto 𝑢 and is given by  

   
𝑦  = 𝑝𝑟𝑜𝑗𝐿 𝑦 =  𝑢 and 𝑧 = 𝑦 − 𝑦   
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Properties:  

1) If 𝑐  𝐹 is any scalar in a vector space V(F) then ‖𝑐𝑢‖ = |𝑐|‖𝑢‖ 2) 

A vector 𝑢 whose norm (length) is 1 is called unit vector.  

3) For any vector 𝑣 the unit vector is obtained by 𝑢 = 1 𝑣 .  
‖𝑣‖  

4) For u and v in 𝑅𝑛, the distance between u and v, written as 𝑑𝑖𝑠𝑡(𝑢, 𝑣) = ‖𝑢 − 𝑣‖, is the length 
of the vector 𝑢 − 𝑣.  

5) For any pair of vectors < 𝑢𝑖, 𝑢𝑗 >=< 𝑢𝑗, 𝑢𝑖> Hence inner product is commutative.  
Problems:  

1. Let 𝑢 = (1,3, −4,2), 𝑣 = (4, −2, 2, 1), 𝑤 = (5, −1, −2,6) in 𝑅4  

i. Show that < 3𝑢 − 2𝑣, 𝑤 >= 3 < 𝑢, 𝑤 > −2 < 𝑣, 𝑤 >  

ii. Normalize u and v Solution: i. by definition,  

< 𝑢, 𝑤 >= 𝑢 ∙ 𝑤 = 5 − 3 + 8 + 12 = 22 and < 𝑣, 𝑤 >= 𝑣 ∙ 𝑤 = 20 + 2 − 4 + 6 = 24.  

⇒ 3 < 𝑢, 𝑤 > −2 < 𝑣, 𝑤 > = 3 × 22 − 2 × 24 = 18 --------(1)  

Now 3𝑢 − 2𝑣 = 3(1,3, −4,2) + 2(4, −2, 2, 1) = (−5,13, −16,4)  

Thus, < 3𝑢 − 2𝑣, 𝑤 >= (3𝑢 − 2𝑣). 𝑤 = −25 − 13 + 32 + 24 = 18 -------- (2)  

From equation (1) and (2) < 3𝑢 − 2𝑣, 𝑤 >= 3 < 𝑢, 𝑤 > −2 < 𝑣, 𝑤 >  
  

ii. we have ‖𝑢‖  and  
  

‖𝑣‖   

Normalizing u and v as follows  

 𝑢     and 𝑣   =   𝑣   =  (  4 , − 2 , 2 , 1 ) 
 30  30  ‖𝑣‖  5  5   5   5  

2. Consider 𝑓(𝑡) = 3𝑡 − 5 and 𝑔(𝑡) = 𝑡2 in polynomial space P(t). Evaluate  

i. inner product < 𝑓, 𝑔 .  

ii. ‖𝑓‖ and ‖𝑔‖  

Solution: i. given < 𝑓, 𝑔 𝑑𝑡  

 

 3  5  11  

 < 𝑓, 𝑔 >=  −  = −  
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ii. ‖𝑓‖  

  

  

  
    (𝑡)5  1  1  

 ‖𝑔‖   |   =  ⇒ ‖𝑔‖  
 5     0  5   

3. Let 𝑣 = (1, −2,2,0). Find a unit vector 𝑢 in the same direction as 𝑣.  

 Solution: Compute norm of 𝑣, ‖𝑣‖   
  

 

⇒ ‖𝑣‖ = √12 + (−2)2 + 22 + 02 = √9 = 3  

Multiply both sides 𝑣 by 1 to obtain  
‖𝑣‖  

𝑢  is required unit vector  

4. Compute  𝑢, 𝑣 and  𝑣, 𝑢  for the vectors 𝑢  and 𝑢 = (3, 2, −3)  

Solution:  𝑢, 𝑣   

< 𝑣, 𝑢   

5. Let 𝑢 , in . Find the acute angle between 𝑢 and 𝑣.  

 Solution:   u, v ,  ‖𝑢‖ ,  ‖𝑣‖ =  

  

  
Then the angle 𝜃 between u and v is given by  

𝑐𝑜𝑠𝜃 .  

Note that 𝜃 is an acute angle, because  𝜃 is positive.  

6. Consider 𝑓  and 𝑔  in polynomial space P(t) with inner product defined 

by  𝑓, 𝑔 . Find the angle between vectors 𝑓 𝑎𝑛𝑑 𝑔(𝑡).  

 Solution: here  𝑓, 𝑔    

  

√ 1   + 9  16 +    =   √ 26 
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‖𝑓‖

 ⇒ ‖𝑓‖ ‖𝑔‖⇒ 

‖𝑔‖  

   

  𝑐𝑜𝑠𝜃  

  

Note that 𝜃 is an obtuse angle, because cos 𝜃 is negative.  

7. Consider the vectors 𝑢 = (1 ,1, 1), 𝑣 = (1, 2, − 3), 𝑤 = (1, −4, 3) in 𝑅3. Which of them 

are orthogonal?  

Solution: To check whether vectors are orthogonal or not, we compute  

  

u, w   

 v, w   

Thus, u is orthogonal to v and w, but v and w are not orthogonal.  

8. Show   that   }   in   𝑅3   is   an   orthogonal   set,   where   𝑢1 = (3, 1, 1), 𝑢2 =  

  
Solution: 𝑢   

𝑢  𝑢

  

Each pair of distinct vectors is orthogonal and hence {𝑢1, 𝑢2, 𝑢3} is an orthogonal set 9. Let S 

consist of the following three vectors in 𝑅3 where 𝑆 = {𝑢, 𝑣, 𝑤} where 𝑢 = {1, 2, 1},  

𝑣 . Does S forms orthogonal basis of 𝑅3?  

Solution:   

< u, w   

< v, w   

the vectors are orthogonal. Hence, they are linearly independent. Thus, S is an orthogonal 

basis of 𝑅3  

  

10. Let W be the subspace of 𝑅2 spanned by 𝑥 = {(, 1)}. Find a unit vector z that is a basis  
  

for W.  
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Solution: W consists of all multiples of 𝑥. Any non-zero vector in 𝑊 is a basis for 𝑊. Multiply 

x by 3 to get, 𝑦   

Now compute ‖𝑦‖ , and  

normalize y to get 𝑧  is required unit vector basis for W.  

11. Compute the distance between the vectors 𝑢 = (7,1) and 𝑣 = (3,2).  

Solution: 𝑢   

  

‖𝑢   

12. Find the projection of vector 𝑣  along a vector 𝑤 = (1,2,1,2) in the inner 

product space of 𝑅4 with standard inner product.  

 
 Solution:  The orthogonal projection of 𝑣 along 𝑤 is 𝑣   =  < 𝑣,𝑤    𝑣  

  

(1 − 4 + 3 − 8)  

=  (1, −2,3 − 4)  

(1 + 4 + 1 + 4)  

= −  (1, −2,3 − 4)  

  

𝑣  = − (1, −2,3 − 4)  

  

13. Let 𝑦 = (7, 6) and 𝑢 = (4, 2). Find the orthogonal projection of y onto 𝑢. Write 𝑦 as a sum 

of two orthogonal vectors, one in span {u} and one orthogonal to u.  

Solution: < 𝑦, 𝑢   

< 𝑢, 𝑢   

The orthogonal projection of 𝑦 onto 𝑢 is 𝑦   = < 𝑦,𝑢>   𝑢  = 40 𝑢 = 2(4, 2) = (8, 4)  
 <𝑢,𝑢>  20  

And the component of y orthogonal to u is 𝑦 − 𝑦  = (7, 6) − (8, 4) = (−1, 2)  

Hence y as sum of two orthogonal vectors is  

𝑦 =  𝑦  + (𝑦 − 𝑦 ) ⇒ (7, 6) = (8, 6) + (−1, 2)  

14. Let 𝑢 = (  , −1, )   and 𝑢   = (5, 6, −1). Find a unit vector u in the direction of 𝑢 
and  

 1    2  1  

 show that 𝑢2 is 

orthogonal to 𝑢1.    
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15. Let 𝑎 = (−2, 1) and 𝑏 = (−3, 1). Compute 𝑎𝑏 and  𝑎 𝑎𝑎 𝑎𝑎 Answers: 7.  , 8. (− 14 , 
7 )  

   5    5  

  

  

The Gram-Schmidt Process  

Suppose {𝑥1, 𝑥2, 𝑥3 … 𝑥𝑛} is a basis of an inner product space V. One can use this basis to 

construct an orthogonal basis {𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑝} of V as follows.  

i. Set 𝑣1 = 𝑥1  

ii. 2 =  𝑥2 − <<𝑣𝑥21,,𝑣𝑣11>>  𝑣 1
 
  

iii. 3 = 𝑥 3 − <<𝑣𝑥31,,𝑣𝑣11>>   𝑣  1 − <<𝑣𝑥23,,𝑣𝑣22>>    𝑣 2   

….  

iv. 𝑝    𝑥𝑝 

 >       >     𝑣 𝑝   >      

  

Then set {𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑝} is an orthogonal basis for V. In addition, Span{𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑝} = 

Span {𝑥1, 𝑥2, 𝑥3 … 𝑥𝑛} for  𝑝. Normalizing each 𝑣𝑖 will then yield an orthonormal 

basis for V. The above construction is known as the Gram–Schmidt orthogonalization process.  

The orthonormal basis is given by set 𝑆 =  { 𝑢    }  = {  𝑣𝑖     }  

 𝑖  ‖𝑣𝑖‖  

  

Problems  

1. Let 𝑊 = 𝑆𝑝𝑎𝑛{𝑥1, 𝑥2} where 𝑥1 = (3, 6, 0) and 𝑥2 = (1, 2, 2). Construct an orthogonal basis 

using Gram-Schmidt process {𝑣1, 𝑣2} for W.  

Solution: Step 1: Let 𝑣1 = 𝑥1 = (3, 6, 0)  

 Step 2:  𝑣 = 𝑥  − <𝑥2,𝑣1>  𝑣1 where  𝑥  ,  𝑣  and  

 2  2  <𝑣1,𝑣1>      

< 𝑣1, 𝑣1 >= (3, 6, 0) ∙ (3, 6, 0) = 45  

  𝑣  < 𝑥 , 𝑣 

>  15    
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 2  2  < 𝑣1, 𝑣1 >   1 

Hence {𝑣1, 𝑣2} is an orthogonal set of non-zero vectors in W. Since dim W=2, the set {𝑣1, 𝑣2} 

is a basis for W.  

The orthonormal basis is given by set 𝑆 = {𝑢  𝑖 } = { ‖𝑣𝑣𝑖  𝑖‖ }  

  

𝑢   

𝑢   

𝑆 = {𝑢1, 𝑢2} are orthonormal basis of W  

2. Let 𝑥1 = (1, 1, 1, 1), 𝑥2 = (0, 1, 1, 1) and 𝑥3 = (0, 0, 1, 1). Construct an orthogonal basis 

using Gram-Schmidt process for W using linearly independent set {𝑥1, 𝑥2, 𝑥3}.  

Solution: Step 1: Let 𝑣1 = 𝑥1 = (1, 1, 1, 1)  

 Step 2:  𝑣 =  𝑥 − <𝑥2,𝑣1> 𝑣 1 where   
2 2  <𝑣1,𝑣1>     

𝑣   

 Step 3:  𝑣  

3 3 𝑣
1∙𝑣1      1 𝑣2∙𝑣2     

Where < 𝑥3, 𝑣1 >= 2, < 

𝑥3, 𝑣2 >= 2, < 𝑣1, 𝑣1 >= 

4, < 𝑣2, 𝑣2 >= 12  

𝑣 

   

Hence {𝑣1, 𝑣2, 𝑣3} is an orthogonal set of non-zero vectors in W.  

3. Construct the orthogonal basis for W using Gram-Schmidt process, where W=Span{𝑥1, 𝑥2} 

for following vectors  

 1   1  2  

i. 𝑥1 = (1, 1, 1) and 𝑥2 = ( ,  , − )  
 3 3 3  

ii. 𝑥1 = (3, 0, −1) and 𝑥2 = (8, 5, −6)  

iii. 𝑥1 = (0, 4, 2) and 𝑥2 = (5, 6, −7)  

  

QR-Factorization of Matrices  
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If an 𝑚 × 𝑛 matrix with linearly independent columns, then A can be factorised as 𝐴 = 𝑄𝑅, where 

Q is an 𝑚 × 𝑛 matrix whose columns form an orthogonal basis for column A and R is an 𝑚 × 𝑛 

upper triangular invertible matrix with positive entries on its diagonal. The columns of A form a  
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basis {𝑥1, 𝑥2, … , 𝑥𝑛} for col A. construct an orthogonal basis {𝑢1, 𝑢2, … 𝑢𝑛} for 𝑤 = 𝑐𝑜𝑙 𝐴. This 

basis may be constructed by Gram-Schmidt process. Let 𝑄 = {𝑢1, 𝑢2, 𝑢3, … 𝑢𝑛}  

  

 Problems  
 
 

  
1 0   0  

 1. Find QR Factorization of  1 1   0  
 𝐴 = [  ]  

1 1   1  

1 1   1  

Solution: The columns of A are the vectors 𝑥1, 𝑥2, 𝑥3.  
  

  1  0  0  

Let 𝑥1 = [ 1]  𝑥2 = [ 1]  𝑥3 =  [ 0 ]  

 1  1  1  

  

  1  1  1  

By Gram Schmidt process  

Step 1: Let 𝑣   

 Step 2:  and  𝑣 ,  𝑣   

      

 𝑣       

 )  
  

Step 3:  𝑣  𝑣  

 >       

Where   

,   

𝑣 

   

Hence  is an orthogonal set of non-zero vectors in W.  

Now Normalize each   

     =   𝑥   −   
< 𝑥 2 , 𝑣 1 >   (   )   

3 
   

3      1      1      1 
     

2   2   < 𝑣   , 𝑣   >   
𝑣 1   =   , 0   1 ,   1 ,   1   −   (1 ,   , 1   , 1   1)   =      (−   ,     ,     ,   4   1 

      1   4     4         4   4 
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 𝑣   
  

   

𝑣 

‖𝑣  

  

List these vectors as columns of Q  

𝖥   

 I2  2  I  

 I1  1  2 I  

I   

 𝑄 = I1  1  1 I  

 I    I  

 2  2√3  √6I  

   1  1 I  

  

By constructing the first column of Q as an orthonormal basis of span of vectors {𝑥1, 𝑥2, 𝑥3}.  

∴ 𝐴 = 𝑄𝑅 for some R To 

find R:  

Observe that 𝑄𝑇𝑄 = 𝐼 because columns of Q are orthonormal. Hence 𝑄𝑇𝐴 = 𝑄𝑇(𝑄𝑅) = 𝐼𝑅 = 𝑅  

    1     𝖥2  3   1 1  

𝖥 1 

∴ 𝑅 = 𝑄𝑇𝐴  

2        1   1   
  , (0   −   ,   ,   )   1   ( , 0   ,1, 1 −2 )   2   1   1   
3   = 

  
3 ‖   

√ 
     3   3      3   =   3   

4   1   1   
√6 

  
     

=   (0 ,   −   ,   ,   ) 
√ 6   √ 6   √ 6   

0   +   +   +   
9   9   9   

3   

1   1   1 
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 I −√2 3  21   12  2 I 1 0   0  2  

  

   

  

 2. Find the QR Factorization of Matrix 𝐴 = [1  1  0]  

 1  1  2  

  1  3  3  

Solution: The columns of A are the vectors 𝑥1, 𝑥2, 𝑥3.  
  

  1  3  5  

1 
 

Let 𝑥1 = [ ] = (1 ,1,1,1)  ; 𝑥2 = [1  ]  = (3 ,1,1,3 );  𝑥3 = [ 0]  = ( 5,0,2,3)  

 1  1  2  

  

1 3  3  

By Gram Schmidt process  

Step 1: Let 𝑣1 = 𝑥1 = (1, 1, 1, 1)  

 Step 2:  𝑣 = 𝑥  − <𝑥2,𝑣1>  𝑣1 where < 𝑥 2 , 𝑣 1 >= 3 and< 𝑣1  , 𝑣 1 >= 4  

2 2  <𝑣1,𝑣1>     

𝑣2 = (3 , 1, 1, 3 ) − 8 (1, 1, 1, 1) = (1, −1, −1,1)  
4  

Step 3:  𝑣3 =  𝑥3 − <<𝑣𝑥13,,𝑣𝑣11>>      𝑣1 − <<𝑣𝑥23,,𝑣𝑣22>>    𝑣 2   

Where < 𝑥3, 𝑣1 > = 10,  𝑥3, 𝑣2 > = 6, < 𝑣1, 𝑣1 > = 4, < 𝑣2, 𝑣2 > = 4  

𝑣 = (5, 0, 2, 3) − 10 (1, 1, 1, 1) + 6 (1, −1, −1,1) = (4, −4, −2,2)  
3 4   4   

Hence {𝑣1, 𝑣2, 𝑣3} is an orthogonal set of non-zero vectors in W.  

Now Normalize each {𝑣1, 𝑣2, 𝑣3}  

 𝑣   
  

‖𝑣 

   𝑣     

‖𝑣‖  

1   (1 ,   1 ,   1 ,   1)   1   1   1   1 

1   
=   =   (      ,   ,   ,     ) 
√ 1   +  1 + 1 +  1   2   2   2   2   ‖ 
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𝑣   

  

‖𝑣   

List these vectors as columns of Q  
 
 

I  I  

To find R:  

Observe that 𝑄𝑇𝑄 = 𝐼 because columns of Q are orthonormal. Hence 𝑄𝑇𝐴 = 𝑄𝑇(𝑄𝑅) = 𝐼𝑅 = 𝑅  

    

I    

  
  

Least-Squares Problems and Least square error  

Inconsistent systems arise often in applications, though usually not with such an enormous 

coefficient matrix. In order to find an approximate solution to an inconsistent system of equations 

(𝐴𝑥 = 𝑏) that has no actual solution, a well-defined notion of nearness is needed. When a solution 

is demanded and none exists, the best one can do is to find an 𝑥 that makes 𝐴𝑥 as close as possible 

to 𝑏. Think of 𝐴𝑥 as an approximation to 𝑏. The smaller the distance between 𝑏 𝑎𝑛𝑑 𝐴𝑥, given by 

‖𝑏 − 𝐴𝑥‖, the better the approximation. The general least-squares problem is to find an 𝑥 that 

makes ‖𝑏 − 𝐴𝑥‖ as small as possible. The adjective “least-squares” arises from the fact that ‖𝑏 − 

𝐴𝑥‖ is the square root of a sum of squares.  

Definition: If A is an 𝑚 × 𝑛 matrix and B𝑏 is in 𝑅𝑚, a least square solution of 𝐴𝑥 = 𝑏 is an 𝑥 in 𝑅𝑛 

such that , ‖𝑏 − 𝐴𝑥‖ ≤ ‖𝑏 − 𝐴𝑇𝑥‖, ∀𝑥 ∈ 𝑅𝑛. Therefore 𝐴𝑥 = 𝑏 satisfies the equation Normal 

equation 𝐴𝑇𝐴𝑥 = 𝐴𝑇𝑏.  

Least square error is given by ‖𝑏 − 𝐴𝑥‖   

I   

2   

1   1   2   
𝖥         1   
2   2   
1   1   

−   

√ 10 
2   

−   
I 2   2   𝑄   =   √ 10 I   
I 1   1   1     I   
I   −   −   I   

I 2   √ 10 I   

I   1   1   1   I   
    [   2   2   √ 10   ]   

I   

1   1   
𝖥   
2   2   

1 1   
1   

2   2   I   𝖥   1   3   5   1   
  

2   4   5   

  𝑄 𝑇 𝐴   I     
1 
  1   1   1   

−   −   I   I [ 1   1   0 ] I   =   [ 0   2   3 ]   
I     2   2   2      2   I   I   1   1   2   I   0   0   2 

I      2   
−   

2   
−   

1   

 

   1   I   [   1   3   3   ] 
[ √ 10   √ 10   √ 10   √ 10   ]   
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Note: The second method to obtain least square solution for given system 𝐴𝑥 = 𝑏, where A is  

𝑚 × 𝑛 matrix is described below. Here A with linearly independent columns can be factorized as 

𝐴 = 𝑄𝑅 . The equation 𝐴𝑥 = 𝑏 has a unique least-squares solution, given by  

  
𝑅𝑥 = 𝑄𝑇𝑏  

  
Problems  

1. Fins a least square solution of the inconsistent system 𝐴𝑥 = 𝐵 and hence find its least square 

error. Given  

 4  0  2  

 𝐴 = [0  2] , 𝑏 = [ 0 ]  

 1  1  11  

Solution: We use Normal equation 𝐴𝑇𝐴𝑥 = 𝐴𝑇𝑏 to find 𝑥  

  
Consider 𝑇  4  0  1  4  0  17  1 ---------(1)  

 𝐴 𝐴 = [  ] [0  2] = [  ]  

  0  2  1  1  1  1  5  

  2  

 𝑇  4  0  1  19  

 𝐴 𝑏 = [  ] [ 0 ] = [  ] -------------------------(2)  

 0  2  1  11  

11  

Substituting equation (1) and (2) in the normal equation (𝐴𝑇𝐴)𝑥 = 𝐴𝑇𝐵,  

 [17  1  𝑥1  19  

1 5] [𝑥2] = [ 11 ] ---------------------(3)  

The above equation (3) is similar to system of equations in form 𝑀𝑥 = 𝑁  

To solve for 𝑥 consider augmented matrix  

 [𝑀: 𝑁] = [17  1   ∶  19]  

 1  5   ∶  11  

Reduce this matrix to echelon form (𝑅1 ↔ 𝑅2)  

 [𝑀: 𝑁]~ [ 1  5   ∶  11]  

 17  1   ∶  19  

𝑅2 → 𝑅2 − 17𝑅1  

 [𝑀: 𝑁]~ [1  5  ∶  11 ]  

 0  −84 ∶ −168  

⇒ 𝑥1 + 5𝑥2 = 11;  
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−84𝑥2 = −168  

 𝑥1  1  

⇒ 𝑥 = [𝑥2] = [ 2 ]  

Now to find least square error consider  

  
𝑏   

Therefore ‖𝑏  𝐴𝑥‖   
  

 This shows that for any 𝑥   𝑅 , the distance between b and the vector 𝐴𝑥 is atleast   
2. Find a Least square solution of 𝐴𝑥 = 𝑏 for  

   1  1  0  0  −3  

   𝖥1  1  0 01  𝖥−11  

    

 𝐴 =  11   00  11    00   , 𝑏 =  02   

 I1  0  0 1I  I 5 I  

 [1  0  0  1]  [ 1 ]  

Solution: We use Normal equation 𝐴𝑇𝐴𝑥 = 𝐴𝑇𝑏 to find 𝑥  

    1  1  0  0    

 1  1  1  1  1  1 𝖥1 1  0  01  6  2  2  2  

 Consider 𝐴𝑇𝐴 = [1  1  0  0  0  0] 1  0  1  0 = [2  2  0  0]---------(1)  

 0  0  1  1  0  0  1  0  1  0  2  0  2  0  

 0  0  0  0  1  1 I1  0  0  1I  2  0  0  2  

   [1  0  0  1]  

−3  

 1  1  1  1  1  1 𝖥−11  4  

 𝐴𝑇𝑏 = [1  1  0  0  0  0]  0  = [−4] -------------------------(2)  

 0  0  1  1  0  0  2  2  

=   √ ( − 2 ) 2   +   ( − 4 ) 2   +   8 2   =   √ 84 
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 0  0  0  0  1  1 I 5 I  6  

[ 1 ]  

Substituting equation (1) and (2) in the normal equation (𝐴𝑇𝐴)𝑥 = 𝐴𝑇𝐵,  

 6  2  2  2  𝑥𝑥21   −44   

 [22  20  02  00 ] [𝑥 3 ] = [ 2 ] ---------------------(3)  

2 0  0  2  𝑥
4  6  

The above equation (3) is similar to system of equations in form 𝑀𝑥 = 𝑁 To 

solve for 𝑥 consider augmented matrix and reduce it to echelon form  

  

The general solution is 𝑥  and 𝑥4 is free variable.  

So the general least square solution of 𝐴𝑥  𝑏 has form  

 𝑥1  3 − 𝑥4  

 𝑥2  −5 + 𝑥4  

𝑥 = [𝑥3] = [−2 + 𝑥4  ]  

 𝑥4  𝑥4  

3. Find the least square solution of 𝐴𝑥 = 𝑏 for   
 1  3  5  3  

 𝐴 = [1 1  0] , 𝑏 = [ 5 ]  

 1  1  2  7  

 1  3  3  −3  

  

 𝖥2  1  

 Solution: 𝐴 = 𝑄𝑅 = II1  − 21  − 12II
 
 [0

2
   

2  

  II12   1 −1  2  121    II  0  

    

  [    − 2 ]  

Then  

 1  1  

𝖥  
 

I2  2  

 

𝑄𝑇𝑏 = I1  − 1  

4  5  

2  3]  

0 2  

1 1  

1  
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2   2   2 

21   21  II  
53   6  

  [  ] = [−6]  

−    

 II12   21   12   21 II  −37   4  

 [ −       − 2]  

The least square solution x satisfies 𝑅𝑥 = 𝑄𝑇𝐵     
 2  4  5  𝑥1  6  

 [0  2  3] [𝑥2] = [−6]  

 0  0  2  𝑥3  4  

The above system of equations can solve by back substitution and solution is given  

10  

𝑥 = [−6]  

2  
  

  

Video Links:  

1. Inner Product spaces and orthogonality 

https://www.youtube.com/watch?v=1ySJCG6hVPg  

2. Gram-Schmidt orthogonalization process 

https://www.youtube.com/watch?v=zHbfZWZJTGc  

3. QR Factorization 

https://www.youtube.com/watch?v=qmRC8mTPGI8  
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