INNER PRODUCT SPACE

Definition: A vector space V with underlying field R or C is known as an inner
product space when equipped with an operation (-,-) that satisfies the following:

(Conjugate) symmetry. For all vectors v1 and v2, (v1,v2)=(v2,v1).
Linearity. For any scalar aa and all vectors v1, v2, and v3,

(avl v2)=a(v1,v2)

and (v1+v2,v3)=(v1,v3)+(v2,v3).

Positive-definiteness. For any vector v, (v,v)>0 and (v,v)=0 implies that v=0.

Definition. [Inner Product] Let V be a vector space over F. An inner
product over V, denoted by (,), is a map from V x V to F satisfying

1.{au + bv,w) = a(u,w) + b(v,w), for allu,v,w € Vand a,b €EF,
2.(u,v) = (v,u), the complex conjugate of (u,v), for all u,v € V and
3.(uw,u)>0 for all u € V. Furthermore, equality holds if and only if u = 0.

Note that in the case of a real vector space, conjugate symmetry is just symmetry. In
the complex case, it is necessary for symmetry to be conjugate symmetry so
that (v,v) is always a real number.

The length (or norm) of a vector vv is then defined to be
Ivll=(v,v).

Note that the length of a vector is not linear; it does satisfy linear in scalar
multiplication though. For any vectors v1 and v2,

Definition Two vectors u,v€V are orthogonal (denoted uLlv) if (u,v)=0(u,v)=0.

Note that the zero vector is the only vector that is orthogonal to itself. In fact, the zero
vector is orthogonal to every vector vEV.

Note that the converse of the Pythagorean Theorem holds for real vector spaces since,
in that case, (u,v)+(v,u)=2Re(u,v)=0.
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Given two vectors u,v€V with v£0, we can uniquely decompose u into two pieces:
one piece parallel to v and one piece orthogonal to v. This is called an orthogonal
decomposition.

Theorem 9.3.3 (Cauchy-Schwarz inequality). Given any u,vEV, we have
[(u,v)|<lullvl.

Furthermore, equality holds if and only if u and v are linearly dependent, i.e., are
scalar multiples of each other.

Proof. If v=0v=0, then both sides of the inequality are zero. Hence, assume
that v/0v#0, and consider the orthogonal decomposition

wu=(u,v)lvi2v+w

where wLv. By the Pythagorean theorem, we have

Multiplying both sides by Ivl2 and taking the square root then yields the Cauchy-
Schwarz inequality.

Note that we get equality in the above arguments if and only if w=0w=0. But, by
Equation this means that uu and vv are linearly dependent.

Moreover, equality only holds if r can be chosen such that u+reifv=0, which means
that u and v are scalar multiples.

Now that we have proven the Cauchy-Schwarz inequality, we are finally able to verify
the triangle inequality. This is the final step in showing that lvl=(v,v) does indeed
define a norm. We illustrate the triangle inequality in Figure 9.3.1.

Figure : The Triangle Inequality in 2R2
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Theorem (Triangle Inequality). For all u,vEV we have
lu+vi<lul+lvl.
Proof.
Note: z=u+iv, Z=u—iv, z+zZ=u+iv+u—iv=2u = 2Rez
lu+vl?=<u+vut+v>
=<uy,u>+<u,v>+<v,u>+<v,v>
=<<uu>+<uv>+<uv>+<v,v >

=<u,u>+2Re<u,v>+<v,v>

lw + vl < Jlull® + 2lulllivil + lv]?

I+ vl12 < (lull + llvID?

Taking the square root of both sides now gives the triangle inequality

lu + vl < llull + vl

Note that |Re(u,v)<|(u,v)| so that, using the Cauchy-Schwarz inequality, we obtain

Theorem (Pythagorean Theorem). For all u,v€V with u perpendicular to v then we
have |lu + v|[* = |[ull* + [lv||*

Proof.

lu+vl?=<u+vut+v>
=uyu>+<<u,v>+<v,u>+<v,v >
<u,v = 0 since u and v are perpendicular
=<u,u>+<vv>

lu+vlI? = llull® + llv]I?
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Note that equality holds for the triangle inequality if and only if v=ru or u=rv for
some r>0. Namely, equality in the proof happens only if (u,v)=lullvl, which is
equivalent to uu and vv being scalar multiples of one another.

Theorem 6. (Parallelogram Law). Given any u,vEVu,v€V, we have

lu + w12 + llu = vll* < 2(llull® + llv]?

Proof:

lu+v|?2+lu—v|’=<u+vu+v>+<u-—-vu—v>

=uyu>+<uy,v>+<v,u>+<v,v>+<u,u>—-<uv>-—-<vu>-+
<vv>

=2<uu>+2<v,v>

I+ vl12 + llu = vlI* = 2(ull? + llv]1*)

Definition 9.4.1. Let VV be an inner product space with inner product (-,-). A list of
nonzero vectors (el,...,em) in V is called orthogonal if

(ei,ej)=0,for all 1<i#j<m.
The list (el,...,em) is called orthonormal if
(eiej)=4i,j for all i,j=1,...,m,

where 6ij is the Kronecker delta symbol, i.edij=1 ifi=j and is zero otherwise.

Problem:

Let u=(1,3,-4,2) , v=(4,-2,2,1) and w = (5,-1,-2,6 ) in R4
Show that <3u-2v,w> = 3<u,w>-2<v,w> and unit vector.
Solution:

<u,v>=(1,3,-4,2) .(4,-2,2,1)=1%4-3%2-4%24+2%1=4-6-8+2= - 8
<u,w>=(1,3,-4,2) .(5,-1,-2,6)=5-3+8+12=22
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<v,w>= (4,-2,2,1). (5,-1,-2,6)=20+2-4+6= 24
<3u-2v,w > =<3(1,3,-4,2)-2(4,-2,2,1),(5,-1,-2,6) >
=< (3,9,-12,6)-(8,-4,4,2),(5,-1,-2,6) >

=< (-5,13,-16,4),(5,-1,-2,6) >

=-25-13+32+24=18

3<u,w>-2<v,w> = 3*%22-2%24 = 66-48=18

u 1 3 —4 2
lull /30 /30 /30 /30

Unit vector ofu =

Problem:

Letu=(2,3,5), v=(1,4,-3) and w = (5,-2,6 ) in R3 Show that <u,v>, <u,w> and unit
vector.

Solution:
<u,v>=(2,3,5) .(1,43) =2+ 12 + 15=29
<u,w>=(2,3,5) .(5,-2,6)=10-6+30= 34

lull = V22 + 32 + 52 =+/38
lvll = V12 + 42 + (=3)2 =26

Iwll = /52 + (=2)2 + 62 =65

u 2 3 5
lull ~ v38°V/38"+/38
v 1 4 =3
vl V26 V26 V26
W 5 -2 6
Iwll ~ V65 V65 V65

"

Unit vector of u =

Unit vector of v =

Unit vector of w =

Problem: Let V be the vector space of all 2X3 matrices over R. The matrices

=2 g ZJ,];:[}1 g 2],3:[? —05 _24]thenfind <AB>

< 2A+3B,4C >

A
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IAll, lIBI]

Solution:

A=[987]B_123

6 5 4I'" 14 5 6
<AB>=9%x14+8%2+7%*34+6%x4+5x5+4%x6=119

Al =< AA>=V9%9+8%8+7+7+6+6+5%5+4x4 =+271

IBl=<BB>=V1+1+2%2+3+3+4%4+5+5+6%6 =191

24 + 3B = 2 8 7]+3[411 é 2
_[18 16 14] N |- 2 =
12 10 12 15 181 =24 25 26

=4[ 3 A1=l8 0 d

< 24+ 3B,4C >= [21 22 23 [12 —20 _2:316]

24 25
=252—-240+184+96 +0—416 = —124

Problem: Let V be the vector space of all 2X2 matrices over R. The matrices

_ B ﬂ,B - [:g g] then find < A,B >, ||All, IIB]|

Solution:

=[5 8=

<AB>=-2+4+0-9+20=9

lAll= /<A, A>=V1+4+9+16 =30

IBll=/<B,B>=vV4+0+9+25 =+/38
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Problem: Prove that the pair of vertices are orthogonal. A = [_11 ﬂ ,B = [2 4 ]

3 -7

Solution:

11 21, 12 4
A= [_1 1]’B - [3 _7]
<AB>=2+4+8-3-7=0

Expand i) < 5u + 8v,6w — 7x > i) < 3u + 5v,4u — 5v > iii) ||2u — 3v||?

Solution:

i)<5u+8v,6w—7x>=<5u6w>+<5u—-7x > +< 8v,6w > +< 8v,—7x
>

=30<u,w>-35<u,x>+48<v,w>-56 <v,x >

ii)<3u+5v,4u—5v >=<3u,4u > +< 3u,—5v > +< 5v,4u > +< 5v,—5v
>

=12<uu>-15<u,v>4+20<v,u>-25<v,v>
iii) ||[2u — 3v||? =< 2u — 3v,2u — 3v >
=< 2u,2u > +<2u,—-3v > +< -3v,2u > +< —-3v,—-3v >

=4<uu>-6<uyv>-6<v,u>+9<v,v>

An inner product in the vector space of continuous function in [0,1] is defined as

<f.9>= | rgGodx

1.Find an inner product in the vector space of continuous function f(x)=3x-5 and
g(x)= x? and norm of f

Solution:

<ﬁg>=ff@M@Mx
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1
<f,g >=j (3x — 5)(x?)dx
0

1

<f,g>= j (3x3 — 5x2)dx

0

3x*  5x3]"

4 3

S 3 5 -11
f.9>= “27 3712

0

<ff>=Jf&V@Mx
0

1

<f f>= J (3x — 5)%dx

0

1
<f,f>= .[ (9x% — 30x + 25)dx
0

9x3 30x2

3 2

' 9 30 59
+25x| =g-—+25=—
0

<f,f>=

2 5

2.Find an inner product in the vector space of continuous function f(x) = x% + 2x —
Land g(x) = 4x + 1and [If], ligl .

Solution:

<ﬁg>=fﬂmmmm

1
<f,g>= f (x? +2x — 1)(4x + 1)dx
0

1
<f,g>= f (3x3 — 5x%)dx
0

3x* 5x31_3 5 —11
4 3 0_4 3 12

<f,g>=

<f.f >= | Feor@ax
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1
<f f>= f (3x — 5)2dx
0

1
<f,f >= f (9x% — 30x + 25)dx
0

1

o 93 30x2+25 _9.30 59
I >=15 *,737 2 ~ 5
1
<9.9>= | gg@ax
0
1
<499 >=f(4x+1)2dx
0
1
<g.49 >=j(16x2+8x+1)dx
0
N L t16 wi1’
PIZ7 T3 T2 T T ~3

3.Find an inner product in the vector space of continuous function f(x) = x3 + 2x —
1and g(x) =3x* —4x+ 2 and ||g|l .

Solution:

<ﬁg>=jﬂwmmw

<f,g>= J (x3 + 2x — 1)(3x? — 4x + 2)dx
0

1
<f,g>= f (3x° — 4x* + 8x3 — 11x2 + 8x — 2)dx
0

1

<fg> [3x6 4x5 N 8x* 11x3 N 8x2 ,

,g >= — - - 2x
6 5 4 3 2 0

_3 4+8 11+8 5 = 1

6 5 4 3 2 30

<gy>=Lg@m&Mx
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1
<g,9>= f (3x?% — 4x + 2)%dx
0

1
<g,g9>= f (9x* + 16x% + 4 — 24x3 — 12x? — 16x)dx
0

9x5 1643 24x* 12x3 16x%]° 9 16

<gg>=| gt 0=§+?+4—6—4—8
_ -103
15

4.Show that an inner product in the vector space of continuous function
{1 + x,x — x?} are orthogonal in [-2,2].

Solution:

<f.g>= fzf(x)g(x)dx
<f,g>= fzu + x)(x — x¥)dx
<f,g>= f_zz(l—x2+x2—x3)dx
<f,g>= f:(l —x3)dx

x4
S
-2

=2-2-(4-4)=0

<f,g>=

< f,g >= 0 hence f and g are perpendicular or orthogonal.

Definition:

The projection of a vector v onto the vector u in R" is denoted by proj, = Z—Z u
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1.Determine the projection of the vector v onto the vector u ,where v=(7,4), u=(1,2)

Solution:
A
Tro =—Uu
proji = —
(7,4).(1,2)
v = (]2
Profe =y Y

. 7+8(12)
r = ——
Proju =772

L, 15
projy = ?(1,2) = (3,6)

2.Determine the projection of the vector v onto the vector u , where v=(1,2,3,0), u=(1,-

1,2,3)
Solution:
A
T0 = —Uu
proju = —
(1,2,3,0).(1,—-1,2,3)
v = 1,-1,2,3
PTOi = A 1,2.3). (1, =1,2.3) )
L, 1-2+464+0 L 123
PO _1+1+4+9( ,=1,2.3)

5
o B
Proju =7 (1,-1,2,3)

1
projy = 3 (1,-1,2,3)
Orthogonal sets and Bases:
S ={uq,uy, us, ... ... u,} of non-zero vectors in an inner product space V, S is called
Orthogonal if each pair of vectors in S are orthogonal & S is orthonormal if S is

orthogonal and each vector in S has unit length.

i) Orthogonal <wu;,u; >=0 fori#j
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0 fori#j

1) Orthonormal < wu;,u; >= {1 fori=]j

Show that the set {(1,0,0), (O,S,g) , (0,%,_?3 } is orthonormal.

Solution:

Let u = (1,0,0) —( 34) _ o+ 3
etu = Y , V= 55 W_(’S’S)

)=o

=0

U'll-P

3
w.v = (1,0,0). (O =

_(03 4)( 4 -3
vw=\"55) "5

u.w=(100)( = ?3) 0

The given set of vectors are orthogonal.

lull =VT+0+0=1 vli= [0+=+==1 |wll= [0+2+==1

Gram-Schmidt orthogonalization process

Let {vy, V5, V3 ... ... v, } be a basis for a vector space V. The set of vectors
{u, uy, ... u,} defined as is Orthogonal. To obtain orthonormal basis for V,
normalize each of the vectors u,, u, ... ... Uy,.

— %)
Uy = Vy — PTOJy,

_ . U3 . VU3
U3 = V3 = PTrOjy, — P10y,
And so on .
Problem1:

The set {(1,2,0,3), (4,0,5,8), (8,1,5,6)} is L.I in R*. The vectors from a basis for a 3-
dimensional subspace V of R*. Construct an orthonormal basis for V.

Solution:
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v; = (1,2,0,3),v, = (4,0,5,8),v; = (8,1,5,6)
u]_ = 171 = (1,2,0,3)

— U2
Uy = Vp — PTOJy;

_ Vy.Uq
U, = Uy W
(4,0,5,8).(1,2,0,3)
= 41015)8 - 1,2,0,3
uZ ( ) (1,2,0,3). (1’2’0’3) ( )
4+0+0+24
Uy = (40.58) = 277 (12.03)

28
u, = (4058) =7, (1,2,0,3)

u, = (4,0,5,8) — 2(1,2,0,3)
u, = (4,0,5,8) — 2(1,2,0,3) = (2, —4,5,2)

Uz = V3 — Uy — U,
Up. Uy Uy. Uy

= G150 - (505 707 (1209~ 452 Gogh B 45
8+2+0+18 16 -4+ 25+ 12

Uz = (8156) — g 1203 — ey (7452

us = (8,1,5,6) — 2(1,2,0,3) — (2,—4,5,2)

us = (4,1,0,—2)

u, = (1,2,0,3),u, = (2,-4,5,2), us = (4,1,0,—2)
Ui u, = (1,2,0,3).(2,-4,52) =2—-8+0+6=0
Uy us = (2,-4,5,2).(41,0,-2) =8—4+0—4=0
u us = (1,2,0,3).(41,0,-2) =4+2+0—-6=0

Uy, Uy, Uz are orthogonal.
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Uug Uz us }
) )
llueall ™ Ml ™ llusll

Orthonormal basis for V ={
(1,2,0,3) (2,—4,5,2) (4,1,0,—2)

T Tt4+0+9VE+t16+25+4 V6 +1+0+4

(1,2,0,3) (2,—4,5,2) (4,1,0,-2)
"tV v vz

_ (1,2,0,3) (2,—4,5,2) (4,1,0,-2)

Via = Va9 T 21

}

Problem 2:

The set {(3,0,4), (—1,0,7),(2,9,11)} is L.1in R*. The vectors from a basis for a 3-
dimensional subspace V of R*. Construct an orthonormal basis for V.

Solution:
171 = (3,0,4‘), 172 = (_1,0,7), v3 = (2,9,11)
u, = v, =(3,04)

— U2
Uy = Vy — PTOJy,

U =03 Wty Uq
(—1,0,7).(3,0,4)

u, =(-1,0,7) - (.04, (3.04) (3,0,4)
-3+0+28

ve = (107 =55 e B0
25

u, =(-1,0,7) — o (3,0,4)

u, = (-1,0,7) — (3,0,4)

uz = (_4;0;3)

V3. Uq V3. Uy
u3 = 173 - -

Ui uUq Uy. Uy
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(29,11).(3,0,4) (29,11).(—4,0,3)

=(2911) — 3,0,4) —
= GG n Gon 0P T Ca03).(-403)
6+0+44 —8+0+33
v = @O = o 16 0 T e oo Y

us; = (2,9,11) — 2(3,0,4) — (—4,0,3)
u; =(2,9,11) — (6,0,8) — (—4,0,3)
u; = (0,9,0)

Show that u,, u,, u; are orthogonal

-24 18)
575
Ui u, = (3,04).(=4,03)=-12+0+12=0

uy = (3,04),1, = (—4,0,3),u; = (

Uy us = (—4,0,3).(0,9,0) = 0
u, us = (3,0,4).(0,9,0) = 0

Uy, Uy, Ug are orthogonal.

Uq Uz us }
) )
Il ezl ™ Nlusll

304 (-4,03) (0,9,0)
Y9+ 0+16Vi6+0+9 81

_ (3,04) (—4,0,3) (0,9,0)
=1 5 ' 5 ' 9

Orthonormal basis for V ={

Problem 3:
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The set {(1,1,1), (2,0,1), (2,4,5)} is L. in R*. The vectors from a basis for a 3-
dimensional subspace V of R*. Construct an orthonormal basis for V.

Solution:
vl = (1,1,1), vZ = (2;0;1)1 v3 = (2145)
u = v = (1,1,1)

— V2
Uy = Vy — PTOJy,

= Vy. Uy )
2 2 T M
(1,1,1).(2,0,1)
=(2,01) — 1,1,1
uz = (20,1) LD (L L
2+0+1
U, = (2,0,1) - m(l,l,l)
u, = (2,0,1) — (1,1,1)
u, = (1,-1,0))
3 wuy Y upuy
(2r4;5) (1;1;1) (214;5) (11 _110)
=(2,45) — 1,1,1) — 1,-1,0
S CREDNCE ) R N G RN W REET) )
2+4+5 2—4+0
u; = (2,4,5) — m(l,l,l) - m(l, —-1,0)

11 2
u; = (2,4,5) — 3 (1,1,1) + > (1,-1,0)

11
us; = (3,3,5) — ?(1,1,1)

(=2,-2,4)
U=

Show that u,, u,, u; are orthogonal.

-2 -2 4
u, = (1,1,1),11,2 = (1,—1,0),u3 = (?,?,5)

i, = (1,1,1).(1,-1,00=1-1+0=0
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-2 24 -2 2 4
U Uz = (1,1,1)-(— - = —) = (?—§+§) =0

Uy, Uy, Uz are orthogonal.

Uug Uz usz }

Orthonormal basis for V ={ , ,
lleeall ™ Ml ™ llusll

-2 24
(111 (1,-1,0) (T'_§'§)
V3 NV1+1+40° 24

9
AL (1,-10) (-1,-12)
Y V3 VIti+0 Ve

}

Problem 4:

The set {(1,1,1),(2,0,1), (2,4,5)} is L.Iin R*. The vectors from a basis for a 3-
dimensional subspace V of R*. Construct an orthonormal basis for V.

Solution:
vl = (111;1)1 vZ = (2;0;1)' 173 = (2'45)
u1 = 171 = (1,1,1)

— U2
Uy = Vy — PTOJy,

L = o — Vy.Uq U
2 2 R 1
(1,1,1).(2,0,1)
=(2,0,1) — 1,1,1
v = @00 -Gy Ay M
2+0+1
U, = (2,0,1) — m(l,l,l)
u, = (2,0,1) — (1,1,1)
u'2 = (1;_1;0))

hotesforvtu.in



= v3.u1u vg.uzu
3 = V3 — 1~ 2
U Uy Uy. Uy

(21415) (11111) (214;5) (1; _1!0)

s =245~y ann MY @ no.a o Y
24+4+5 2—44+0

uz = (2,4,5) — 17151 (1,1,1) - 17170 (1,-1,0)

11 2
u3 = (21415) - ? (11111) + E (1; _110)

11
u3 = (3I3I5) - ?(1'1'1)
(=2,-24)
Uz = 3

Show that u,, u,, u; are orthogonal.

-2 =2 4
ul = (lrlrl)! u2 = (1; _1;0); u3 = <?)?!§)

uu, = (1,1,1).(1,-1,00=1-1+0=0

-2 =2 4 2 2
U, . Uz = (1,—1,0)<?,?,§> = (—§+§+ 0) =

-2 24 -2 2 4
w = 01D (F.-5.3) = (5 -5+3) =0

U, Uy, U3 are orthogonal.

Uq U us }

Orthonormal basis for V ={ , ,
llueqll ™ Ml ” llusll

-2 24
(1,11 (1,-10) (T'_??)
V3 V1+1+40° 24

9

(111 (1,-1,0) (-1,-12)
V3 V2T Ve

}

Problem1:
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The set {(1,2,0,3), (4,0,5,8), (8,1,5,6)} is L.1 in R*. Find a QR Factorization of A.
Solution:

v; = (1,2,0,3),v, = (4,0,5,8),v; = (8,1,5,6)

u, = vy =(1,2,0,3)

— V2
Uy = Vy — PTOJy,

_ Uy Uy
U =7V R Uq
(4,0,5,8).(1,2,0,3)
= 4‘,0,5,8 - 1;2;013
Uz = ( )~ 1203).(1.203) " )
4+0+0+24
u, = (4,0,5,8) — 1+470%9 (1,2,0,3)

28
u, = (4058) = 7, (1,2,0,3)

u, = (4,0,5,8) — 2(1,2,0,3)
u, = (4,0,5,8) — 2(1,2,0,3) = (2,—4,5,2)

_ V3. U V3. Uy
Us = Vs U Uy L Uy Uy
(8,1,5,6).(1,2,0,3) (8,1,5,6). (2, —4,5,2)
=(8,1,5,6) — 1,2,0,3) — 2,—4,5,2
us = ( ) (1,2,0,3).(1,2,0,3) ( ) (2,-4,5,2).(2,—4,5,2) ( )
— (8.15,6) 8+2+0+18(1203) 16—4+25+122 45 2
Us = 1859, 1+44+049 777 4+16+25+4(’ :2)
Uz = (8,1,5,6) — 2(1,2,0,3) — (2,—4,5,2)
u3 = (4r1r0; _2)

u, = (1,2,0,3),u, = (2,-4,5,2),us = (4,1,0,—2)
uuy = (1,2,0,3).(2,-4,52) =2—-8+0+6=0
Uy us = (2,-4,5,2).(41,0,—2) =8—44+0—-4=0
i us = (1,2,0,3).(41,0,-2) =4+2+0—6=0

hotesforvtu.in



Uy, Uy, Uz are orthogonal.

Uq Uz us }
luall” Nzl lusll

Orthonormal basis for V ={
(1,2,0,3) (2,—4,5,2) (4,1,0,—2)
T 1141049 VA116+2514'Vi6r1+t0+4
(1,2,0,3) (2,—4,52) (4,1,0,—2)
UV v v
_ (1,2,03) (2,-452) (4,1,0,-2)

viz = Va9 ' 21

-1 2 4 1
Vid 7 421
2 -4 1
0= Vid 7 421
0 5 0
3 ; -2
V14 = V21
A=0R
R = QA
-1 2 0 3 -
vi4 7 V14|11 4 8
O I R B | PR
V14 7 7 7 0 5 5
4 1 0 —21l3 8 6
V21 /21 V21l
-14 28 281
V14 V14 V14
R=]| o 7 7
0 0 21
! V21l

hotesforvtu.in



r 1 2 4
\/;_4 74 Vfl 14 28 281
- 1 4 8
—_— = == 14 14 14
_ V14 7 21 Vid V14 _[2 0 1
QR c 0 7 7 0 5 5
0 2 oflg o 2| 13386
3 Z -2 |l V21l
Va2 ova
Problem 2:
1 2 2
Theset {{1 0 4|}isL.JIin R3.Find a QR Factorization of A.
1 1 5
Solution:
vl = (111I1)l vZ = (2;0;1)' v3 = (2'45)
u1 = 171 = (1,1,1)
.Uy
Uy = Vy — PTOJy,
B V. Uy
U =71 R Uq
(1,1,1).(2,0,1)
=(2,0,1) — 1,1,1
= @00~y gy &Y
= (2,0,1) 2+0+1 1,1,1
uZ_ "y 1+1+1(")
u, = (2,0,1) — (1,1,1)
U, = (1r_110))
B V3. Uy V3. Uy
Us = Vs ul.ulu1 Uy. Uy
2,45).(1,1,1 2,45).(1,—1,0

(1,1,1).(1,1,1)

hotesforvtu.in

(1,-1,0).(1,-1,0)



2+4+5 2—4+0

=(245) — 1,1,1) - —
u3 (115) 1 (II) 1+1+0

1, -1
+1+1 (1,-1,0)

11 2
Uz = (2I4l5) - ? (1;1;1) + E (11 _1;0)

11
u; = (335) — - (LL1)

(=2,-2,4)
Usg ="

Show that u,, u,, u; are orthogonal.

-2 =2 4
ul = (lrlrl)! u2 = (1; _1;0); u3 = <?)?!§)

i, = (1,1,1).(1,-1,00=1-1+0=0

-2 =2 4 2 2
w = 0,10 (3503) = (-5+5+0) =

-2 24 -2 2 4
U Uz = (1,1,1)<?,—§,§> = (?—§+§) =0

Uy, Uy, Uz are orthogonal.

(75% Uy us }

Orthonormal basis for V ={—, ,
Nlwall ™ Nuzll ™ Nlusll

-2 24
_auy a-10 (F-33)
V3 N1+1+40° 24

9
(L1 (1,-1,0) (-1,-1,2)
V3T V2T Ve

}

1 1 -1
BV Ve
I e
=Bz
1 4 £
3 NA
A=0QR

hotesforvtu.in



_1 1_
V3 V3 V3
r=l=~ 2L oll1 (2) zZL
V2 V2 115
-1 -1 2
V6 V6 /6l
3 3 117
V3 V3 V3
R=lo L %
- V2 2
0 0 4
V6
_ 11_
i 4
V3
R=]0 V2 —V2
0 0 4
N
r 1 1 -1 11
3 V2 Vel|[Vv3 V3 —
\/1— ﬂ ﬂ V3| 1 2 2
R=|= —= — Vvz|=|1 0 4|=4
4 1 1 5
i 0 i 0 0 ﬁ
/3 Vel
Problem: 3
3 1 5
Theset{{2 5 —1|}isL.Iin R3. Find a QR Factorization of A.
0 -1 2
Solution:

Ul = (3,2,0), 172 = (1,5,_1), U3 = (5,_1,2)
u1 - ‘U1 - (3,2,0)

— U2
Uy = Uy — PToJy;

hotesforvtu.in



Vy. Uy

U =V — Wty Uq
(1;5; _1) (31210)
=(1,5-1) — 3,2,0
2 = )= G20).620 A
(15, -1) 3+410+0 320
Uz = b gra+0 20
u, = (1,5,-1) — (3,2,0)
u2 = (_2:31 _1)
Us = Vs U Uy th Uy. Uy
(5; _1)2) (3r2;0) (51 _112) (_213; _1)
=(5,-1,2) — 3,2,0) — -2,3,—1
us = )= G20).620 P T 23D (23,0 )
15—-24+0 -10—-3-2
=(-12)————@3,20) ————(—2,3,—1
u3 (; 1) 9+4+0(;;) 4+9+1(" )

—15
u; = (5,-1,2) — 1(3,2,0) + EVE (-2,3,-1)

_<—1 3 13)
B=\7 1214

Show that u,, u,, u; are orthogonal.

-1 3 13
u; = (3,2,0),u, = (—=2,3,-1),u; = (7’ﬁ’ﬁ)

Uug Uz Uusz }
) )
laeq |l ™ Ml ™ llusll

_ (320) (=23,-1) ( 2 3 13 )
“YVy13 ' Via '\/182\/182’\/182}

Orthonormal basis for V ={

hotesforvtu.in


















