
 

INNER PRODUCT SPACE 

Definition: A vector space 𝑉 with underlying field 𝑅 or 𝐶 is known as an inner 
product space when equipped with an operation ⟨⋅,⋅⟩ that satisfies the following: 

(Conjugate) symmetry. For all vectors v1 and v2, ⟨v1,v2⟩=⟨v2,v1⟩. 
Linearity. For any scalar 𝑎a and all vectors v1, v2, and v3,  ⟨av1,v2⟩=a⟨v1,v2⟩ 

 and ⟨v1+v2,v3⟩=⟨v1,v3⟩+⟨v2,v3⟩. 
Positive-definiteness. For any vector v, ⟨v,v⟩≥0 and ⟨v,v⟩=0 implies that v=0. 

Definition. [Inner Product] Let V be a vector space over F. An inner 

product over V, denoted by ⟨,⟩, is a map from V × V to F satisfying 

1.⟨au + bv,w⟩ = a⟨u,w⟩ + b⟨v,w⟩, for all u,v,w ∈ V and a,b ∈ F, 
2.⟨u,v⟩ = ⟨v,u⟩, the complex conjugate of ⟨u,v⟩, for all u,v ∈ V and 
3.⟨u,u⟩≥ 0 for all u ∈ V. Furthermore, equality holds if and only if u = 0. 
 

Note that in the case of a real vector space, conjugate symmetry is just symmetry. In 
the complex case, it is necessary for symmetry to be conjugate symmetry so 
that ⟨v,v⟩ is always a real number. 

The length (or norm) of a vector 𝑣v is then defined to be ∥v∥=⟨v,v⟩. 
Note that the length of a vector is not linear; it does satisfy linear in scalar 
multiplication though. For any vectors v1 and v2,  

Definition  Two vectors 𝑢,𝑣∈𝑉 are orthogonal (denoted 𝑢⊥𝑣) if ⟨u,v⟩=0⟨𝑢,𝑣⟩=0. 

Note that the zero vector is the only vector that is orthogonal to itself. In fact, the zero 
vector is orthogonal to every vector 𝑣∈𝑉. 

Note that the converse of the Pythagorean Theorem holds for real vector spaces since, 
in that case,  ⟨𝑢,𝑣⟩+⟨𝑣,𝑢⟩=2Re⟨𝑢,𝑣⟩=0. 
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Given two vectors 𝑢,𝑣∈𝑉 with 𝑣≠0, we can uniquely decompose 𝑢 into two pieces: 
one piece parallel to v and one piece orthogonal to 𝑣. This is called an orthogonal 

decomposition.  

Theorem 9.3.3 (Cauchy-Schwarz inequality). Given any 𝑢,𝑣∈𝑉, we have 

|⟨𝑢,𝑣⟩|≤‖𝑢‖‖𝑣‖. 
Furthermore, equality holds if and only if 𝑢 and 𝑣 are linearly dependent, i.e., are 

scalar multiples of each other. 

Proof. If v=0𝑣=0, then both sides of the inequality are zero. Hence, assume 
that v≠0𝑣≠0, and consider the orthogonal decomposition 
 

w𝑢=⟨𝑢,𝑣⟩‖𝑣‖2𝑣+𝑤 

 
where 𝑤⊥𝑣. By the Pythagorean theorem, we have 
 
Multiplying both sides by ‖𝑣‖2 and taking the square root then yields the Cauchy-
Schwarz inequality. 
Note that we get equality in the above arguments if and only if w=0𝑤=0. But, by 
Equation this means that u𝑢 and v𝑣 are linearly dependent. 

Moreover, equality only holds if 𝑟 can be chosen such that 𝑢+𝑟𝑒𝑖𝜃𝑣=0, which means 
that 𝑢 and 𝑣 are scalar multiples. 

Now that we have proven the Cauchy-Schwarz inequality, we are finally able to verify 
the triangle inequality. This is the final step in showing that ‖𝑣‖=⟨𝑣,𝑣⟩ does indeed 
define a norm. We illustrate the triangle inequality in Figure 9.3.1. 

 

Figure : The Triangle Inequality in 2𝑅2 
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Theorem (Triangle Inequality). For all 𝑢,𝑣∈𝑉 we have 

‖𝑢+𝑣‖≤‖𝑢‖+‖𝑣‖. 
Proof.  

Note:  𝑧 = 𝑢 + 𝑖𝑣,    𝑧̅ = 𝑢 − 𝑖𝑣,   𝑧 + 𝑧̅ = 𝑢 + 𝑖𝑣 + 𝑢 − 𝑖𝑣 = 2𝑢 = 2𝑅𝑒𝑧      ‖𝑢 + 𝑣‖2 =< 𝑢 + 𝑣, 𝑢 + 𝑣 > =< 𝑢, 𝑢 > +< 𝑢, 𝑣 > +< 𝑣, 𝑢 > +< 𝑣, 𝑣 > =< 𝑢, 𝑢 > +< 𝑢, 𝑣 > +< 𝑢, 𝑣 >̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ +< 𝑣, 𝑣 > =< 𝑢, 𝑢 > +2𝑅𝑒 < 𝑢, 𝑣 > +< 𝑣, 𝑣 > 

. ‖𝑢 + 𝑣‖2 ≤ ‖𝑢‖2 + 2‖𝑢‖‖𝑣‖ + ‖𝑣‖2 ‖𝑢 + 𝑣‖2 ≤ (‖𝑢‖ + ‖𝑣‖)2 

Taking the square root of both sides now gives the triangle inequality  ‖𝑢 + 𝑣‖ ≤ ‖𝑢‖ + ‖𝑣‖ 

 
Note that |Re⟨𝑢,𝑣⟩≤|⟨𝑢,𝑣⟩| so that, using the Cauchy-Schwarz inequality, we obtain 
 

Theorem (Pythagorean Theorem). For all 𝑢,𝑣∈𝑉 with u perpendicular to v then we 

have ‖𝑢 + 𝑣‖2 = ‖𝑢‖2 + ‖𝑣‖2 

Proof.  

 ‖𝑢 + 𝑣‖2 =< 𝑢 + 𝑣, 𝑢 + 𝑣 > =< 𝑢, 𝑢 > +< 𝑢, 𝑣 > +< 𝑣, 𝑢 > +< 𝑣, 𝑣 > < 𝑢, 𝑣 ≥ 0 𝑠𝑖𝑛𝑐𝑒 𝑢 𝑎𝑛𝑑 𝑣 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 =< 𝑢, 𝑢 > +< 𝑣, 𝑣 > ‖𝑢 + 𝑣‖2 = ‖𝑢‖2 + ‖𝑣‖2 

 

. 
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 Note that equality holds for the triangle inequality if and only if 𝑣=𝑟𝑢 or 𝑢=𝑟𝑣 for 
some 𝑟≥0. Namely, equality in the proof happens only if ⟨𝑢,𝑣⟩=‖𝑢‖‖𝑣‖, which is 
equivalent to u𝑢 and v𝑣 being scalar multiples of one another. 

Theorem 6. (Parallelogram Law). Given any u,v∈V𝑢,𝑣∈𝑉, we have ‖𝑢 + 𝑣‖2 + ‖𝑢 − 𝑣‖2 ≤ 2(‖𝑢‖2 + ‖𝑣‖2 
 

Proof: 

 ‖𝑢 + 𝑣‖2 + ‖𝑢 − 𝑣‖2 =< 𝑢 + 𝑣, 𝑢 + 𝑣 > +< 𝑢 − 𝑣, 𝑢 − 𝑣 > =< 𝑢, 𝑢 > +< 𝑢, 𝑣 > +< 𝑣, 𝑢 > +< 𝑣, 𝑣 > +< 𝑢, 𝑢 > −< 𝑢, 𝑣 > −< 𝑣, 𝑢 > +< 𝑣, 𝑣 > 

  = 2 < 𝑢, 𝑢 > +2 < 𝑣, 𝑣 > ‖𝑢 + 𝑣‖2 + ‖𝑢 − 𝑣‖2 = 2(‖𝑢‖2 + ‖𝑣‖2) 

 

 

Definition 9.4.1. Let V𝑉 be an inner product space with inner product ⟨⋅,⋅⟩. A list of 
nonzero vectors (𝑒1,…,𝑒𝑚) in 𝑉 is called orthogonal if ⟨𝑒𝑖,𝑒𝑗⟩=0,for all 1≤𝑖≠𝑗≤𝑚. 

The list (𝑒1,…,𝑒𝑚) is called orthonormal if ⟨𝑒𝑖,𝑒𝑗⟩=𝛿𝑖,𝑗,for all 𝑖,𝑗=1,…,𝑚, 

where 𝛿𝑖𝑗 is the Kronecker delta symbol, i.e𝛿𝑖𝑗=1 if𝑖=𝑗 and is zero otherwise. 

 

Problem: 

Let u=(1,3,-4,2) , v=(4,-2,2,1) and w = (5,-1,-2,6 ) in R4 

Show that <3u-2v,w> = 3<u,w>-2<v,w> and unit vector. 

Solution: 

<u,v>= (1,3,-4,2) .(4,-2,2,1)=1*4-3*2-4*2+2*1=4-6-8+2= - 8 

<u,w>= (1,3,-4,2) .(5,-1,-2,6)=5-3+8+12= 22 
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<v,w>= (4,-2,2,1). (5,-1,-2,6)=20+2-4+6= 24 

 < 3u-2v,w > = < 3(1,3,-4,2)-2(4,-2,2,1),(5,-1,-2,6) > 

=< (3,9,-12,6)-(8,-4,4,2),(5,-1,-2,6) > 

=< (-5,13,-16,4),(5,-1,-2,6) > 

= -25-13+32+24=18 

3<u,w>-2<v,w> = 3*22-2*24 = 66-48=18 Unit vector of u = 𝑢‖𝑢‖ = 1√30 . 3√30 , −4√30 , 2√30 

 

Problem: 

Let u=(2,3,5) , v=(1,4,-3) and w = (5,-2,6 ) in R3 Show that <u,v> , <u,w> and unit 
vector. 

Solution: 

<u,v>= (2,3,5) .(1,4,3) = 2 + 12 + 15=29 

<u,w>= (2,3,5) .(5,-2,6)=10-6+30= 34 ‖𝑢‖ = √22 + 32 + 52  = √38 ‖𝑣‖ = √12 + 42 + (−3)2  = √26 ‖𝑤‖ = √52 + (−2)2 + 62  = √65 Unit vector of u = 𝑢‖𝑢‖ = 2√38 . 3√38 , 5√38 

Unit vector of v = 𝑣‖𝑣‖ = 1√26 . 4√26 , −3√26 

Unit vector of w = 𝑤‖𝑤‖ = 5√65 . −2√65 , 6√65 

𝐴 = [𝑎 𝑏 𝑐𝑑 𝑒 𝑓] , 𝐵 = [𝑔 ℎ 𝑖𝑗 𝑘 𝑙]  𝑡ℎ𝑒 < 𝐴, 𝐵 > = 𝑎𝑔 + 𝑏ℎ + 𝑐𝑖 + 𝑑𝑗 + 𝑒𝑘 + 𝑓𝑙 
 

Problem: Let V be the vector space of all 2X3 matrices over R. The matrices   𝐴 = [9 8 76 5 4] , 𝐵 = [1 2 34 5 6] , 𝐵 = [3 −5 21 0 −4] 𝑡ℎ𝑒𝑛 𝑓𝑖𝑛𝑑 < 𝐴, 𝐵 >,< 2𝐴 + 3𝐵, 4𝐶 >  
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‖𝐴‖, ‖𝐵‖ 

 

Solution: 𝐴 = [9 8 76 5 4] , 𝐵 = [1 2 34 5 6]  < 𝐴,𝐵 > = 9 ∗ 1 + 8 ∗ 2 + 7 ∗ 3 + 6 ∗ 4 + 5 ∗ 5 + 4 ∗ 6 = 119 ‖𝐴‖ = √< 𝐴, 𝐴 > = √9 ∗ 9 + 8 ∗ 8 + 7 ∗ 7 + 6 ∗ 6 + 5 ∗ 5 + 4 ∗ 4   = √271 ‖𝐵‖ = √< 𝐵, 𝐵 > = √1 ∗ 1 + 2 ∗ 2 + 3 ∗ 3 + 4 ∗ 4 + 5 ∗ 5 + 6 ∗ 6   = √91 

 2𝐴 + 3𝐵 = 2 [9 8 76 5 4] + 3 [1 2 34 5 6] = [18 16 1412 10 8 ] + [ 3 6 912 15 18] = [21 22 2324 25 26] 4𝐶 = 4 [3 −5 21 0 −4] = [12 −20 84 0 −16] 
 < 2𝐴 + 3𝐵, 4𝐶 >= [21 22 2324 25 26] [12 −20 84 0 −16] = 252 − 240 + 184 + 96 + 0 − 416 = −124 

 

Problem: Let V be the vector space of all 2X2 matrices over R. The matrices   𝐴 = [1 23 4] , 𝐵 = [−2 0−3 5]  𝑡ℎ𝑒𝑛 𝑓𝑖𝑛𝑑 < 𝐴, 𝐵 >, ‖𝐴‖, ‖𝐵‖ 

 

Solution: 𝐴 = [1 23 4] , 𝐵 = [−2 0−3 5]  < 𝐴,𝐵 > = −2 + 0 − 9 + 20 = 9 ‖𝐴‖ = √< 𝐴, 𝐴 > = √1 + 4 + 9 + 16   = √30 ‖𝐵‖ = √< 𝐵,𝐵 > = √4 + 0 + 9 + 25   = √38 
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Problem: Prove that the pair of vertices are orthogonal. 𝐴 = [ 1 2−1 1] , 𝐵 = [2 43 −7] 
 

Solution: 𝐴 = [ 1 2−1 1] , 𝐵 = [2 43 −7] < 𝐴,𝐵 > = 2 + 8 − 3 − 7 = 0 

Expand 𝑖 ) < 5𝑢 + 8𝑣, 6𝑤 − 7𝑥 >      𝑖𝑖) < 3𝑢 + 5𝑣, 4𝑢 − 5𝑣 > 𝑖𝑖𝑖) ‖2𝑢 − 3𝑣‖2 

 Solution: 𝑖 ) < 5𝑢 + 8𝑣, 6𝑤 − 7𝑥 > = < 5𝑢, 6𝑤 > +< 5𝑢,−7𝑥 > +< 8𝑣, 6𝑤 > +< 8𝑣, −7𝑥> =  30 < 𝑢,𝑤 > −35 < 𝑢, 𝑥 > +48 < 𝑣,𝑤 > −56 < 𝑣, 𝑥 > 

 𝑖𝑖 ) < 3𝑢 + 5𝑣, 4𝑢 − 5𝑣 > = < 3𝑢, 4𝑢 > +< 3𝑢,−5𝑣 > +< 5𝑣, 4𝑢 > +< 5𝑣,−5𝑣> =  12 < 𝑢, 𝑢 > −15 < 𝑢, 𝑣 > +20 < 𝑣, 𝑢 > −25 < 𝑣, 𝑣 > 

 iii) ‖2𝑢 − 3𝑣‖2 =< 2𝑢 − 3𝑣, 2𝑢 − 3𝑣 >  = < 2𝑢, 2𝑢 > +< 2𝑢,−3𝑣 > +< −3𝑣, 2𝑢 > +< −3𝑣,−3𝑣 > =  4 < 𝑢, 𝑢 > −6 < 𝑢, 𝑣 > −6 < 𝑣, 𝑢 > +9 < 𝑣, 𝑣 > 

 

 

An inner product in the vector space of continuous function in [0,1] is defined as  < 𝑓, 𝑔 >= ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥1
0  

 

 

1.Find an inner product in the vector space of continuous function f(x)=3x-5 and 
g(x)= x2 and norm of f 

Solution: < 𝑓, 𝑔 >= ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥1
0  
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< 𝑓, 𝑔 >= ∫ (3𝑥 − 5)(𝑥2)𝑑𝑥1
0  

< 𝑓, 𝑔 >= ∫ (3𝑥3 − 5𝑥2)𝑑𝑥1
0  

< 𝑓, 𝑔 >= [3𝑥44 − 5𝑥33 ]01 = 34 − 53 = −1112  

 < 𝑓, 𝑓 >= ∫ 𝑓(𝑥)𝑓(𝑥)𝑑𝑥1
0  

< 𝑓, 𝑓 >= ∫ (3𝑥 − 5)2𝑑𝑥1
0  

< 𝑓, 𝑓 >= ∫ (9𝑥2 − 30𝑥 + 25)𝑑𝑥1
0  

< 𝑓, 𝑓 >= [9𝑥33 − 30𝑥22 + 25𝑥]0
1 = 93 − 302 + 25 = 595  

 

 

2.Find an inner product in the vector space of continuous function 𝑓(𝑥) = 𝑥2 + 2𝑥 −1 and 𝑔(𝑥) = 4𝑥 + 1 𝑎𝑛𝑑 ‖𝑓‖, ‖𝑔‖ . 

Solution: < 𝑓, 𝑔 >= ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥1
0  

< 𝑓, 𝑔 >= ∫ (𝑥2 + 2𝑥 − 1)(4𝑥 + 1)𝑑𝑥1
0  

< 𝑓, 𝑔 >= ∫ (3𝑥3 − 5𝑥2)𝑑𝑥1
0  

< 𝑓, 𝑔 >= [3𝑥44 − 5𝑥33 ]01 = 34 − 53 = −1112  

< 𝑓, 𝑓 >= ∫ 𝑓(𝑥)𝑓(𝑥)𝑑𝑥1
0  

notesforvtu.in



< 𝑓, 𝑓 >= ∫ (3𝑥 − 5)2𝑑𝑥1
0  

< 𝑓, 𝑓 >= ∫ (9𝑥2 − 30𝑥 + 25)𝑑𝑥1
0  

< 𝑓, 𝑓 >= [9𝑥33 − 30𝑥22 + 25𝑥]01 = 93 − 302 + 25 = 595  

< 𝑔, 𝑔 >= ∫ 𝑔(𝑥)𝑔(𝑥)𝑑𝑥1
0  

< 𝑔, 𝑔 >= ∫ (4𝑥 + 1)2𝑑𝑥1
0  

< 𝑔, 𝑔 >= ∫ (16𝑥2 + 8𝑥 + 1)𝑑𝑥1
0  

< 𝑔, 𝑔 >= [16𝑥33 − 8𝑥22 + 𝑥]01 = 163 − 4 + 1 = 73 

 

 

3.Find an inner product in the vector space of continuous function 𝑓(𝑥) = 𝑥3 + 2𝑥 −1 and 𝑔(𝑥) = 3𝑥2 − 4𝑥 + 2 𝑎𝑛𝑑 ‖𝑔‖ . 

Solution: < 𝑓, 𝑔 >= ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥1
0  

< 𝑓, 𝑔 >= ∫ (𝑥3 + 2𝑥 − 1)(3𝑥2 − 4𝑥 + 2)𝑑𝑥1
0  

< 𝑓, 𝑔 >= ∫ (3𝑥5 − 4𝑥4 + 8𝑥3 − 11𝑥2 + 8𝑥 − 2)𝑑𝑥1
0  

< 𝑓, 𝑔 >= [3𝑥66 − 4𝑥55 + 8𝑥44 − 11𝑥33 + 8𝑥22 − 2𝑥]01 

= 36 − 45 + 84 − 113 + 82 − 2 = 130 

< 𝑔, 𝑔 >= ∫ 𝑔(𝑥)𝑔(𝑥)𝑑𝑥1
0  
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< 𝑔, 𝑔 >= ∫ (3𝑥2 − 4𝑥 + 2)2𝑑𝑥1
0  

< 𝑔, 𝑔 >= ∫ (9𝑥4 + 16𝑥2 + 4 − 24𝑥3 − 12𝑥2 − 16𝑥)𝑑𝑥1
0  

< 𝑔, 𝑔 >= [9𝑥55 + 16𝑥33 + 4𝑥 − 24𝑥44 − 12𝑥33 − 16𝑥22 ]01 = 95 + 163 + 4 − 6 − 4 − 8
= −10315  

 

4.Show that  an inner product in the vector space of continuous function {1 + 𝑥, 𝑥 − 𝑥2} are orthogonal in [-2,2]. 

Solution: < 𝑓, 𝑔 >= ∫ 𝑓(𝑥)𝑔(𝑥)𝑑𝑥2
−2  

< 𝑓, 𝑔 >= ∫ (1 + 𝑥)(𝑥 − 𝑥2)𝑑𝑥2
−2  

< 𝑓, 𝑔 >= ∫ (1 − 𝑥2 + 𝑥2 − 𝑥3)𝑑𝑥2
−2  

< 𝑓, 𝑔 >= ∫ (1 − 𝑥3)𝑑𝑥2
−2  

 

< 𝑓, 𝑔 >= [𝑥 − 𝑥44 ]−2
2

 

= 2 − 2 − (4 − 4) = 0 < 𝑓, 𝑔 >= 0 ℎ𝑒𝑛𝑐𝑒 𝑓 𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑜𝑟 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 

 

 

 

Definition: 

The projection of a vector v onto the vector u in 𝑅𝑛 is denoted by 𝑝𝑟𝑜𝑗𝑢𝑣 = 𝑣.𝑢𝑢.𝑢 𝑢 
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1.Determine the projection of the vector v onto the vector u ,where v=(7,4), u=(1,2) 

Solution: 𝑝𝑟𝑜𝑗𝑢𝑣 = 𝑣. 𝑢𝑢. 𝑢 𝑢 

𝑝𝑟𝑜𝑗𝑢𝑣 = (7,4). (1,2)(1,2). (1,2) (1,2) 

𝑝𝑟𝑜𝑗𝑢𝑣 = 7 + 81 + 4 (1,2) 

𝑝𝑟𝑜𝑗𝑢𝑣 = 155 (1,2) = (3,6) 

 

2.Determine the projection of the vector v onto the vector u , where v=(1,2,3,0), u=(1,-

1,2,3) 

Solution: 𝑝𝑟𝑜𝑗𝑢𝑣 = 𝑣. 𝑢𝑢. 𝑢 𝑢 

𝑝𝑟𝑜𝑗𝑢𝑣 = (1,2,3,0). (1, −1,2,3)(1, −1,2,3). (1, −1,2,3) (1, −1,2,3) 

𝑝𝑟𝑜𝑗𝑢𝑣 = 1 − 2 + 6 + 01 + 1 + 4 + 9 (1,−1,2,3) 

𝑝𝑟𝑜𝑗𝑢𝑣 = 515 (1,−1,2,3) 

𝑝𝑟𝑜𝑗𝑢𝑣 = 13 (1,−1,2,3) 

 

Orthogonal sets and Bases: 𝑆 = {𝑢1, 𝑢2, 𝑢3, ……𝑢𝑛} of non-zero vectors in an inner product space V, S is called 
Orthogonal if each pair of vectors in S are orthogonal & S is orthonormal if S is 
orthogonal and each vector in S has unit length. 

i)  𝑂𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 < 𝑢𝑖 , 𝑢𝑗 > = 0 𝑓𝑜𝑟 𝑖 ≠ 𝑗 
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ii) 𝑂𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙 < 𝑢𝑖 , 𝑢𝑗 >= {0  𝑓𝑜𝑟 𝑖 ≠ 𝑗1 𝑓𝑜𝑟 𝑖 = 𝑗   
 

 

 

Show that the set {(1,0,0), (0, 35 , 45) , (0, 45 , −35 )}  𝑖𝑠 𝑜𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙. 
Solution: 𝐿𝑒𝑡 𝑢 = (1,0,0), 𝑣 = (0, 35 , 45) , 𝑤 = (0, 45 , −35 ) 

𝑢. 𝑣 = (1,0,0). (0, 35 , 45) = 0 

𝑣. 𝑤 = (0, 35 , 45) . (0, 45 , −35 ) = 1225 − 1225 = 0 

 𝑢. 𝑤 = (1,0,0). (0, 45 , −35 ) = 0 

The given set of vectors are orthogonal. ‖𝑢‖ = √1 + 0 + 0 = 1       ‖𝑣‖ = √0 + 925 + 1625 = 1         ‖𝑤‖ = √0 + 1625 + 925 = 1 

 

Gram-Schmidt orthogonalization process 

Let {𝑣1, 𝑣2, 𝑣3, ……𝑣𝑛} be a basis for a vector space V. The set of vectors {𝑢1, 𝑢2, ……𝑢𝑛} defined as is Orthogonal. To obtain orthonormal basis for V, 

normalize each of the vectors 𝑢1, 𝑢2, ……𝑢𝑛. 𝑢1=𝑣1 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 𝑢3 = 𝑣3 − 𝑝𝑟𝑜𝑗𝑢1𝑣3 − 𝑝𝑟𝑜𝑗𝑢2 𝑣3  

And so on . 

Problem1: 

The set {(1,2,0,3), (4,0,5,8), (8,1,5,6)} is L.I in 𝑅4. The vectors from a basis for a 3- 

dimensional subspace V of  𝑅4. Construct an orthonormal basis for V. 

Solution: 
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𝑣1 = (1,2,0,3), 𝑣2 = (4,0,5,8), 𝑣3 = (8,1,5,6) 𝑢1 = 𝑣1 = (1,2,0,3) 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 𝑢2 = 𝑣2 − 𝑣2. 𝑢1𝑢1. 𝑢1 𝑢1 

 𝑢2 = (4,0,5,8) − (4,0,5,8). (1,2,0,3)(1,2,0,3). (1,2,0,3) (1,2,0,3) 

𝑢2 = (4,0,5,8) − 4 + 0 + 0 + 241 + 4 + 0 + 9 (1,2,0,3) 

𝑢2 = (4,0,5,8) − 2814 (1,2,0,3) 𝑢2 = (4,0,5,8) − 2(1,2,0,3) 𝑢2 = (4,0,5,8) − 2(1,2,0,3) = (2, −4,5,2) 

 𝑢3 = 𝑣3 − 𝑣3. 𝑢1𝑢1. 𝑢1 𝑢1 − 𝑣3. 𝑢2𝑢2. 𝑢2 𝑢2 

 𝑢3 = (8,1,5,6) − (8,1,5,6). (1,2,0,3)(1,2,0,3). (1,2,0,3) (1,2,0,3) − (8,1,5,6). (2, −4,5,2)(2, −4,5,2). (2, −4,5,2) (2, −4,5,2) 

𝑢3 = (8,1,5,6) − 8 + 2 + 0 + 181 + 4 + 0 + 9 (1,2,0,3) − 16 − 4 + 25 + 124 + 16 + 25 + 4 (2,−4,5,2) 𝑢3 = (8,1,5,6) − 2(1,2,0,3) − (2, −4,5,2) 𝑢3 = (4,1,0, −2) 

 𝑢1 = (1,2,0,3), 𝑢2 = (2,−4,5,2), 𝑢3 = (4,1,0, −2) 𝑢1. 𝑢2 = (1,2,0,3). (2, −4,5,2) = 2 − 8 + 0 + 6 = 0 𝑢2. 𝑢3 = (2, −4,5,2). (4,1,0, −2) = 8 − 4 + 0 − 4 = 0 𝑢1.𝑢3 = (1,2,0,3). (4,1,0, −2) = 4 + 2 + 0 − 6 = 0 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
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Orthonormal basis for V ={ 𝑢1‖𝑢1‖ , 𝑢2‖𝑢2‖ , 𝑢3‖𝑢3‖} = { (1,2,0,3)√1 + 4 + 0 + 9 , (2, −4,5,2)√4 + 16 + 25 + 4 , (4,1,0, −2)√16 + 1 + 0 + 4} 
= {(1,2,0,3)√14 , (2, −4,5,2)√49 , (4,1,0, −2)√21 } 
= {(1,2,0,3)√14 , (2, −4,5,2)√49 , (4,1,0, −2)√21 } 

 

Problem 2: 

The set {(3,0,4), (−1,0,7), (2,9,11)} is L.I in 𝑅4. The vectors from a basis for a 3- 

dimensional subspace V of  𝑅4. Construct an orthonormal basis for V. 

Solution: 𝑣1 = (3,0,4), 𝑣2 = (−1,0,7), 𝑣3 = (2,9,11) 𝑢1 = 𝑣1 = (3,0,4) 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 𝑢2 = 𝑣2 − 𝑣2. 𝑢1𝑢1. 𝑢1 𝑢1 

 𝑢2 = (−1,0,7) − (−1,0,7). (3,0,4)(3,0,4). (3,0,4) (3,0,4) 

𝑢2 = (−1,0,7) − −3 + 0 + 289 + 0 + 16 (3,0,4) 

𝑢2 = (−1,0,7) − 2525 (3,0,4) 𝑢2 = (−1,0,7) − (3,0,4) 𝑢2 = (−4,0,3) 

 𝑢3 = 𝑣3 − 𝑣3. 𝑢1𝑢1. 𝑢1 𝑢1 − 𝑣3. 𝑢2𝑢2. 𝑢2 𝑢2 
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𝑢3 = (2,9,11) − (2,9,11). (3,0,4)(3,0,4). (3,0,4) (3,0,4) − (2,9,11). (−4,0,3)(−4,0,3). (−4,0,3) (−4,0,3) 

𝑢3 = (2,9,11) − 6 + 0 + 449 + 0 + 16 (3,0,4) − −8 + 0 + 3316 + 0 + 9 (−4,0,3) 𝑢3 = (2,9,11) − 2(3,0,4) − (−4,0,3) 𝑢3 = (2,9,11) − (6,0,8) − (−4,0,3) 𝑢3 = (0,9,0) 

Show that 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑢1 = (3,0,4), 𝑢2 = (−4,0,3), 𝑢3 = (−245 , 9, 185 ) 𝑢1. 𝑢2 = (3,0,4). (−4,0,3) = −12 + 0 + 12 = 0 𝑢2. 𝑢3 = (−4,0,3). (0,9,0) = 0 𝑢1.𝑢3 = (3,0,4). (0,9,0) = 0 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 

Orthonormal basis for V ={ 𝑢1‖𝑢1‖ , 𝑢2‖𝑢2‖ , 𝑢3‖𝑢3‖} = { (3,0,4)√9 + 0 + 16 , (−4,0,3)√16 + 0 + 9 , (0,9,0)√81 } 
= {(3,0,4)5 , (−4,0,3)5 , (0,9,0)9 } 

 

 

 

 

 

 

 

 

Problem 3: 
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The set {(1,1,1), (2,0,1), (2,4,5)} is L.I in 𝑅4. The vectors from a basis for a 3- 

dimensional subspace V of  𝑅4. Construct an orthonormal basis for V. 

Solution: 𝑣1 = (1,1,1), 𝑣2 = (2,0,1), 𝑣3 = (2,45) 𝑢1 = 𝑣1 = (1,1,1) 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 𝑢2 = 𝑣2 − 𝑣2. 𝑢1𝑢1. 𝑢1 𝑢1 

𝑢2 = (2,0,1) − (1,1,1). (2,0,1)(1,1,1). (1,1,1) (1,1,1) 

𝑢2 = (2,0,1) − 2 + 0 + 11 + 1 + 1 (1,1,1) 𝑢2 = (2,0,1) − (1,1,1) 𝑢2 = (1,−1,0)) 

 𝑢3 = 𝑣3 − 𝑣3. 𝑢1𝑢1. 𝑢1 𝑢1 − 𝑣3. 𝑢2𝑢2. 𝑢2 𝑢2 

 𝑢3 = (2,4,5) − (2,4,5). (1,1,1)(1,1,1). (1,1,1) (1,1,1) − (2,4,5). (1, −1,0)(1, −1,0). (1, −1,0) (1, −1,0) 

𝑢3 = (2,4,5) − 2 + 4 + 51 + 1 + 1 (1,1,1) − 2 − 4 + 01 + 1 + 0 (1, −1,0) 

𝑢3 = (2,4,5) − 113 (1,1,1) + 22 (1,−1,0) 

𝑢3 = (3,3,5) − 113 (1,1,1) 

𝑢3 = (−2,−2,4)3  

Show that 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 𝑢1 = (1,1,1), 𝑢2 = (1, −1,0), 𝑢3 = (−23 ,−23 , 43) 𝑢1. 𝑢2 = (1,1,1). (1, −1,0) = 1 − 1 + 0 = 0 
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𝑢2. 𝑢3 = (1, −1,0). (−23 ,−23 , 43) = (−23 + 23 + 0) = 0 

𝑢1.𝑢3 = (1,1,1). (−23 , − 23 , 43) = (−23 − 23 + 43) = 0 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 

Orthonormal basis for V ={ 𝑢1‖𝑢1‖ , 𝑢2‖𝑢2‖ , 𝑢3‖𝑢3‖} 
= {(1,1,1)√3 , (1, −1,0)√1 + 1 + 0 , (−23 ,− 23 , 43)√249 } 
= {(1,1,1)√3 , (1, −1,0)√1 + 1 + 0 , (−1,−1,2)√6 } 

 

 

Problem 4: 

The set {(1,1,1), (2,0,1), (2,4,5)} is L.I in 𝑅4. The vectors from a basis for a 3- 

dimensional subspace V of  𝑅4. Construct an orthonormal basis for V. 

Solution: 𝑣1 = (1,1,1), 𝑣2 = (2,0,1), 𝑣3 = (2,45) 𝑢1 = 𝑣1 = (1,1,1) 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 𝑢2 = 𝑣2 − 𝑣2. 𝑢1𝑢1. 𝑢1 𝑢1 

𝑢2 = (2,0,1) − (1,1,1). (2,0,1)(1,1,1). (1,1,1) (1,1,1) 

𝑢2 = (2,0,1) − 2 + 0 + 11 + 1 + 1 (1,1,1) 𝑢2 = (2,0,1) − (1,1,1) 𝑢2 = (1,−1,0)) 
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𝑢3 = 𝑣3 − 𝑣3. 𝑢1𝑢1. 𝑢1 𝑢1 − 𝑣3. 𝑢2𝑢2. 𝑢2 𝑢2 

 𝑢3 = (2,4,5) − (2,4,5). (1,1,1)(1,1,1). (1,1,1) (1,1,1) − (2,4,5). (1, −1,0)(1, −1,0). (1, −1,0) (1, −1,0) 

𝑢3 = (2,4,5) − 2 + 4 + 51 + 1 + 1 (1,1,1) − 2 − 4 + 01 + 1 + 0 (1, −1,0) 

𝑢3 = (2,4,5) − 113 (1,1,1) + 22 (1,−1,0) 

𝑢3 = (3,3,5) − 113 (1,1,1) 

𝑢3 = (−2,−2,4)3  

Show that 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 𝑢1 = (1,1,1), 𝑢2 = (1, −1,0), 𝑢3 = (−23 ,−23 , 43) 𝑢1. 𝑢2 = (1,1,1). (1, −1,0) = 1 − 1 + 0 = 0 𝑢2. 𝑢3 = (1, −1,0). (−23 ,−23 , 43) = (−23 + 23 + 0) = 0 

𝑢1.𝑢3 = (1,1,1). (−23 , − 23 , 43) = (−23 − 23 + 43) = 0 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 

Orthonormal basis for V ={ 𝑢1‖𝑢1‖ , 𝑢2‖𝑢2‖ , 𝑢3‖𝑢3‖} 
= {(1,1,1)√3 , (1, −1,0)√1 + 1 + 0 , (−23 ,− 23 , 43)√249 } 

= {(1,1,1)√3 , (1, −1,0)√2 , (−1,−1,2)√6 } 
 

Problem1: 
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The set {(1,2,0,3), (4,0,5,8), (8,1,5,6)} is L.I in 𝑅4. Find a QR Factorization of A. 

Solution: 𝑣1 = (1,2,0,3), 𝑣2 = (4,0,5,8), 𝑣3 = (8,1,5,6) 𝑢1 = 𝑣1 = (1,2,0,3) 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 𝑢2 = 𝑣2 − 𝑣2. 𝑢1𝑢1. 𝑢1 𝑢1 

 𝑢2 = (4,0,5,8) − (4,0,5,8). (1,2,0,3)(1,2,0,3). (1,2,0,3) (1,2,0,3) 

𝑢2 = (4,0,5,8) − 4 + 0 + 0 + 241 + 4 + 0 + 9 (1,2,0,3) 

𝑢2 = (4,0,5,8) − 2814 (1,2,0,3) 𝑢2 = (4,0,5,8) − 2(1,2,0,3) 𝑢2 = (4,0,5,8) − 2(1,2,0,3) = (2, −4,5,2) 

 𝑢3 = 𝑣3 − 𝑣3. 𝑢1𝑢1. 𝑢1 𝑢1 − 𝑣3. 𝑢2𝑢2. 𝑢2 𝑢2 

 𝑢3 = (8,1,5,6) − (8,1,5,6). (1,2,0,3)(1,2,0,3). (1,2,0,3) (1,2,0,3) − (8,1,5,6). (2, −4,5,2)(2, −4,5,2). (2, −4,5,2) (2, −4,5,2) 

𝑢3 = (8,1,5,6) − 8 + 2 + 0 + 181 + 4 + 0 + 9 (1,2,0,3) − 16 − 4 + 25 + 124 + 16 + 25 + 4 (2,−4,5,2) 𝑢3 = (8,1,5,6) − 2(1,2,0,3) − (2, −4,5,2) 𝑢3 = (4,1,0, −2) 

 𝑢1 = (1,2,0,3), 𝑢2 = (2,−4,5,2), 𝑢3 = (4,1,0, −2) 𝑢1. 𝑢2 = (1,2,0,3). (2, −4,5,2) = 2 − 8 + 0 + 6 = 0 𝑢2. 𝑢3 = (2, −4,5,2). (4,1,0, −2) = 8 − 4 + 0 − 4 = 0 𝑢1.𝑢3 = (1,2,0,3). (4,1,0, −2) = 4 + 2 + 0 − 6 = 0 
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𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 

Orthonormal basis for V ={ 𝑢1‖𝑢1‖ , 𝑢2‖𝑢2‖ , 𝑢3‖𝑢3‖} = { (1,2,0,3)√1 + 4 + 0 + 9 , (2, −4,5,2)√4 + 16 + 25 + 4 , (4,1,0, −2)√16 + 1 + 0 + 4} 
= {(1,2,0,3)√14 , (2, −4,5,2)√49 , (4,1,0, −2)√21 } 
= {(1,2,0,3)√14 , (2, −4,5,2)√49 , (4,1,0, −2)√21 } 

 

𝑄 =
[  
   
   

1√14 27 4√212√14 −47 1√2103√14
5727

0−2√21]  
   
   
 

𝐴 = 𝑄𝑅 

 𝑅 = 𝑄𝑡𝐴 

𝑅 =
[  
   
 1√14 27 0 3√142√14 −47 57 274√21 1√21 0 −2√21]  

   
 [1 4 82 0 103 58 56] 

𝑅 = [  
  14√14 28√14 28√140 7 70 0 21√21]  
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𝑄𝑅 =
[  
   
   

1√14 27 4√212√14 −47 1√2103√14
5727

0−2√21]  
   
   
[  
  14√14 28√14 28√140 7 70 0 21√21]  

  = [1 4 82 0 103 58 56] = 𝐴 

 

 

 

 

Problem 2: 

The set {[1 2 21 0 41 1 5]} is L.I in 𝑅3. Find a QR Factorization of A. 

Solution: 𝑣1 = (1,1,1), 𝑣2 = (2,0,1), 𝑣3 = (2,45) 𝑢1 = 𝑣1 = (1,1,1) 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 𝑢2 = 𝑣2 − 𝑣2. 𝑢1𝑢1. 𝑢1 𝑢1 

𝑢2 = (2,0,1) − (1,1,1). (2,0,1)(1,1,1). (1,1,1) (1,1,1) 

𝑢2 = (2,0,1) − 2 + 0 + 11 + 1 + 1 (1,1,1) 𝑢2 = (2,0,1) − (1,1,1) 𝑢2 = (1,−1,0)) 

 𝑢3 = 𝑣3 − 𝑣3. 𝑢1𝑢1. 𝑢1 𝑢1 − 𝑣3. 𝑢2𝑢2. 𝑢2 𝑢2 

 𝑢3 = (2,4,5) − (2,4,5). (1,1,1)(1,1,1). (1,1,1) (1,1,1) − (2,4,5). (1, −1,0)(1, −1,0). (1, −1,0) (1, −1,0) 
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𝑢3 = (2,4,5) − 2 + 4 + 51 + 1 + 1 (1,1,1) − 2 − 4 + 01 + 1 + 0 (1, −1,0) 

𝑢3 = (2,4,5) − 113 (1,1,1) + 22 (1,−1,0) 

𝑢3 = (3,3,5) − 113 (1,1,1) 

𝑢3 = (−2,−2,4)3  

Show that 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 𝑢1 = (1,1,1), 𝑢2 = (1, −1,0), 𝑢3 = (−23 ,−23 , 43) 𝑢1. 𝑢2 = (1,1,1). (1, −1,0) = 1 − 1 + 0 = 0 𝑢2. 𝑢3 = (1, −1,0). (−23 ,−23 , 43) = (−23 + 23 + 0) = 0 

𝑢1.𝑢3 = (1,1,1). (−23 , − 23 , 43) = (−23 − 23 + 43) = 0 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 

Orthonormal basis for V ={ 𝑢1‖𝑢1‖ , 𝑢2‖𝑢2‖ , 𝑢3‖𝑢3‖} 
= {(1,1,1)√3 , (1, −1,0)√1 + 1 + 0 , (−23 ,− 23 , 43)√249 } 

= {(1,1,1)√3 , (1, −1,0)√2 , (−1,−1,2)√6 } 
 

𝑄 =
[  
   
 1√3 1√2 −1√61√3 −1√2 −1√61√3 0 2√6]  

   
 
 

𝐴 = 𝑄𝑅 
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 𝑅 = 𝑄𝑡𝐴 

𝑅 =
[  
   
 1√3 1√3 1√31√2 −1√2 0−1√6 −1√6 2√6]  

   
 [1 2 21 0 41 1 5] 

𝑅 =
[  
   
 3√3 3√3 11√30 2√2 −2√20 0 4√6]  

   
 
 

𝑅 = [  
   √3 √3 11√30 √2 −√20 0 4√6 ]  

    
 

𝑄𝑅 =
[  
   
 1√3 1√2 −1√61√3 −1√2 −1√61√3 0 2√6]  

   
 
[  
   √3 √3 11√30 √2 −√20 0 4√6 ]  

   = [1 2 21 0 41 1 5] = 𝐴 

 

Problem: 3 

The set {[3 1 52 5 −10 −1 2 ]} is L.I in 𝑅3. Find a QR Factorization of A. 

Solution: 𝑣1 = (3,2,0), 𝑣2 = (1,5, −1), 𝑣3 = (5, −1,2) 𝑢1 = 𝑣1 = (3,2,0) 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1𝑣2 
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𝑢2 = 𝑣2 − 𝑣2. 𝑢1𝑢1. 𝑢1 𝑢1 

𝑢2 = (1,5, −1) − (1,5, −1). (3,2,0)(3,2,0). (3,2,0) (3,2,0) 

𝑢2 = (1,5, −1) − 3 + 10 + 09 + 4 + 0 (3,2,0) 𝑢2 = (1,5, −1) − (3,2,0) 𝑢2 = (−2,3, −1) 

 𝑢3 = 𝑣3 − 𝑣3. 𝑢1𝑢1. 𝑢1 𝑢1 − 𝑣3. 𝑢2𝑢2. 𝑢2 𝑢2 

 𝑢3 = (5,−1,2) − (5,−1,2). (3,2,0)(3,2,0). (3,2,0) (3,2,0) − (5, −1,2). (−2,3, −1)(−2,3, −1). (−2,3, −1) (−2,3, −1) 

𝑢3 = (5,−1,2) − 15 − 2 + 09 + 4 + 0 (3,2,0) − −10 − 3 − 24 + 9 + 1 (−2,3, −1) 

𝑢3 = (5,−1,2) − 1(3,2,0) + −1514 (−2,3, −1) 

𝑢3 = (−17 , 314 , 1314) 

Show that 𝑢1, 𝑢2, 𝑢3 𝑎𝑟𝑒 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙. 
 𝑢1 = (3,2,0), 𝑢2 = (−2,3, −1), 𝑢3 = (−17 , 314 , 1314) 

 

Orthonormal basis for V ={ 𝑢1‖𝑢1‖ , 𝑢2‖𝑢2‖ , 𝑢3‖𝑢3‖} = {(3,2,0)√13 , (−2,3, −1)√14 , ( −2√182 , 3√182 , 13√182)} 
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