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MODULE-1 

INTRODUCTION TO AUTOMATA THEORY 

Automata theory is the study of abstract computing devices or ñmachinesò. Before there were 

computers in the 1930ôs, Allan Turing studied an abstract machine that had all the capabilities 

of todayôs computers at least as far as in what they could compute Turingôs goal was to describe 

precisely the boundary between what a computing machine could do and what it could not do; 

his conclusions apply not only to his abstract Turing machines but to todayôs real machines. 

Why Study Automata Theory? 

There are several reasons why the study of automata and complexity is an important part of the 

core of Computer Science.  

Finite automata are a useful model for many important kinds of hardware and Software.  

 

1. Software for designing and checking the behavior of digital circuits. 

2. The ñlexical analyzerò of a typical compiler, that is, the compiler component that breaks 

the input text into logical units, such as identiers, keywords and punctuation. 

3. Software for scanning large bodies of text, such as collections of WebPages, to find 

occurrences of words, phrases or other patterns. 

4. Software for verifying systems of all types that have a finite number of distinct states, 

such as communications protocols or protocols for secure exchange of information. 

 

Example: Perhaps the simplest nontrivial finite automaton is an on/off Switch. The device 

remembers whether it is in the ñonò state or the ñoffò state, and it allows the user to press a 

button whose effect is different, depending on the state of the switch_ That is, if the switch is 

in the on state, then pressing the button changes it to the on state, and if the switch is in the on 

state, then pressing the same button turns it to the on state. 

 

Figure 1.1 A finite automaton modelling an on/off switch 
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The Central Concepts of Automata Theory 

Let us know the most important definitions of terms that pervade the theory of automata. These 

concepts include the ñalphabetò (a set of symbols), ñstringsò (a list of symbols from an 

alphabet) and ñlanguageò (a set of strings from the same alphabet). 

 

i) Alphabets:  

An alphabet is a finite, nonempty set of symbols. Conventionally, we use the symbol × for an 

alphabet.  

Common alphabets include: 

1. × = {0, 1} the binary alphabet. 

2. × = {a, b, é., z}, the set of all lower-case letters. 

3. The set of all ASCII characters, or the set of all printable ASCII characters. 

 

ii) Strings: 

A string (or sometimes word) is a finite sequence of symbols chosen from some alphabet. For 

example, 01101 is a string from the binary alphabet ×={0, 1}. The string 111 is another string 

chosen from this alphabet. 

 

iii) The Empty String 

The empty string is the string with zero occurrences of symbols. This string, denoted Ů, is a 

string that may be chosen from any alphabet whatsoever. 

 

iv) Length of a String 

Length of a string is the number of positions for symbols in the string. Ex: 01101 has length 5. 

The standard notation for the length of a string w is |w|. For example, |011|=3 and |Ů| =0. 

 

v) Powers of an Alphabet 

If × is an Alphabet we can express the set of all strings of a certain length from that alphabet 

by using an exponential notation We define ×k to be the set of strings of length k each of whose 

symbols is in ×. 

 

Example: Note ×0 ={Ů}, regardless of what alphabet × is.  

That is, Ů is the only string whose length is 0. 
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If ×={0,1}, then  

×1={0,1},  

×2={00,01,10,11} 

×3={000,001,010,011,100,101,110, 111} and so on. 

 

The set of all strings over an alphabet × is conventionally denoted ×*.  

For instance, {0, 1}* ={ Ů, 0,1,00,01,10,11,000,éééé..} 

×* = ×0  U ×1  U ×2 Uéééééé.. 

 

Sometimes, we wish to exclude the empty string from the set of strings. The set of nonempty 

strings from alphabet × is denoted ×+. Thus, two appropriate equivalences are: 

×+ = ×0  U ×1  U ×2 Uéééééé.. 

×* = ×0  U {Ů} 

 

vi) Concatenation of Strings 

Let x and y be strings. Then xy denotes the concatenation of x and y, that is, the string formed 

by making a copy of x and following it by a copy of y. More precisely, if x is the string 

composed of i symbols x =a1a2é..ai and y is the string composed of j symbols y=b1b2é..bj, 

then xy is the string of length i+j: xy= a1a2é..ai b1b2é..bj. 

 

vii) Languages 

A set of strings all of which are chosen from some ×*, where × is a particular Alphabet, is 

called a language. If × is an alphabet, and L then L is a language over ×. 

 

Examples: 

 

1. The language of all strings consisting of n 0ôs followed by n 1ôs, for some 

n Ó 0 :{Ů, 01, 0011, 000111,éé} 

2. The set of strings of 0ôs and 1ôs with an equal number of each: 

{Ů, 01, 10, 0011, 0101, 1001, é..} 

3. The set of binary numbers whose value is a prime: 

{10, 11, 101, 111, 1011, é} 

4. ×* is a language for any alphabet ×. 
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5. ū, the empty language, is a language over any alphabet. 

6. {Ů}, the language consisting of only the empty string, is also a language over any 

alphabet. Note that ū Í {Ů}; the former has no strings and the latter has one string. 

 

FINITE AUTOMATA 

A finite automaton is a mathematical model which is used to study the abstract machines or 

abstract computing devices with inputs chosen from ×, where × stands for set of alphabets 

using which any string can be obtained. On reading the string, the machine may accept or reject 

the string. 

 

 

 

There mainly 3 different types of FA, 

1. Deterministic Finite Automata 

2. Non-deterministic Finite Automata 

3. Non-deterministic finite automata with Ů-moves (Ů-NFA) 

 

1. Deterministic Finite Automata (DFA):  

The term ódeterministicô refers to the fact that on each input there is one and only one state 

to which the automaton can transition from its current state. 

 

 

 

Definition of a Deterministic Finite Automaton(2M): 

A deterministic finite is defined by a quintuple as, A=(Q, ×, ŭ, q0, F) where, 
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¶ Q is a finite set of states. 

¶ × is a finite non-empty set of symbols called input alphabet  

¶ ŭ is a transition function that takes arguments a state and an input symbol and 

returns a state. 

If q is a state, and a is an input symbol, then ŭ(q,a) is that state p such that there 

is an arc labelled a from q to p. 

                                                         ŭ : Q X ×Ą Q 

¶ q0 is the start state, one of the states in Q ic q0 ᶰQ 

¶ F is a set of final or accepting states. The set F is a subset of Q. 

 

How a DFA Processes Strings: Initially the DFA is in state q0. The DFA reads the input 

string from left to right one symbol at a time. The changes to state of DFA is dictated by ŭ. 

When the last symbol of input string is read, if this results in the DFA reaching any of its final 

state, we say that the string is accepted by DFA, otherwise the string is rejected. 

 

Simpler Notations for DFAôs: There are two preferred notations for describing automata. 

a) A transition diagram, which is a graph. 

b) A transition table, which is a tabular listing of the function ŭ which by  

          implication tells us the set of states and the input alphabet. 

 

a) Transition Diagrams: A transition diagram for a DFA A=(Q, ×, ŭ, q0, F) 

is a graph defined as follows: 

¶ For each state in Q there is a node 

¶ For each state q in Q and each input symbol a in ×, let ŭ (q, a)= p. Then the transition 

diagram has an arc from node q to node p, labelled a. If there are several input 

symbols that cause transitions from q to p, then the transition diagram can have one 

arc, labeled by the list of these symbols. 

¶ There is an arrow into the start state q0 labeled Start. This arrow does not originate 

at any node. 

¶ Nodes corresponding to accepting states (those in F) are marked by a double circle. 

States not in F have a single circle. 

Ex: If A=(Q, ×, ŭ, q0, F) defined as A=({qo, q1, q2},{0,1}, ŭ,q0,{q1}) 

where ŭ={ ŭ(qo,0)=q2, 
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                  ŭ(qo,1)=q0, 

  ŭ(q1,0)=q1, 

  ŭ(q1,1)=q1, 

  ŭ(q2,0)=q2, 

  ŭ(q2,1)=q1 } 

The transition diagram is,  

 

Transition Tables: 

A transition table is a conventional, tabular representation of a function like ŭ that takes two 

arguments and returns a value. The rows of the table correspond to the states, and the columns 

correspond to the inputs. The entry for the row corresponding to state q and the column 

corresponding to input a is the state ŭ (q, a). The transition table for the above example is: 

 

Extended Transition Function: 

We define an extended transition function that describes what happens when we start in any 

state and follow any sequence of inputs. If ŭ is our transition function, then the extended 

transition function constructed from ŭ will be called . 

 

ñThe extended transition function is a function that takes a state q and a string w and 

returns a state p - the state that the automaton reaches when starting in state q and 

processing the sequence of inputs wò.  

We define  by induction on the length of the input string, as follows: 
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Therefore DFA A=({q0, q1,q2,q3},{0,1}, ŭ, q0,{q0}} where ŭ is described by the transition 

diagram as shown above. 

 

Suppose the input is 110101. Since this string has even numbers of 0ôs and1ôs both, we expect 

it is in the language. Thus, we expect that (q0,110101)=q0 since q0 is the only accepting 

state. 
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The Language of a DFA: 

 

 

2.Nondeterministic Finite Automata (NFA): 

A ñnondeterministic finite automatonò (NFA) has the power to be in several states at once. 

This ability is often expressed as an ability to ñguessò something about its input. 

Like the DFA, an NFA has a finite set of states, a finite set of input symbols, one start state and 

a set of accepting states. It also has a transition function, which we shall commonly call ŭ. The 

difference between the DFA and the NFA is in the type of ŭ. For the NFA ŭ is a function that 

takes a state and input symbol as arguments but returns a set of zero, one, or more states, rather 

than returning exactly one state as the DFA must. 

 

Ex: Let us design a NFA to accept all and only the strings of 0ôs and 1ôs that end in 01. 

Here the possible strings are, L={01, 101, 001, 11101,101001,..} 
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Here the NFA has the option of going either to q0 or to q1 and in fact it does both, as we shall 

see when we make the definitions precise. In state q1 the NFA checks that the next symbol is 

1 and if so, it goes to state q2 and accepts. Notice that there is no arc out of q1 labeled 0, and 

there are no arcs at all out of q2. 

 

Definition of Nondeterministic Finite Automata: 

 

An NFA is represented as a quintuple, 

 

                                       ŭ:  Q    X   ×Ą    2Q 

 

The transition table for given NFA can be represented as, 
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The Extended Transition Function for NFA: 

As for DFAôs, we need to extend the transition function ŭ of an NFA to a function that takes 

a state q and a string of input symbols w, and returns the set of states that the NFA is in if it 

starts in state q and processes the string w. 

 

 

 

Example: Let us trace the input 00101 by the NFA to accept strings ending with 01. 
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Since we reached the end of the string and automata is in states {qo, q2} where q2 is the final 

state, the given string is accepted. 

 

The Language of an NFA:  

An NFA accepts a string w if it is possible to make any sequence of choices of next state, while 

reading the characters of w, and go from the start state to any accepting state.  

Formally, if A=(Q, ×, ŭ, q0, F), then, 

 

 

Equivalence of Deterministic and Nondeterministic Finite Automata 

¶ Although there are many languages for which an NFA is easier to construct 

than a DFA, it is a surprising fact that every language that can be described by some 

NFA can also be described by some DFA. 

¶ Moreover, the DFA in practice has about as many states as the NFA, although it often 

has more transitions. In the worst case, however, the smallest DFA can have 2n states 

while the smallest NFA for the same language has only n states. 

¶ The proof that DFAôs can do whatever NFAôs can do involves an important 

ñconstructionò called the subset construction because it involves constructing all 

subsets of the set of states of the NFA. In general, many proofs about automata involve 

constructing one automaton from another.  
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