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Joint Probability:
Let X = {x;,x5,%3,....... XptandY ={v;, v, ¥3,.0nnn.. V. } are two discrete random variables ,

then the joint probability function of X and Y is defined as
PX =x.,Y =y)) =Py = f(xuyj) =pij = fij
where the function f(x, y) satisfy the conditions
i) fCx,y) 2 0ii) X X f (x,95) =1

The joint probability table as shown below,

¥ Y1 V2 Y3 Yn f(xi)
X
x
! P11 P12 P13 Pin f(x1)
x
? P21 P22 P23 P2n f(xz)
x
: P31 P32 P33 Pan f(x3)
X
" Pm1 Pm2 Pm3 Pmn f(xm)
901 901) 9(y2) 9(y3) IOm) 1
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Marginal Probability Distributions:

In the joint probability table f(x,), f(x2), f(x3)seeeeeees, f(x) and g(v1), g(v2), g(V3), ... ..... ,g(v,) are
called the marginal probability distributions respectively and represents the sum of all entries in all the rows
and columns.

Independent Random Variables:
The discrete random variables X and Y are said to be independent if,
PX=x,Y=y))=PX=x).P(Y=y;), foreveryi, janditis equivalentto
P(X =x,Y =yj) = P(X = x;). P(Y = ;) = f(x)- g(y;) or COV(X,Y) =0

Expectation, Variance & Covariance:
Let X be the random variable taking the random values x;,x,,x5,....... X, , having the probability

function f(x). Then,

a) The expectation of X is denoted by E(X) and is defined as, uy = E(X) = X%, xif (x;)

b) The expectation of Y is denoted by E(Y) and is defined as, uy = E(Y) = X7_, v;£ ()

c) The variance of X is denoted by g2 and is defined as ay? = E(X?%) — [E(X)]?

m
Sol=) XD -

L

d) The variance of Y is denoted by oy? and is defined as o2 = E(Y?) — [E(Y)]?
n
= oy’ = E ‘ IJ’jzf(}’j) — py?
=

e) The covariance of X and Y is denoted by COV(X,Y) and defined as COV (X,Y) = E(XY) — E(X).E(Y)
m n

COVEEY) =D xif (%13;) = tx- v

i=1j=1

f) The correlation between X and Y is p(X,Y) = _co;(: )
Xoy

PROBLEMS

1) The joint distribution of two random variables X and Y are as follows:
Y -4 2 7
X
5 1/4 1/8 1/8

Compute the following,
i) E(X) and E(Y)
i) E(XY)
iii) oy & oy
iv) p(X,Y)

Sol": Given,
X1=1,%=5y=—4y,=2 y3=7

And the probabilities are

_1 1 | _1 1 1
Pu=g Pr2=3 Pis=5 Puu=7, P22=5 D23 =3

Given the joint probability distribution is follows as
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Y -4 2 7 fx;)
X
1 g 14 s 1/,
5 1 /4 1 /8 1 /8 1 /2
90) 3/3 L 8 o 4 4
The marginal distribution of X and Y are
X; 1 5 Vi -4 2 7

i) ux = EQX) = Ty xif () = (1x3) + (5 x3) =3
py =E(Y) =X1,y90)) = (—4 x%)+ (2 "‘%)Jr (7 xi) =1

i) EQXY) = Xioy Y=y xiyif (%3, V)
=(1><(—4)><%)+(1x2x%)+(1x7><%)+(5><(—4)x%)+(5x2x%)+(5x7x%)

| W

i) ax? = E(X?) — sy? = Ty x2f () — i = (12 x3) + (52 x3) —9=13-9 =4 5 g = 2

oy = E(Y?) = iy? = 33 19200) = 1v? = (92 x3) +(22x 2+ (P x3) =12 = 2= 0y = 433
iv) COV (X, Y) = E(XY) = pxy =5~ (3)(1) = =

COV(X)Y
V) p(x,Y) =220 =

Hence the given random variables are not independent

-3
12— _01732

2x4.33

2) The joint distribution of two random variables X and Y are as follows:

Y -2 -1 4 5
X
1 0.1 0.2 0 0.3
2 0.2 0.1 0.1 0
Find the marginal distribution of X and Y. Also find the covariance of X and Y.

Sol": Given,
x1=1, x,=2, y,==2, y,==1, y3 =4y, =5
And the probabilities are

P11 =01, p12 =02, p13 =0, p14 =03, pp1 =02, pp; = 0.1, p;3 =0.1,p;3=0
Given the joint probability distribution is follows as

4 & g 7 f(x)
X
1 0.1 0.2 0 0.3 0.6
2 0.2 0.1 0.1 0 0.4
9(yi) 0.3 0.3 0.2 0.3 1
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The marginal distribution of X and Y are
X 1 2 vi | -2 -1 4 |5
f(x) |06 |04 g(v) |03 |03

Dy = EX) = X2, x:f(x) = (1 0.6) + (2 X 0.4) = 1.4
py =E(Y) =33, 790) = (=2x03) + (-1x03) + (4 x0.1) + (5 x03) = 1

i) EQXY) = k1 X3y 20y f (%0, ¥p)
= (1)(=2)(0.1) + (1)(—=1)(0.2) + (1)(4)(0) + (1)(5)(0.3) + (2)(-2)(0.2) + (2)(—1)(0.1) +
(2)(@)(0.1) + (2)(5)(0)
=—-02-02+0+15-08—-024+08+0=23-14=09

iii) ox? = E(X?) —px* = Z:Z=1xi2f(xi) — px?
=(12x06)+ (22 x0.4)— (1.4)2 =2.2—1.96 = 0.24 = gy = 0.4898
oy? = E(Y?) —py? = Z?:l)’jZQ(J’;‘) — fty?
=((-2)2x0.3)+ ((—1)* x 0.3) + (4® x 0.1) + (5% x 0.3) — 12 = 9.6 = gy = 3.0983

iv) COV(X,Y) = E(XY) — puxpy = 0.9 — (1.4)(1) = —0.5

; COV(X,Y) —-0.5
vi) p(X,Y) = =
) p(X,Y) ax Oy 0.4898x3.0983

Hence the given random variables are not independent

= —0.3294

3) Determine,
i) Marginal distribution.
ii) Covariance between the discrete random variables X and Y,
using the joint probability distribution.

Y 3 4 5
X
2 1/6 1/6 1/6
? Y12 Y12 Y12
: Y12 Yz Y12

Sol™: Given,

X1 - 2;x2 = 51x3 = 7:}’1 = 31y2 — 4J'y3 = 5
And the probabilities are

1

i

1

1

1

1

1 1 1
Pun =%.P12 =g:P13 = g.Pa1 = 5/P22 = 750P23 = 5P31 = 15:P32 = 5/P33 = 75

The joint distribution table is as follows:

Y 3 4 5 F(x)
X

2 1/6 1/6 1/6 1/2

i Y12 Y12 Y12 14

7 Y12 Y12 Y1z s
gi) 1, 1/ 1, 1
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The marginal distributions of X and Y are

x |2 |5 |7 yi |3 |4 |S
IR AR AR AR AR

ux = E(X) = T3, 0, (%)
= Uy = (2 x%)+(5 x%)+(7x%)
= Uy =4
wy =E(Y)=3%},y,90)
= Uy =(3 x%)+ (4x%)+(5 x%)
S Uy =4
E(XY) = 2L Bl 2y, f ()

1 1 1 1 1
=>E(XY)=(2><3xg)+(2x4xg)+(2XSXE)+(5x3x—)+(5x4xﬁ)+(5x5x

1 1 by .
+(7><3xﬁ)+(7x4x1—2-)+(7x5xﬁ)—16
~ Cov(X,Y) = E(XY) — uxpy
= Cov(X,Y)=16—-4 x4
= Cov(X,Y)=10
Hence the given random variables are independent

4) The joint probability distribution of discrete random variables X and Y is given below:

Y 1 3 6
X
1 1 1
1 /9 /6 /18
1 1 1
4 Y& /4 /12
6 1.8 Y12 Y36

Determine,
i) Marginal distribution of X and Y.
ii) Are X and Y statistically independent?

Sol": Given,
xi=Lx=3x3=61m=1y:=3,3=6
And the probabilities are

1 1 1 1 1 1 1 1
Puu=gPr2=gPu3a=g P21 =P =0.P23=5/Pun =5/ P2 =35 P3 =3

The joint distribution table is as follows

Y 1 3 6 o)
X

3 s e 18 3

3 Ye Yy Y12 1,

6 18 Y1 Y36 318
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Xi 1

3

6

TORER

1/2

/18

5) Determine,

i) Marginal distribution.
ii) Covariance between the discrete random variables X and Y along with corelation using the joint
probability distribution.

i) The marginal distributions of Xand Y are,

Vi

g

14 /3

1/2

18

i)y = EQO) = By xif () =5 +5+1 = 2.8333
= E(Y) =33, %,9(y;) =5+ +1=2.8333

Y 1 3 9
X
1
: g /24 Y12
4 4 L 0
1 1 1
6 /8 /24 /12

Sol": Given

JC1 — 2Jx2 = 4’x3 b 61y1 — 1*)’2 — 31y3 =9
And the probabilities are

1,3 6 3,9, 6 18 6 18 & 36
EQXY) =Xl Zjaxjpij =5+ttt t ot 5 +35. =80278

COV(X,Y) = E(XY) — uyuy = 8.0278 — (2.8333)(2.8333) = 8.0278 — 8.0276 = 0.0002
.. The given random variables X and Y are not statistically independent.

1

1 . 1 1 1 1 1 1
Pi1 =35, P12 = 30ibP13 = 15:P21 = P22 = 1w P23 = 0,p3; = g'P32 =5 P33 =
The joint distribution table is as follows
Y 1 3 9 f(xp)
X
1 1 1 1
2 /g /24 /12 /4
4 Y4 1/4 0 1/2
1 1 1 1
- /8 /24 /12 /4
gi) 1/, /s e 1
The marginal distributions of X and Y are
x |2 |4 |6 g’f ) o A e
. 9O | Yo | 5|,
AEAEAE? 2| /3| e

py = E(X) = [3=1xif(xf)=(2x%)+(4x%)+(6 xz) =05+2+15=4

uy = EY) = %3, v,9(%) =(1 x§)+(3 x%)+(9x%)=0.5+1+1.5=3
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E(XY) = Xi_; Xj=1 xi¥if (%0, ¥))
= (1)(=2)(0.1) + (1)(=1)(0.2) + (1)((0) + (1)(5)(0.3) + (2)(=2)(0.2) + (2)(-1)(0.1) +
(2)(4)(0.1) + (2)(5)(0)
=-02-0240+15-08-02+0840=23-14=09

ox? = E(X?) = uy® = ?:1 X2 f(x) — px?

= (22x3)+ (42 x3) +(6*x3) - 42 = 18- 16 = 2 = oy = 14142
oy? = E(Y?) — uy® = X}=1 ;2 9(;) — wy?

=(12x2) +(32x3) +(9?x3) =32 =17-9 =8 = oy = 2.8284
COV(X,Y) = E(XY) — pxpty = 12— (4)(3) = 12— 12 =0
cov(xy) _ 0

px,Y) =2 =
X Oy 1.4142x2.8284
.. The given random variables X and Y are not statistically independent.

6) Determine,
i) Marginal distribution.

probability distribution.
¥ -3 2 4
X
0.1 0.2 0.2
03 0.1 0.1
Sol": Given

1=Lx=2y =-3,y,=2,y3=4
And the probabilities are
P11 =0.1,p12 = 0.2,p;3 = 0.2,p3; =0.3,p22 = 0.1,p3 = 0.1

The joint distribution table is as follows

\ -3 2 4 f(x)
X
1 0.1 0.2 0.2 0.5
2 0.3 0.1 0.1 0.5
a) 0.4 0.3 0.3 1
The marginal distributions of X and Y are

X 1 2 Yi |3 |2 4

f(x) |05 |05 g(i) |04 [03 |03

px =EX) =% xf(x)=(1%x05)+(2x05)=05+1=15

py =E(¥) =%3,y9(y) =(-3x04)+ (2x03) + (4% 03)==1.2+ 0.6+ 1.2 = 0.6
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E(XY) = Yi; X1 %y f (X0 ¥5)
= (1)(=3)(0.1) + (1)(2)(0.2) + (1)(4)(0.2) + (2)(—3)(0.3) + (2)(2)(0.1) + (2)(4)(0.1)
=—-03+04+08-18+044+0=23-14=09

Oy —E(Xz) #xz ™= 2 zf(x) ﬂx
= (12 x 0.5) +(22%05) —1.52 = 2.5 - 225 = 0.25 = gy = 0.5
oy = E(Y?) — wy® = £32,7,%90) — uy?
= (=32 % 0.4) + (22 x 0.3) + (4% X 0.3) — 0.6 = 9.6 — 0.36 = 9.24 = 6, = 3.0397

COV(X,Y) = E(XY) — pypty = 0.9 — (1.5)(0.6) = 0.9 — 0.9 = 0

P, Y) = T = = 0

axoy 0.5%3.0397
.. The given random variables X and Y are not statistically independent.

1
3 and

1
7) XandY are independent random variables. X takes the values 2,5 and 7 with probabilities 2’ 4
%respectively. Y takes the values 3,4 and 5 with the probabilities é; &1

>
a) Findthe JPDof XandY
b) Show that COV (X,Y)=0

Sol™
Given X & Y are independent random variables follows the marginal probabilities as below.
X 2 5 7 y 3 4 5
fay] 1] 1L [1 gy | 1 & | 1
2 4 4 2 4 4

The joint distribution table is as follows

Y 3 4 5 f(x)
X
2 1 1 1 1
6 6 6 2
5 1 1 1 1
12 12 12 4
7 1 1 1 1
12 12 12 4
gi) 1 1 1 1
3 3 3

ux = EX) =Zaf(x) = (2x3) +(5x3) +(7x3) =4
sy =EX) = Ly90) = (3x3) + (4x3)+(5x3) =4

20 25 21 28 , 35 192

B8 10 15
~EXY) =38 ) xyif(ruy) =14+ T+ o+ttt =5 =16

% COV(X,Y) = E(XY) txty = 16— (4)(4) =16 —-16 =0

Stochastic Process
Stochastic process consists of sequence of experiments in which each experiment has a finite number of
outcomes with the given probabilities.

Probability Vector

A vector V = [y, 73, v3,...... , U] is called the probability vector if each one of its components are non-
negative and their sum is equal to unity or 1.
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Ex: = [0.1,0.6,0.3],V = [1.1,1] , etc...
3°3° 3

Stochastic Matrix
A square matrix P is called a stochastic matrix if all the entries of P are non-negative and the sum of all the
entries of any row is 1

(or)
A square matrix P is called a stochastic matrix where each row is in the form of the probability vector.
$ 0 1 0
z 32 g = 2
Ex: = g :1! P 2 2
3 5 2 & 2
% B 2 4 4

Regular Stochastic Matrix

A matrix P is said to be a Regular Stochastic Matrix, if all the entries of some power (P™) are positive. The
Regular Stochastic Matrix P has a unique probability vector Q such that QP=Q and all the sum of the probabilities of a
fixed vector matrix should be equal to 1.

rpu Piz Piz .- pln'[
|P21 P22 P23 -+ Pon|
P= |P31 P32 Paz - Panl
|~pn1 Pn2z Pn3 .- pnnJ

Transition Matrix
A transition matrix is also known as a stochastic or probability matrix, is a square matrix (n x n) representing
the transition probabilities of a stochastic system.

0 1 0
3 L..2
Ex:P=|z 4 4
& & 2
3 3 3
PROBLEMS
0 0 1§
1) Verify that the matrix A = 1/2 1/4 1/4_ is a regular stochastic matrix.
0 1 0

Sol": Given matrix A, each element is nonnegative and the sum of the elements in each row is equal to 1.
~A is stochastic matrix.
0 0 1 0

0 1 0 0 1 1 5 9
teear =1y 1y Vullle Yy Yi|=|"78 “he /e
o 1 oflo 1 ol |12 1 1,

10 » 90 o o 11 1Y Y2 Y41
w=nxa="18 e el Yy Y, 215/32 s 13/64I
vz 1Yy Ygllo 1 o0 | 1/8 5/16 %161

~Hence, all the entries in A* are nonnegative or positive and the sum of each row =1.

=~ The given matrix A is regular stochastic matrix.

Prepared by: PURUSHOTHAM P, SJIC INSTITUTE OF TECHNOLOGY, 7338005244 Page |9

hotesforvtu.in



Inspire before you expire..., BCS301

[0 Z/3 1/3]
2) Prove that the Markov Chain with Transition matrix A = | 1/2 0 l/zl is irreducible.
Y2 Y, o]
Sol": Given matrix A is a stochastic matrix (Being a transition matrix).
Also, all the elements of given matrix does have non-negative and the sum of each row=1.

I[O 2/3 1/3-”0 2/3 1/3]] lrl/z 1/6 1/3-!
; 11 1 i} 1 11 7 1
A=y 0 Sha 0 =1 s The e
1Yy Yy o1ty 1, o 11/4 1/3 5/12]
~Hence, all the entries in A% are nonnegative or positive and the sum of each row =1.
Hence the given transition matrix A is regular, consequently it follows that the given Markov Chain is

irreducible.

1/3 2/3
1/4 3/4

3) Find the fixed probability vector for the regular stochastic matrix A = [

3 Y 3]
Y %

Since, the given matrix A is of second order.

Let Q = [¥ Y] be the fixed probability vector, forevery x = 0,y = 0&x +y =1

Sol™: Given A = [

1 2
coa=px ul3 3 [x+ly Zx+y)
'1/ 3/ 3 4 3 4
4 4
Since QA=Q
=>[%x+%y §x+—f:y]=[x Y]
TR vl ot ool
B 3 TR =Y

2 1 2 1
bt A e At zzy....(l),Wehavex+y =1=y=1—x

2 1
~(1)=zx =Z(1 —X)

3
L2 .1 1
373X 7%
T
:>§x+zx—;

12 4
=>11x—1=>x— i
g 7]

Bx+3x 1
= — =

: 3 8
--V—l—x=>y—1——11=>}’——11
8

Thus, the required fixed probability vectoris @ = [X* Y] = [% T

0 1 0
4) Find the fixed probability vector of the regular stochastic matrix P = E' ? 1
2 z 0
Sol™: Since the given matrix P is of order 3x3, the required fixed probability vector Q must be also order of
3x3.
letQ =[x ¥ Z], Foreveryx=>0,y>0,z20&x+y+z=1
Also, QP=Q
Prepared by: PURUSHOTHAM P, SJC INSTITUTE OF TECHNOLOGY, 7338005244 Page |10
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Sol":

Sol™:

6) Find the fixed probability vector of the regular stochastic matrix P =

010
z Z
wp ¥ oA 3 ;=[; x+3 V]
2 2
Z Z
=>[5 x+= y]=[x y Z]
=£=xx+£= =z
2 ] 2 yly

1 1
:E(l—x—y) . (1},x+§(1—x—y) =y.2yy=1-x-y....(3)

=23x+y=1,x-3y=-1,x+2y=1

1 2 122
= = - = - = —_—— e — T —
X=5¥=g5=7* B E B

Hence the required fixed probability vectorisQ =[x Y Z] = E E %]

2 2 1
2 4 4
5) Find the fixed probability vector of the regular stochastic matrix P = |1 o L
2 2
0 1 0
2 2 L
2 4 4
Given, P = |1 0 1
2 2
01 0

Since the given matrix P is of order 3x3, the required fixed probability vector Q must be also order of 3x3.
letQ =[x ¥ Z]Foreveryx>0,y>0,z>0&x+y+z=1
Also, QP=Q

~ QP = [x Ty 7]

+ B O &=
L=l o

X

B O NN

1 1 1 1
=?Q'P=[EI+E)? z ;x+5y]

WKT
QP =@
:[%x+%y §x+z ix+§y]=[x y z]
e W R L
RSV TG T34
Xa¥ gz e L, L g
=>-2~+E—0,4+(1 x=y) y—0,4x+2y—1 xX—y
=2x+y=03x+8y=+4..... (1),5x + 6y = 4...... (2)

By solving eq (1) & (2)

o =0
0| B9 B | e
R N

Given, P =

o RO
[N SN
Wl wlr o

Since the given matrix P is of order 3x3, the required fixed probability vector Q must be also order of 3x3.
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letQ=1[X Y ZlForeveryx20,y=20,z=20&x+y+z=1
Also, QP=Q

“QP=[x ¥ 7]

o RS
WK N= =
Wik wliro

~or=fy xrivein dyeid
WKT, QP = Q
e e 2 S
=>x=%y.y=x+§y+§z,z=%y+%z
2>6bx—y=02x—=-7y=—4....(1)2x +3y = 2....... (2)

By solving eq (1) & (2)

ﬁx_i'y_i,z_ O S " Wi
10 10 10 10 10 10
1 6 3
= [ Zl=|— — —
e=r 7 g 10 10 10
Z 1
5 3|
7) Find the fixed probability vector of the regular stochastic matrix P = I % 0 % |
1 1
5 & 0
Sol™:
2891
3y
Given, P =l 0 2
IZ 2
1 ‘@
2

Since the given matrix P is of order 3x3, the required fixed probability vector Q must be also order of 3x3.
letQ =[x ¥ zForeveryx=0,y>0,z>08&x+y+z=1

Also, QP=Q
2 1
° 5 3]
2 QP = |0 £
~QP=[x Yy Z]lz 2|
1 1
Iz = 0
1 1 2 101 1
=>QP=[E)?+;Z §x+az p +5y]
WKT
QP =Q

1 1 2 i h 2 1
=>[Ey+52 3¥+52 §x+5y]=[x y Z]
:)xz%y+%z,y=§x+%z,z=%x+%y
=23x-1=0x—-9y=-38x+9y =6
9 10 8
=2x=

T AT

L] 10 8
“Qx Y f=l= = =

1.—h b

E}IfPiz[lga (& andp =100 P

a]' Show that Py, Pz and Py P; are stochastic matrices.

Sol InPiwehavea+(l—a)=1landb+(1-b)=1
InP,wehaveb+ (1 —b)=1landa+(1—a)=1
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Thus, P; and P; are stochastic matrices.

l1—a a 1-b b
Now, iy = [1 ¢ I[P 7
- -b)+a® bA-a)+a(l-a)| [a; b,
“|b1=b)+a(1—b) (1-a)(l—b)+b? _[az by| 59
We shall know thata; + b; = landa, + b, =1
Now,
a,+by=(1—-a)(1-b)+a?*+b(l—a)+a(l-a)
=(1—-a){l—-b+b}+afa+1—a}
=l—a+ua
=1
-‘-a1+b1:1

Also,

ay + b, = b(1—b) +a(l —b) + (1 — b)(1 — a) + b?
=b{1—b+b}+(1—b)a+1-a)}
=b+1-b
=1

-'-a2+b2=1

Thus, P, P; is a stochastic matrix.

Markov Chain

A Markov Chian or Markov process is a stochastic model describing a sequence of possible events in which the
probability of each event depends only on the state attained in the previous event.

0.3

0.7

0.6 a-f -1
Weather:

raining today ) 40% rain tomorrow
. 60% no rain tomorrow

Ex (1).

not raining today =) 20% rain tomorrow
. 80% no rain tomorrow
Stochastic Finite State Machine:

0.4 0.6 0.8

¢EnS damd’ s [P sz]=[0.4 06

02 08

Ex (2). 02 Py Py
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Higher transition probabilities:
Let P be a n x n transition probability matrix of the Markov chain with the probabilities p;;,1 <i,j<n,is

called changes from q; to the state a;, that is a; — a;.The probabilities that the system changes from q; to
the state q; in exists n steps is denoted by p(m” and the matrix formed by the probabilities p™ 1S called

the n - step transition matrix , denoted by P and initial probabilities are defined as,
p©® = [P1(D).pz ©), ;@ p,© .....pn“’)]
ptl) = [P1(1);P2(1)-P3(1)-P4(1) _____ pn(lJ]
p@® = [p1(2),p2(2)_p3(2)_p4(2) _____ pn(2)]

p™ = [Pi @, 0: %, 5", 9. ... P ]

And p™W), p@ pG) p® . will be evaluated as
p® = p@p, p@ = pMp = O P2 1B = p@p = pOP3 M) = y(-Dp = p© pn

1) Consider the t.p.m. of the P =;

0 1
1 1, | , hence find P? , P3, also find p®take the initial
/2 /2

probability distribution the person rolled a die and decided that he will go by bus if the number
appeared on the face is divisible by 3.

Sol™: Given,
Pre ptb
[1/2 1/2] [P:b pbb
0 1 0 1
=[1/2 1/2]'[1/2 1/2]
| lle P 7
1/4 3/ (2) (Z)bb-
e
e _|1fi 3/2“/2
5 1/, 3/ p®,, (3)m
-f =|3/; 5/41 oy

“p®, = -;—Means that the probability that the system changes from the state t — b in exactly 2
steps is %
p(3)m = gl\;ieans that the probability that the system changes from the state b — t in exactly 3

v
steps is .

Given, the probability distribution is evaluated from the person rolled a die and decided that he will

go by bus if the number appeared on the face is divisible by 3.

2
p)=2=3,=2pM)=1-pb)=1-3=13
1

p©@ =[p(t) pb)]= E E]

ot gpi o 3 [f2 B 2
EPS=pEP _[3 3]'1/4 3/4 _[12 12]

2 1 1/4 3X4 7
P =298 =z |.ls° =k E=EP a®
/s /8
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-~ The probability of travelling by train after 3 days =%

-~ The probability of travelling by bus after 3 days =g

1 /2 1 /2
3 /4 1 f4
distributionp® = [1/4 3/4]. Define and find the following i) p»;@® ii) p12® iii) p@ iv) p,@ v)
the vector p(¥’ P" approaches. Vi) The matrix approaches.

2) The transition matrix P of a Markov chain is given by [ l with initial probability

Sol™
1 1
Given transition matrix P = [3/2 1/ 2]
/4 /4
1, 1 1, 1
2 = 2z /2 /2 /2 /2
PRpp |8 JERLLIA
/o 4 /s /4
5 3
25 P2 = s /s s [Pu(z) P1z(2}]
gf 16 J 16 p2®  p2®
s p21(2) — .i p12(2) - i

16 ' 8

Given initial probability distribution is p© = [1/, 3/,]

1 3 5/8 3/8
- | - 0)p2
oo, 3l ]
16 16
37 27
ﬁ¢n=b =@ p®)
37
'-'pl(Z):;
p©@ P*Approaches the unique probability vector Q = [x  ¥] for which QP = Q
Yy s
> [x y1[3 b ]=[x ]
/a /4
- ol -
=l Y= 9
X3 _ XY
=zt =Nzt =Y
L XY
=5+T—x,2+4—
x| 3(1-x)
==k =S
X 3 3
2 4 4
W |
4" T 4
#xz—ﬁyzg

Z

catx = Y

Therefore, the vector p(®) P" approaches the vector E -]

Therefore, the vector P™ approaches the matrix

it | w
TSR AR
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3) The t.p.m. of a Markov chain is givenby P =| 1 0 0 | and the initial probability
s s ¥
4 2 4

distributionis p©@ = (3 2 0).Findp;3® , p23@, p@p,@.

Sol":
1 2 0 1 2
Given transition matrix of Markov chain P =| 1 0 0
e Y Y
4 2 4
And the initial probability distribution p(® = — % G)

1/2 0 1/2’ Il/z U 1/2
“Pl=pP=
1/’4 1/2 ol 1M 2 1/4
[ 3 Y4 3/3] 2 p(z) p®
=>P2==| Y, o 1, —p(2>21 (2)22 p@®_
116 Yo e J 50 @ p®
p(Z)IS = 3/8’p(2]23 = 1/2
[3f8 1/‘4 3/8]
R T LA
116 g 3/16]

& B
5 p= [p @ p® ps® =

16 8 16
" pl{z) = ;5
[0 %3 /31
4) Prove that the Markov chain whose t.p.mis P = | 1/2 0 1/2| is irreducible. Find the
2 Y2 ol

corresponding stationary probability vector.
Sol™

Given transition matrix of Markov chain

[0 2/3 1/3]
P=|1/2 0 1/2|
ll/z 1/2 0|
[0 4 2
=P=E[3 0 3]
3 3 0
0 4 2] [0 4 2
=P2=p.P=1[3 0 3|13 0 3
°l3 3 0 I3 2 ©
1[18 6 ]
=>P2==-|9 21 6
*lg 12 15

Since all the entries of P? are non- negative, thus the given t.p.m P is regular and hence the Markov
chain having t.p.m P is irreducible.
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Let the unique probability vector @ =[x ¥ Z]forwhichQP =Q ,Vx+y+z=1

[0 2/3 1/3]
er=1x ¥ Ay 0 Ypj=lx ¥ 4
1Y, Y, ol
s+ Zo2 3ef-pe v 7
sLsimnZeionieies

=;.2x—y—z=0l4-x—6y+3z=0‘,2x+3}'_62=0
22=y=(1=-x-y)=04x—-6y+3(1-x-y)=0
= 3x=1&x -9y = -3

11 10 10

=>x_§.§—9y_—3=>9y_—3 =-y_—27
1 10 8
__z_l_x_}l_l_g__z?__z.?

~Q[x ¥ zZ]= E ;—g %] is the required stationary probability vector.

5) A student’s study habits are as follows. If he studies one night, he is 30% sure to study the next
night. On the other hand, if he does not study one night, he is 40% sure to study the next night.
Find the transition matrix for the chain of his study.

Sol": We have two possible states
a,= Studying a,=Not studying
Therefore, given that
p11 =Probability of studying on night, given that he has studied in the previous night=30%=0.3
P12 =Probability of not studying on night, given that he has studied the previous night=70%=0.7
p»;, =Probability of studying on night, given that he has not studied the previous night=40%=0.4
P22 =Probability of not studying on night, given that he has not studied the previous night=60%=0.6

Accordingly, the transition matrix of the chain of study is P = [

Let the unique probability vector @ = [¥  ¥] for which QP = Q

I N[y gel=t 7

=[03x+ 04y 07x+0.6y]=[x V]
= 03x+ 04y =x,07x+ 0.6y =y
=207x—=04y =0
=207x—-04(1—-x)=0
=211x-04=0

P11 Plz]:[0.3 0.7
P21 Pzz 04 0.6

S O
SR AT AR A T R T |
4 7
Pt X =il =
Q( y] 11 11 [palpaz]

Thus, we conclude that in the long run the student will study % of the time or 36.36 % of the time.

6) A software engineer goes to his work-place every day by motor bike or by car. He never goes by a
bike on two consecutive days; but if he goes by car on a day then he is equally likely to go by car
or bike on the next day. Find the transition matrix for the chain of the mode of transport he uses.
If car is used on the first day of a week, find the probability that, (i) Bike is used, (ii) Car is used
on the fifth day.

Sol": Given the Markov chain of the mode of transport has the following two states:

a,= Using bike a,=Using car
And to find,
Prepared by: PURUSHOTHAM P, SIC INSTITUTE OF TECHNOLOGY, 7338005244 Page |17

hotesforvtu.in




Inspire before you expire..., BCS301
p,1 =Probability of using bike on a day, given that bike has been used on the previous day=0
(Because bike is not used on two consecutive days)

p,2 =Probability of using car on a day, given that the bike has been used on the previous day=1
(Because it is certain that car is used on a day if bike is used on the previous day)

p»; =Probability of using bike on a day, given that car is used on the previous day= 2
(Because using car or bike on a day are equally likely if car is used on the previous day)

P2, =Probability of using car on a day, given that car is used on the previous day=1/2

. ; . y D11 Piz 0 1
Hence the transition matrix for the chain of the mode of transportis P = [ ] =1 1]
2

P21 P2z 3

=. The initial probability distribution vector of the mode of transport is given by p(® = [p,(© p,©] =
[0 1]

'[1?2 1}2]

" 0 1
LPé=PP= 1/2 1/2

= P2 = 1/2 l/zl
Ya s
Lo 101 1Y, 1/
= Ppt=p2pi=| 2 2]- 2 2]
|1/4 I a2l
P Ig/a 5/8 I
She 118
3 5
ap® =p@pt=1o 11'[5//8 11,//8]
16 16

Therefore, on the fifth day the probability of using the bike is p,*) = 1—5{; , the probability of

using the car is p,® = ﬁ.

7) A man’s smoking habits are as follows. If he smokes filter cigarettes one week, he switches to non-
filter cigarettes the next week with the probability 0.2. On the other hand, if he smokes non filter
cigarettes one week there is a probability of 0.7that he will smoke non filter cigarettes the next
week as well. In the long run how often does he smoke filter cigarettes?

Sol™

Let A= Smoking filter cigarettes B= Smoking non filter cigarettes
Therefore, the associated transition probability matrix is as follows

Paa Pwu)] o [0-8 0.2

PBA“) pss(n 03 0.7

Let the unigue probability vector Q = [x Y] forwhich QP =Q,vx+y =1

08 0.2
B Aya g5 = ¥
= [0.8x+ 03y 02x+07y]=[x Y]
=208x+03y=x,02x+ 07y =y
=202x-03y=002x-03y =0
=202x-031-x)=0
=202x+03x—-03=0

P =

= 0.5x=0.3
i B 008 2
BEE B4 bE =

3 2
&= [E ‘5-] = [Pa Ps]
Thus, in the long run, he will smoke filter cigarettes %or 60% of the time.

(SMOKING IS INJURIOUS TO HEALTH, IT CAUSES CANCER AND TOBACCO CAUSES PAINFUL DEATH)
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8) Three boys A, B, C are throwing ball to each other. “A” always throws the ball to “B” and “B”
always throws ball to “C”. “C” is just as likely to throw the ball to “B"” as to “A". If, “C"” was the
first person to throw the ball, find the probabilities that after three throws.
i) A has the ball
ii) B has the ball
iii) C has the ball

Sol": Given three boys A, B, C are throwing a ball associated with the transition probability matrix of the
Markov chain as below,

pAA(l) pAB(l) pac(l) 0 1
P=|pgs® pgg® ppc®|=|0 0
1 1

Pca® e pec® /2 /2

0 1 0 0 1 0
>pi=pp=|0 0 1,10 0 1
0

Yy Yy of [V Y4
0 0 1
= P2 = 1/2 1/2 0
o 1, 1,
0 0 1 1 0
apP3i=p2p= 1/2 1/2 0 '|:10 10 1‘
o Yy 1, 2 Yy O
flfz 1/2 0]|

sp=i0 gl
s Ya Yol

Initially if C has the ball, associated with the initial probability vector is given by p@ = [0 0 1]
Y2 Y 0]

- 13(3) = »(0)p3 I| 1 1 li— 1 1 1

~pP=p®Pi=[0 0 1].5 0 /2 /2| =["a “/a '/
[|.1/4 1/4 1/2JJ

2p® = [pa® p® p®1=[lYy Y4 Yl

Thus, after three throws, the probability that the ball is with A is p,(®) = i, with B is pg®) = i and

with Cis pc® =2

9) A gambler’s luck follows a pattern: if he wins a game, the probability of winning next game is 0.6.
However, he loses the game, the probability of losing the next game is 0.7. There is an even chance
of gambler winning the first game if so,

i) What is the probability of winning second game.
ii) What is the probability of winning the third game.
iii) In the long run, how often he will win.

Sol": Let W = Win the game L = Lose the game
The transition probability matrix is given,
pPi= Pww pw!] = [0.6 0.4
Pw Pu 03 0.7

And we know that the probability of winning and losing have the equal priority.
+ The initial probability vector p® = [p,,©@ p,@]=[05 0.5]

0.6 04
Ap® =pO®p =[05 0.5]. [0_3 0_7] =[0.45 0.55]
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@ = pMp = 0.6 0.4] _
p® =p®WpP =045 055][5 ,o|=[0435 0565]

06 04
03 07

= p® = p@p = (0435 0.565].[

i)~ pw® = 0.435 = 43.5%

i)« pw @ = 0.4305 = 43.05%

iii) Let Q=[x y] be the probability vector for which x+y=1
. Q,P ] Q

B YL[gS oal=1x ¥

=206x+03y=x , 04x+ 07y =y
= 04x—-03y=0
=204x—-03(1—-x)=0

= 04x—-03+03x=0

= 0.7x =03

= s

= [0.4305 0.5605]

~ | w

=>y=1—x=>y=1—§=>y=.:.
3 4

“Q=[Pw Pl= {; ;]

10) A Salesman’s territory consists of three cities A, B, C. He never sells in the same city on
successive days. If he sells in city A then the next day he sells in city B. If he sells in B or C then
the next day is twice as likely to sell in city A as than other cities. In long run, how often does he
sells in each of the city.

Sol™
Given a salesman can move to the cities A, B, C with the probabilities as below,
A PAA(IJ pAB(l) PAcm 20 ¥ 10
P=Blppa® pea® ppc®|=|73 0 /3
2 1
¢ pca® pce™®  pcc® /3 /3 0
LetQ =[x ¥ 2] be the probability vector for which x+y+z=1
- QP —] Q
0 1 0
2 1
alE B /3 0 /3 =[x ¥ z]
2/3 1/3 0
— 2_y+2_z x+§ f.]—[x y Z]
23 3 3]
Y2z F Y
=:~3+3 Jc.',x+3 Y gl
=3x—2y—2z=0, 3x—-3y+z=0
=23x-2y—-2(1-x—-y)=0, 3x-3y+(1l—-x—-y)=0
=>3x—2y—2+2x+2y=0, 3x—-3y+1—-x—-y=0
=25x=2, 2x—-4y=-1
2
=X= 3z
=4y = Ioy=2
Y=37V=%
2 9 3
zz=1l-x—-y=z= l—g—ﬁ:z—ﬁ
0= Y .
w=lx ¥ Z]_[s 20 20]
Thus, the salesman in the long run sells,
% incity A = 40% g 595 incity B =45% , —2% incity C = 15%
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Find the probability that he has,
i) 2002 Santro
ii) 2002 Maruthi

Prepared by: PURUSHOTHAM P, SJIC INSTITUTE OF TECHNOLOGY, 7338005244

11) Every year, a man trades his car for a new car. If he has a Maruthi, he trades it for an Ambassador.
If he has an Ambassador, he trades it for Santro. However if he had a Santro, he is just as likely
to trade it for a Maruthi or an Ambassador. In 2000 he bought his first car which was a Santro.

iii) 2003 Ambassador
iv) 2003 Santro
Sol™
Given a man trades his car for a new car with the probabilities as below,
M pum™ pua™  pus™® m[ 0 1 0
P=Aalpwm® piu® p®|=a|0 0 1
I e @ pw| S|y 1y 0
Psm Psa Pss 2 /2
Also given, he has bought his first car in 2000 was Santro.
= The initial probability vector p©® = [p{® pg“’ pP=[0 0 1]
0 1 0][0 1 0 1
pr—pp=|0 o 1||o 0 1|2 Yy 0
1 1 1
/2 /2 0 o lo Y Y,
a4 9 1 o1 [Y2 Y2 0]
= P3=p2p= /2 /2 10 =to 1/ I/ZH
0
/2 0 11/, 1,]
17
1 1
p® =p@P2=[0 0 1], /2 1/2 =M Mal= R P
| O N0 a5/, |
-1/2 1/2 0]
'.‘p(3)=p(0)p3=[0 0 1].{ 0 1/2 1/2 =[l/4 1/2] [p(s) (3) p§3)]
s Y4 Yol
i) - The probability to have a Santro car in the year 2002, pgz) = 1/2 =50%

ii) - The probability to have a Maruthi car in the year 2002 pﬁf) =0=0%
iii) -. The probability to have an Ambassador car in the year 2003,p}” = 1/, = 25%
iv) . The probability to have a Santro car in the year 2003 p(g) = 1/2 =50%
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