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BCS405A - Module 3 

Relations and functions 

Relations and Functions: Cartesian Products and Relations, Functions – Plain and One-to-One, 

Onto Functions. The Pigeon-hole Principle, Function Composition and Inverse Functions.  

Properties of Relations, Computer Recognition – Zero-One Matrices and Directed Graphs, 

Partial Orders – Hasse Diagrams, Equivalence Relations and Partitions. 

Textbook 1: Ch 5:5.1 to 5.3, 5.5, 5.6, Ch 7:7.1 to 7.4 

 

3.1 Cartesian product of sets 

Cartesian product: 

Let A and B be two sets. Then the set of all ordered pairs (a, b) where 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵 is called 

the Cartesian product of A and B.  

𝐴 × 𝐵 = {(𝑎, 𝑏)|𝑎 ∈ 𝐴 𝑎𝑛𝑑 𝑏 ∈ 𝐵},  𝐵 × 𝐴 = {(𝑏, 𝑎)| 𝑏 ∈ 𝐵 𝑎𝑛𝑑 𝑎 ∈ 𝐴} 

𝐴 × 𝐴 = {(𝑎, 𝑏)| 𝑎 ∈ 𝐴 𝑎𝑛𝑑 𝑏 ∈ 𝐴},  𝐴 × 𝐵 ≠ 𝐵 × 𝐴 and 𝐴2 = 𝐴 × 𝐴 

 

Cardinality: 

If 𝑛(𝐴) = |𝐴|, 𝑛(𝐵) = |𝐵| then |𝐴 × 𝐵| = |𝐴||𝐵|, |𝐵 × 𝐴| = |𝐵||𝐴|, |𝐴 × 𝐴| = |𝐴|2 

Equality: 

 (𝑎, 𝑏) = (𝑐, 𝑑) ⇒ 𝑎 = 𝑐 𝑎𝑛𝑑 𝑏 = 𝑑 

1. Find 𝒙 and 𝒚 in each of the following cases: (i) (𝟐𝒙, 𝒙 + 𝒚) = (𝟔, 𝟏)     

(ii) (𝒙 + 𝟐, 𝟒) = (𝟓, 𝟐𝒙 + 𝒚) (iii) (𝒚 − 𝟐, 𝟐𝒙 + 𝟏) = (𝒙 − 𝟏, 𝒚 + 𝟐) (iv) (𝒙, 𝒚) = (𝒙𝟐, 𝒚𝟐) 

 

(i) 𝑥 = 3, 𝑦 = −2     

(ii)  𝑥 = 3, 𝑦 = −2     

(iii)  Solve 𝑥 − 𝑦 = −1, 2𝑥 − 𝑦 = 1 we get 𝑥 = 0, 𝑦 = −1. 

(iv) Solve 𝑥(𝑥 − 1) = 0, 𝑦(𝑦 − 1) = 0 we get 𝑥 = 0 𝑜𝑟 1, 𝑦 = 0 𝑜𝑟 1. 
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2. Given 𝑨 = {𝒂, 𝒃} and 𝑩 = {𝟏, 𝟐, 𝟑} find 𝑨 × 𝑩,𝑩 × 𝑨, 𝑨 × 𝑨,𝑩 × 𝑩. 

 

𝐴 × 𝐵 = {(𝑎, 1), (𝑎, 2), (𝑎, 3), (𝑏, 1), (𝑏, 2), (𝑏, 3)} 

𝐵 × 𝐴 = {(1, 𝑎), (1, 𝑏), (2, 𝑎), (2, 𝑏), (3, 𝑎), (3, 𝑏)} 

𝐴 × 𝐴 = {(𝑎, 𝑎), (𝑎, 𝑏), (𝑏, 𝑎), (𝑏, 𝑏)}  

𝐵 × 𝐵 = {(1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3)} 

3. Given 𝑨 = {𝟏, 𝟐}, 𝑩 = {𝒂, 𝒃, 𝒄}, 𝑪 = {𝟑, 𝟒} find 𝑨 × 𝑩 × 𝑪, 𝑩 × 𝑪 × 𝑨. 

 

𝐴 × 𝐵 × 𝐶 = {
(1, 𝑎, 3), (1, 𝑎, 4), (1, 𝑏, 3), (1, 𝑏, 4), (1, 𝑐, 3), (1, 𝑐, 4),
(2, 𝑎, 3), (2, 𝑎, 4), (2, 𝑏, 3), (2, 𝑏, 4), (2, 𝑐, 3), (2, 𝑐, 4)

} 

 

𝐵 × 𝐶 × 𝐴 = {

( 𝑎, 3, 1), ( 𝑎, 3, 2), (𝑎, 4, 1), (𝑎, 4, 2),
( 𝑏, 3, 1), ( 𝑏, 3, 2), (𝑏, 4, 1), (𝑏, 4, 2),
( 𝑐, 3, 1), ( 𝑐, 3, 2), (𝑐, 4, 1), (𝑐, 4, 2)

} 

4. Given 𝑨 = {𝟏, 𝟑, 𝟓},𝑩 = {𝟐, 𝟑}, 𝑪 = {𝟒, 𝟔} 

Find 𝑨 ∩ (𝑩 × 𝑪),   (𝑨 × 𝑩) ∪ (𝑩 × 𝑪),   (𝑨 × 𝑩) ∩ (𝑩 × 𝑨),   (𝑨 × 𝑩) ∩ (𝑩 × 𝑪). 

 

𝐴 ∩ (𝐵 × 𝐶) 

= {1,3,5} ∩ {(2,4), (2,6), (3,4), (3,6)} 

= 𝜙 

(𝐴 × 𝐵) ∪ (𝐵 × 𝐶)        

= {(1,2), (1,3), (3,2), (3,3), (5,2), (5,3)} ∪ {(2,4), (2,6), (3,4), (3,6)} 

= {(1,2), (1,3), (3,2), (3,3), (5,2), (5,3), (2,4), (2,6), (3,4), (3,6)} 

 (𝐴 × 𝐵) ∩ (𝐵 × 𝐴) 

      = {(1,2), (1,3), (3,2), (3,3), (5,2), (5,3)} ∩ {(2,1), (2,3), (2,5), (3,1), (3,3), (3,5)}   

= {(3,3)}  

 (𝐴 × 𝐵) ∩ (𝐵 × 𝐶) 

= {(1,2), (1,3), (3,2), (3,3), (5,2), (5,3)} ∩ {(2,4), (2,6), (3,4), (3,6)} 

      = 𝜙 
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5. Given  𝑨 = {𝜶, 𝜷, 𝜸}, 𝑩 = {𝜽, 𝜼}, 𝑪 = {𝝀, 𝝁, 𝜸}.  

Find 𝑨 × 𝑪,   (𝑨 ∪ 𝑩) × 𝑪,   𝑨 ∪ (𝑩 × 𝑪),   𝑨 × (𝑩 ∪ 𝑪) 

 

 𝐴 × 𝐶 = {(𝛼, 𝜆), (𝛼, 𝜇), (𝛼, 𝛾), (𝛽, 𝜆), (𝛽, 𝜇), (𝛽, 𝛾), (𝛾, 𝜆), (𝛾, 𝜇), (𝛾, 𝛾) } 

 
(𝐴 ∪ 𝐵) × 𝐶 = {𝛼, 𝛽, 𝛾, 𝜃, 𝜂} × {𝜆, 𝜇, 𝛾} 

 = {
(𝛼, 𝜆), (𝛼, 𝜇), (𝛼, 𝛾), (𝛽, 𝜆), (𝛽, 𝜇), (𝛽, 𝛾), (𝛾, 𝜆),

(𝛾, 𝜇), (𝛾, 𝛾), (𝜃, 𝜆), (𝜃, 𝜇), (𝜃, 𝛾), ( 𝜂, 𝜆), ( 𝜂, 𝜇), ( 𝜂, 𝛾) 
} 

 

𝐴 ∪ (𝐵 × 𝐶) = {𝛼, 𝛽, 𝛾} ∪ { (𝜃, 𝜆), (𝜃, 𝜇), (𝜃, 𝛾), ( 𝜂, 𝜆), ( 𝜂, 𝜇), ( 𝜂, 𝛾)} 

= {𝛼, 𝛽, 𝛾, (𝜃, 𝜆), (𝜃, 𝜇), (𝜃, 𝛾), ( 𝜂, 𝜆), ( 𝜂, 𝜇), ( 𝜂, 𝛾) } 

 

 𝐴 × (𝐵 ∪ 𝐶) = {𝛼, 𝛽, 𝛾} × {𝜃, 𝜂, 𝜆, 𝜇, 𝛾 } 

                    = {
(𝛼, 𝜃), (𝛼, 𝜂), (𝛼, 𝜆), (𝛼, 𝜇), (𝛼, 𝛾), (𝛽, 𝜃), (𝛽, 𝜂),

(𝛽, 𝜆), (𝛽, 𝜇), (𝛽, 𝛾), ( 𝛾, 𝜃), ( 𝛾, 𝜂), ( 𝛾, 𝜆), ( 𝛾, 𝜇), ( 𝛾, 𝛾)
} 

 

6. For any non-empty sets A, B and C Prove the following:  

𝑨 × (𝑩 ∩ 𝑪) = (𝑨 × 𝑩) ∩ (𝑨 × 𝑪) ,      𝑨 × (𝑩 − 𝑪) = (𝑨 × 𝑩) − (𝑨 × 𝑪) 

 

 (𝑥, 𝑦) ∈ 𝐴 × (𝐵 ∩ 𝐶) ⇔ 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑦 ∈ 𝐵 ∩ 𝐶 

 ⇔ 𝑥 ∈ 𝐴 𝑎𝑛𝑑 ( 𝑦 ∈ 𝐵 𝑎𝑛𝑑 𝑦 ∈ 𝐶) 

 ⇔ (𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑦 ∈ 𝐵) 𝑎𝑛𝑑 ( 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑦 ∈ 𝐶) 

 ⇔ 𝑥 ∈ 𝐴 × 𝐵 𝑎𝑛𝑑 𝑥 ∈ 𝐴 × 𝐶 

 ⇔ 𝑥 ∈ (𝐴 × 𝐵) ∩ (𝐴 × 𝐶) 

Therefore, 𝐴 × (𝐵 ∩ 𝐶) = (𝐴 × 𝐵) ∩ (𝐴 × 𝐶) 

 

 (𝑥, 𝑦) ∈ 𝐴 × (𝐵 − 𝐶) ⇔ 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑦 ∈ 𝐵 − 𝐶 

 ⇔ 𝑥 ∈ 𝐴 𝑎𝑛𝑑 ( 𝑦 ∈ 𝐵 𝑎𝑛𝑑 𝑦 ∉ 𝐶) 

 ⇔ (𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑦 ∈ 𝐵) 𝑎𝑛𝑑 ( 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑦 ∉ 𝐶) 

 ⇔ 𝑥 ∈ 𝐴 × 𝐵 𝑎𝑛𝑑 𝑥 ∉ 𝐴 × 𝐶 

 ⇔ 𝑥 ∈ (𝐴 × 𝐵) − (𝐴 × 𝐶) 

Therefore, 𝐴 × (𝐵 − 𝐶) = (𝐴 × 𝐵) − (𝐴 × 𝐶) 
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7. Find 𝑨 ∩ 𝑩,    𝑩 ∩ 𝑪,    𝑨̅ ∪ 𝑪̅̅̅ ̅̅ ̅̅ ̅,    𝑩̅ ∪ 𝑪̅ if 𝑨,𝑩, 𝑪 ⊆ 𝒁 × 𝒁 with 

𝑨 = {(𝒙, 𝒚)|𝒚 = 𝟓𝒙 − 𝟏}, 𝑩 = {(𝒙, 𝒚)|𝒚 = 𝟔𝒙}, 𝑪 = {(𝒙, 𝒚)|𝟑𝒙 − 𝒚 = −𝟕} 

 

(i) (𝑥, 𝑦) ∈ 𝐴 ∩ 𝐵 ⇒ 𝑦 = 5𝑥 − 1 𝑎𝑛𝑑 𝑦 = 6𝑥 

⇒ 5𝑥 − 1 = 6𝑥 

⇒ 𝑥 = −1 𝑎𝑛𝑑 𝑦 = −6 

Therefore, 𝐴 ∩ 𝐵 = {(−1,−6)} 

 

(ii) (𝑥, 𝑦) ∈ 𝐵 ∩ 𝐶 ⇒  𝑦 = 6𝑥 𝑎𝑛𝑑 3𝑥 − 𝑦 = −7 

⇒ 6𝑥 = 3𝑥 − 7 

⇒ 𝑥 = −7/3 𝑎𝑛𝑑 𝑦 = −14 or 0 

Therefore, 𝐵 ∩ 𝐶 = {(−
7

3
, −14) , (−

7

3
, 0)} 

 

(iii) (𝑥, 𝑦) ∈ 𝐴̅ ∪ 𝐶̅̅̅ ̅̅ ̅̅ ̅ ⇒  (𝑥, 𝑦) ∈ 𝐴 ∩ 𝐶 

⇒ 𝑦 = 5𝑥 − 1 𝑎𝑛𝑑 3𝑥 − 𝑦 = −7 

⇒ 5𝑥 − 1 = 3𝑥 + 7 

⇒ 𝑥 = 4 𝑎𝑛𝑑 𝑦 = 19  

Therefore, 𝐴̅ ∪ 𝐶̅̅̅ ̅̅ ̅̅ ̅ = {(4, 19)} 

 

(iv) (𝑥, 𝑦) ∈ 𝐵̅ ∪ 𝐶̅ ⇒  (𝑥, 𝑦) ∈ 𝐵 ∩ 𝐶̅̅ ̅̅ ̅̅ ̅ 

⇒ (𝑥, 𝑦) ∉ 𝐵 ∩ 𝐶 

⇒ 𝑍 × 𝑍 − (𝑥, 𝑦) ∈ 𝐵 ∩ 𝐶 

⇒ 𝑍 × 𝑍 − (𝑦 = 6𝑥 𝑎𝑛𝑑 3𝑥 − 𝑦 = −7) 

⇒ 𝑍 × 𝑍 − (6𝑥 = 3𝑥 + 7) 

⇒ 𝑍 × 𝑍 − (𝑥 =
7

3
 𝑎𝑛𝑑 𝑦 = 14) 

Therefore, 𝐵̅ ∪ 𝐶̅ = 𝑍 × 𝑍 − {(
7

3
, 14)} 
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3.2 Relations 

Introduction: 

❖ Let A and B be two sets. Then a subset of 𝐴 × 𝐵 is called a relation from 𝐴 to 𝐵.  

❖ A subset of 𝐴 × 𝐴 is called a binary relation on  𝐴. 

❖ (𝑎, 𝑏) ∈ 𝑅 ⟺ 𝑎𝑅𝑏 

❖ Number of relations from A to B = no. of subsets of 𝐴 × 𝐵 = 2𝑚𝑛, (|𝐴| = 𝑚, |𝐵| = 𝑛) 

 

1. Let A and B be sets with |𝑩 | = 𝟑. If there are 4096 relations from A 𝒕𝒐 B find |𝑨|. 

 

 By data, |𝐴 × 𝐵| = 2𝑚𝑛 = 4096, 𝑛 = 3 

 4096 = 212 = 23𝑚,   𝑚 = |𝐴| = 4 

 

2. Let 𝑨 = {𝟏, 𝟐, 𝟑},𝑩 = {𝟐, 𝟒, 𝟓}. Determine (i) |𝑨 × 𝑩|(ii) Number of relations from 𝑨 

to 𝑩 (iii) Number of binary relations on 𝑨. (iv) Number of relations from 𝑨 to 𝑩 that 

contain exactly 5 ordered pairs. 

 

 (i)  |𝐴 × 𝐵| = 𝑚𝑛 = 3 × 3 = 9      

(ii) Number of relations from A to B = 2mn = 23×3 = 512           

(iii) Number of binary relations on A = 2𝑚𝑚 = 23×3 = 29 = 512 

(iv) Number of relations from 𝐴 to 𝐵 that contain exactly 5 ordered pairs= 9𝐶5 = 126 

 

3.  Binary relation R on N is defined recursively by  

 (𝟎, 𝟎) ∈ 𝑹, If (𝒔, 𝒕) ∈ 𝑹 then (𝒔 + 𝟏, 𝒕 + 𝟕) ∈ 𝑹 find R a set of ordered pairs. 

     (0, 0) ∈ 𝑅 ⇒ (0 + 1, 0 + 7) ∈ 𝑅 

  (1, 7) ∈ 𝑅 ⇒ (1 + 1, 7 + 7) ∈ 𝑅 

  (2, 14) ∈ 𝑅 ⇒ (2 + 1, 14 + 7) ∈ 𝑅 

  (3,21) ∈ 𝑅 ⇒ (3 + 1, 21 + 7) ∈ 𝑅 

  Therefore, 𝑅 = {(0, 0), (1, 7), (2, 14), (3, 21), (4, 28), … } 

 

4. Let 𝑹 ⊆ 𝑵 × 𝑵 where (𝒎, 𝒏) ∈ 𝑹 if 𝒏 = 𝟓𝒎 + 𝟐. Give a recursive definition for R. 

R is defined by (0, 2) ∈ 𝑅, if (𝑚, 𝑛) ∈ 𝑅 then (𝑚 + 1, 𝑛 + 5) ∈ 𝑅. 
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3.3 Zero-one matrices and digraphs 

Matrix of a relation: 

Let 𝐴 = {𝑎1, 𝑎2, … , 𝑎𝑚} and 𝐵 = {𝑏1, 𝑏2, … , 𝑏𝑛}then 𝐴 × 𝐵 = {(𝑎𝑖, 𝑏𝑗)|1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛}. 

Let R be a relation from A to B which is a subset of 𝐴 × 𝐵. 

Then 𝑀(𝑅) = (

𝑚11 ⋯ 𝑚1𝑛

⋮ ⋱ ⋮
𝑚𝑚1 ⋯ 𝑚𝑚𝑛

)  where 𝑚𝑖𝑗 = {
1,     𝑖𝑓 (𝑎𝑖, 𝑏𝑗) ∈ 𝑅

0,     𝑖𝑓 (𝑎𝑖, 𝑏𝑗) ∉ 𝑅
                                                     

is called the matrix of the relation R (or) Zero-one matrix for R. 

Example:  

Let 𝐴 = {0, 1, 2}, 𝐵 = {𝑝, 𝑞}.Let R be a relation from A to B defined by R= {(0, 𝑝), (1, 𝑞), (2, 𝑝)}. 

Then the matrix of the relation R is 𝑀(𝑅) =  [
1 0
0 1
1 0

]. 

Digraph of a relation: 

 Let R be a binary relation on a finite set A. Draw a small circle for each element of A. These 

circles are called vertices or nodes. Draw an arrow from a vertex x to vertex y iff(𝑥, 𝑦) ∈ 𝑅. 

These arrows are called edges. The pictorial representation of R is called a digraph or directed 

graph. 

Example: 

Let 𝐴 = {𝑎, 𝑏, 𝑐, 𝑑}  

𝑅 = {𝑎, 𝑏), (𝑏, 𝑏), (𝑏, 𝑑), (𝑐, 𝑏), (𝑐, 𝑑), (𝑑, 𝑎), (𝑑, 𝑐)}  

then the digraph R is 

In-degree and out degree: 

 No. of edges terminating at a vertex is called in-degree. 

 No. of edges leaving a vertex is called out-degree. 

 

 

Vertices 𝑎 𝑏 𝑐 𝑑 

In - Degree 1 3 1 2 

Out - Degree 1 2 2 2 

notesforvtu.in
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Composite relations: 

If 𝑨, 𝑩 and 𝑪 are sets with 𝑹𝟏 ⊆ 𝑨 × 𝑩 and 𝑹𝟐 ⊆ 𝑩 × 𝑪, then the composition relation 

𝑹𝟏𝝄𝑹𝟐 is a relation from A to C defined by 𝑹𝟏𝝄𝑹𝟐 = {(𝒙, 𝒛)|𝒙 ∈ 𝑨, 𝒛 ∈ 𝑪} . 

Problems: 

1. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟔} and R be a relation on A defined by 𝒂𝑹𝒃 iff a is a multiple of b. 

(i) Write down R as a set of ordered pairs (ii) Write matrix of R  

(iii) Draw the digraph of R. 

 

(i)  {(1, 1), (2, 1), (3, 1), (4, 1), (6, 1), (2, 2), (4, 2), (6, 2), (3, 3), (6, 3), (4, 4), (6, 6)} 
 

                   1 2 3 4 6 

(ii) 𝑀 =

1
2
3
4

6 [
 
 
 
 
1 0 0 0 0

1 1 0 0 0

1 0 1 0 0

1 1 0 1 0

1 1 1 0 1]
 
 
 
 

      (iii)            

 

 

 

 

 

2. Let 𝑹 = {(𝟏, 𝟏), (𝟏, 𝟐), (𝟐, 𝟑), (𝟑, 𝟑), (𝟑, 𝟒)} be a relation on the set 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}.        

(i) Write matrix of R  (ii) Draw the digraph of R.  5 

 

             1 2 3 4 

(i)     

1
2
3
4

[

1 1 0 0
0 0 1 0
0 0 1 1

0 0 0 0

]          ii) 
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3. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}. Let R be a relation on A defined by 𝒙𝑹𝒚iff ′𝒙 𝒅𝒊𝒗𝒊𝒅𝒆𝒔 𝒚′. Write 

down (i) Write down R as a set of ordered pairs (ii) Write matrix of R (iii) Draw the 

digraph of R (iv) In-degrees and out-degrees of all vertices of the digraph. 

 

(i) 𝑅 = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 4), (3, 3), (4, 4)} 

              

(ii)   

1
2
3
4

[

1 1 1 1
0 1 0 1
0 0 1 0

0 0 0 1

]     

(iii)  

 

 

 

(iv)  

 

 

4. Let 𝑨 = {𝒂, 𝒃, 𝒄, 𝒅} and R be a relation on A that has the matrix  

 𝑴𝑹 = (

𝟏 𝟎 𝟎 𝟎

𝟎 𝟏 𝟎 𝟎

𝟏 𝟏 𝟏 𝟎

𝟎 𝟏 𝟎 𝟏

) 

(i) Write down R as a set of ordered pairs (ii) Draw the digraph of R  

(iii)  List in-degrees and out-degrees of all vertices of the digraph. 

 

(i) 𝑅 = {(𝑎, 𝑎), ((𝑏, 𝑏), (𝑐, 𝑎), (𝑐, 𝑏), (𝑐, 𝑐), (𝑑, 𝑏), (𝑑, 𝑑)} 
 

(ii)  

 

                                                       

 

 

 

 (iii)  

 

Vertices 1 2 3 4 

In - Degree 1 2 2 2 

Out - Degree 2 2 2 1 

Vertices 𝑎 𝑏 𝑐 𝑑 

In - Degree 2 3 1 1 

Out - Degree 1 1 2 3 
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5. Find the relation represented by the digraph given below. Also write down its 

matrix. 

 

 

 

 

 

 Relation represented by the digraph is 𝑅 = {(1, 1), (1, 2), (2, 2), (2, 3), (4, 1), (4, 4)} 

  Corresponding matrix is 𝑀𝑅 = (

1 1 0 0
0 1 1 0
0 0 0 0
1 0 0 1

) 

6. For 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}and 𝑹 = {(𝟏, 𝟐), (𝟏, 𝟑), (𝟐, 𝟒), (𝟒, 𝟒)}. Find 𝑹𝟐, 𝑹𝟑, 𝑹∞,𝑴𝑹, (𝑴𝑹)𝑻. 
 

 𝑅2 = {(1, 4), (2, 4), (4, 4)} 

𝑅3 = {(1, 4), (2, 4), (4, 4)}  

𝑅∞ = {(1, 4), (1, 3), (2, 4), (4, 4)}  

𝑀𝑅 = (

0 1 3 0

0 0 0 1

0 0 0 0

0 0 0 1

) and (𝑀𝑅)𝑇 = (

0 0 0 0

1 0 0 0

3 0 0 0

0 1 0 1

) 

 

7. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} and R, S are relations on A defined by  

𝑹 = {(𝟏, 𝟐), (𝟏, 𝟑), (𝟐, 𝟒), (𝟒, 𝟒)}, 𝑺 = {(𝟏, 𝟏), (𝟏, 𝟐), (𝟏, 𝟑), (𝟏, 𝟒), (𝟐, 𝟑), (𝟐, 𝟒)}. Find 

𝑹𝝄𝑺, 𝑺𝝄𝑹,𝑹𝟐, 𝑺𝟐. Write down their matrices. 

 

 𝑅𝜊𝑆 = {(1, 3), (1, 4)} 

 𝑆𝜊𝑅 = {(1, 2), (1, 3), (1, 4), (2, 4)} 

  𝑅2 = {(1, 4), (2, 4), (4, 4)} 

  𝑆2 = {(1, 1), (1, 2), (1, 3), (1, 4)} 
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8. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}, 𝑩 = {𝒘, 𝒙, 𝒚, 𝒛} and 𝑪 = {𝒑, 𝒒, 𝒓, 𝒔}.  Consider                                         

𝑹𝟏 = {(𝟏, 𝒙), (𝟐,𝒘), (𝟑, 𝒛)} a relation from A to B,  

𝑹𝟐 = {(𝒘, 𝒑), (𝒛, 𝒒), (𝒚, 𝒔), (𝒙, 𝒑)} a relation from B to C.  

(i) Write relation matrices 𝑴(𝑹𝟏),𝑴(𝑹𝟐),𝑴(𝑹𝟏𝝄𝑹𝟐) 

(ii) Verify 𝑴(𝑹𝟏) × 𝑴(𝑹𝟐) = 𝑴(𝑹𝟏𝝄𝑹𝟐). 

 

𝑅1 = {(1, 𝑥), (2, 𝑤), (3, 𝑧)}, 𝑅2 = {(𝑤, 𝑝), (𝑧, 𝑞), (𝑦, 𝑠), (𝑥, 𝑝)} 

 𝑅1𝜊𝑅2 = {(1, 𝑝), (2, 𝑝), (3, 𝑞)} 

                    𝑤 𝑥 𝑦 𝑧                                        𝑝 𝑞 𝑟 𝑠 

 𝑀(𝑅1) =

1
2
3
4

(

0 1 0 0
1 0 0 0
0 0 0 1

0 0 0 0

)   ,     𝑀(𝑅2) =

𝑤
𝑥
𝑦
𝑧

(

1 0 0 0
1 0 0 0
0 0 0 1

0 1 0 0

) ,                     

                                 𝑝 𝑞 𝑟 𝑠                                                    𝑝 𝑞 𝑟 𝑠 

𝑀(𝑅1𝜊𝑅2) =

1
2
3
4

(

1 0 0 0
1 0 0 0
0 1 0 0

0 0 0 0

) ,  𝑀(𝑅1) × 𝑀(𝑅2) =

1
2
3
4

(

1 0 0 0
1 0 0 0
0 1 0 0

0 0 0 0

)    

 

Therefore, 𝑀(𝑅1) × 𝑀(𝑅2) = 𝑀(𝑅1𝜊𝑅2). 
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3.4 Properties of relations 

Introduction:   A relation R on a set A is said to be  

❖ Reflexive if (𝑎, 𝑎) ∈ 𝑅, ∀𝑎 ∈ 𝐴 

❖ Symmetric if (𝑎, 𝑏) ∈ 𝑅 ⇒ (𝑏, 𝑎) ∈ R 

❖ Transitive if (𝑎, 𝑏) ∈ 𝑅, (𝑏, 𝑐) ∈ 𝑅 ⇒ (𝑎, 𝑐) ∈ 𝑅 

❖ Ir-reflexive if (𝑎, 𝑎) ∉ 𝑅, for any 𝑎 ∈ 𝐴 

❖ Anti-symmetric if (𝑎, 𝑏) ∈ 𝑅, (𝑏, 𝑎) ∈ 𝑅 ⇒ 𝑎 = 𝑏 

❖ Asymmetric if it is neither symmetric nor anti-symmetric. 

Problems: 

1. Let 𝑨 = {𝟏, 𝟐, 𝟑}. Determine the nature of the following relations on A. 

 𝑹𝟏 = {(𝟏, 𝟐), (𝟐, 𝟏), (𝟏, 𝟑), (𝟑, 𝟏)},    𝑹𝟐 = {(𝟏, 𝟏), (𝟐, 𝟐), (𝟑, 𝟑), (𝟐, 𝟑)},                            

  𝑹𝟑 = {(𝟏, 𝟏), (𝟐, 𝟐), (𝟑, 𝟑)},     𝑹𝟒 = {(𝟏, 𝟏), (𝟐, 𝟐), (𝟑, 𝟑), (𝟐, 𝟑), (𝟑, 𝟐)},  

𝑹𝟓 = {(𝟏, 𝟏), (𝟐, 𝟑), (𝟑, 𝟑)},     𝑹𝟔 = {(𝟐, 𝟑), (𝟑, 𝟒), (𝟐, 𝟒)},     𝑹𝟕 = {(𝟏, 𝟑), (𝟑, 2)} 

 

 Reflexive  Symmetric Transitive Ir-reflexive Anti symmetric Asymmetric 

𝑹𝟏     X             X 
         X      X 

𝑹𝟐  X 
 X X 

 

𝑹𝟑    X X X 

𝑹𝟒    X X X 

𝑹𝟓 X X 
 X X 

 

𝑹𝟔 X X 
   X 

𝑹𝟕 X X X 
  X 

 

 

 

 

 

 

 

notesforvtu.in



Dr. Narasimhan G, RNSIT Page 12 
 

2. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}, 𝑹 = {(𝟏, 𝟑), (𝟏, 𝟏), (𝟑, 𝟏), (𝟏, 𝟐), (𝟑, 𝟑), (𝟒, 𝟒)} be a relation on A. 

Determine whether R is reflexive, symmetric, transitive, irreflexive or 

antisymmetric. 

R is irreflexive because (1, 1) ∈ 𝑅 but (2, 2) ∉ 𝑅. 

R is asymmetric because (1, 3), (3, 1), (1, 2) ∈ 𝑅 but  (2, 1) ∉ 𝑅. 

R is not transitive because (3, 1), (1, 2) ∈ 𝑅 but (3, 2) ∉ 𝑅. 

3. Let A be a finite set which consists of n elements. Determine the relations on A 

which are (i) reflexive (ii) symmetric  (iii) antisymmetric. 

Total number of reflexive relations on A is 2𝑛2−𝑛 

Total number of symmetric relations on A is 2
(𝑛2+𝑛)

2  

Total number of anti symmetric relations on A is 2𝑛 × 3
𝑛2−𝑛

2  

4. Show that the relation represented by the matrix 𝑴𝑹 = (
𝟏 𝟏 𝟏
𝟎 𝟎 𝟏
𝟎 𝟎 𝟏

) is transitive. 

 

 𝑅 = {(𝑎, 𝑎), (𝑎, 𝑏), (𝑎, 𝑐), (𝑏, 𝑐), (𝑐, 𝑐)} is a transitive relation. 

 

5. If 𝑨 = {𝟏, 𝟐, 𝟑, . 𝟒} and 𝑹 = {(𝟏, 𝟐), (𝟐, 𝟐), (𝟑, 𝟒), (𝟒, 𝟏)} verify the relation R on A is 

whether symmetric or asymmetric or antisymmetric. 

  

𝑅 = {(1, 2), (2, 2), (3, 4), (4, 1)} is an asymmetric relation. 

Because (2, 2), (1, 2) ∈ 𝑅 but (2, 1) ∉ 𝑅 
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3.5 Equivalence relations and partitions 

 

❖ Equivalence relations: 

A relation R on a set A is said to be an equivalence relation on A if it is reflexive, symmetric 

and transitive. 

❖ Equivalence classes:  

Let R be an equivalence relation on A and 𝑎 ∈ 𝐴. Then [𝑎] = {𝑥 ∈ 𝐴|(𝑥, 𝑎) ∈ 𝑅} is called 

the equivalence class of a. 

❖ Partition of a set: 

Let A be a nonempty set and 𝐴1, 𝐴2, … , 𝐴𝑛 be nonempty subsets of A such that  

(i) 𝐴1 ∪ 𝐴2 ∪ …∪ 𝐴𝑛 = 𝐴   

(ii) 𝐴1, 𝐴2, … , 𝐴𝑛 are disjoint then 𝑃 = {𝐴1, 𝐴2, … , 𝐴𝑛} is called a partition of A. 

Problems: 

1. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} and 𝑹 = {(𝟏, 𝟏), (𝟏, 𝟐), (𝟐, 𝟏), (𝟐, 𝟐), (𝟑, 𝟒), (𝟒, 𝟑), (𝟑, 𝟑), (𝟒, 𝟒)} be a 

relation on A. Verify that R is an equivalence relation. 

 (1, 1), (2, 2), (3, 3), (4, 4) ∈ 𝑅 

 (𝑎, 𝑎) ∈ 𝑅, ∀𝑎 ∈ 𝐴,  

 R is reflexive. 

 

 (1, 2), (2, 1) ∈ 𝑅 ⇒ (1, 1) ∈ 𝑅 

  (3, 4), (4, 3) ∈ 𝑅 ⇒ (3, 3) ∈ 𝑅 

 (𝑎, 𝑏) ∈ 𝑅, (𝑏, 𝑐) ∈ 𝑅 ⇒ (𝑎, 𝑐) ∈ 𝑅, ∀ 𝑎, 𝑏, 𝑐 ∈ 𝐴 

 R is transitive. 

 

 (1, 2) ∈ 𝑅 ⇒ (2, 1) ∈ 𝑅 

 (3, 4) ∈ 𝑅 ⇒ (3, 4) ∈ 𝑅 

 (𝑎, 𝑏) ∈ 𝑅 ⇒ (𝑏, 𝑎) ∈ 𝑅, ∀ 𝑎, 𝑏 ∈ 𝐴 

 R is symmetric. 

 

Therefore, R is an equivalence relation. 
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2. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} and 𝑹 = {(𝟏, 𝟏), (𝟏, 𝟐), (𝟐, 𝟏), (𝟐, 𝟐), (𝟑, 𝟏), (𝟑, 𝟑), (𝟏, 𝟑), (𝟒, 𝟏), (𝟒, 𝟒)}  

be a relation on A.  

Is R an equivalence relation? 

              (1, 1), (2, 2), (3, 3), (4, 4) ∈ 𝑅 

 (𝑎, 𝑎) ∈ 𝑅, ∀𝑎 ∈ 𝐴,  

 R is reflexive. 

 

 (4, 1), (1, 2) ∈ 𝑅, 𝑏𝑢𝑡 (4, 2) ∉ 𝑅 

  R is not transitive. 

  Therefore, R is not an equivalence relation. 

3.  A relation R on a set 𝑨 = {𝒂, 𝒃, 𝒄} is represented 𝑴𝑹 = (
𝟏 𝟎 𝟏
𝟎 𝟏 𝟎
𝟎 𝟎 𝟏

).  

Determine whether R is an equivalence relation. 

 𝑅 = {(𝑎, 𝑎), (𝑏, 𝑏), (𝑐, 𝑐), (𝑎, 𝑐)} 

 (𝑎, 𝑐) ∈ 𝑅, 𝑏𝑢𝑡 (𝑐, 𝑎) ∉ 𝑅 

 R is not symmetric. 

Therefore, R is not an equivalence relation. 
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4. For a fixed integer 𝒏 > 𝟏, prove that congruent modulo n is an equivalence relation.  

 𝒂 ≡ 𝒃(𝒎𝒐𝒅 𝒏) ⇒ 𝒂 − 𝒃 𝒊𝒔 𝒂 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒆 𝒐𝒇 𝒏. 

 

 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑎 ∈ 𝑍, 

  𝑎 − 𝑎 = 0 

⇒ 𝑎 − 𝑎 = 0𝑛 

⇒ 𝑎 ≡ 𝑎 (𝑚𝑜𝑑 𝑛) 

⇒ (𝑎, 𝑎) ∈ 𝑅 

 R is reflexive. 

 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑎, 𝑏 ∈ 𝑍, 

 (𝑎, 𝑏) ∈ 𝑅 

⇒ 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑛) 

⇒ 𝑎 − 𝑏 𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑛 

⇒ 𝑏 − 𝑎 𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑛 

 ⇒ 𝑏 ≡ 𝑎 (𝑚𝑜𝑑 𝑛) 

 ⇒ (𝑏, 𝑎) ∈ 𝑅 

R is symmetric. 

 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑎, 𝑏, 𝑐 ∈ 𝑍, 

 (𝑎, 𝑏), (𝑏, 𝑐) ∈ 𝑅 

⇒ 𝑎 ≡ 𝑏 (𝑚𝑜𝑑 𝑛), 𝑏 ≡ 𝑐 (𝑚𝑜𝑑 𝑛),  

⇒  𝑎 ≡ 𝑐 (𝑚𝑜𝑑 𝑛) 

⇒ 𝑎 − 𝑐 𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑛 

 ⇒ 𝑎 ≡ 𝑐 (𝑚𝑜𝑑 𝑛) 

 ⇒ (𝑎, 𝑐) ∈ 𝑅 

R is transitive. 

Therefore, R is an equivalence relation. 
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5. If 𝑨 = 𝑨𝟏 ∪ 𝑨𝟐 ∪ 𝑨𝟑, where 𝑨𝟏 = {𝟏, 𝟐}, 𝑨𝟐 = {𝟐, 𝟑, 𝟒}, 𝑨𝟑 = {𝟓}. Define relation R 

on A by 𝒙𝑹𝒚 if 𝒙 and 𝒚 are in the same subset 𝑨𝒊 for 𝟏 ≤ 𝒊 ≤ 𝟑. Is R an equivalence 

relation? 

 𝐴 = {1, 2, 3, 4, 5} 

             𝑅 = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 2), (2, 1), (2, 3), (3, 2), (2, 4), (4, 2), (3, 4), (4, 3)} 

 (1, 1), (2, 2), (3, 3), (4, 4) ∈ 𝑅 

 (𝑎, 𝑎) ∈ 𝑅, ∀𝑎 ∈ 𝐴,  

 R is reflexive. 

 

 (1, 2), (2, 1) ∈ 𝑅 ⇒ (1, 1) ∈ 𝑅 

  (2, 3), (3, 2) ∈ 𝑅 ⇒ (2, 2) ∈ 𝑅 

 (2, 3), (3, 4) ∈ 𝑅 ⇒ (2, 4) ∈ 𝑅 

 (𝑎, 𝑏) ∈ 𝑅, (𝑏, 𝑐) ∈ 𝑅 ⇒ (𝑎, 𝑐) ∈ 𝑅, ∀ 𝑎, 𝑏, 𝑐 ∈ 𝐴 

 R is transitive. 

 

 (1, 2) ∈ 𝑅 ⇒ (2, 1) ∈ 𝑅 

 (3, 4) ∈ 𝑅 ⇒ (4, 3) ∈ 𝑅 

 (2, 3) ∈ 𝑅 ⇒ (3,2) ∈ 𝑅 

 (𝑎, 𝑏) ∈ 𝑅 ⇒ (𝑏, 𝑎) ∈ 𝑅, ∀ 𝑎, 𝑏 ∈ 𝐴 

 R is symmetric. 

Therefore, R is an equivalence relation. 
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6. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓} × {𝟏, 𝟐, 𝟑, 𝟒, 𝟓} and  on 𝑨 by (𝒙𝟏, 𝒚𝟏)𝑹(𝒙𝟐, 𝒚𝟐) if 𝒙𝟏 + 𝒚𝟏 =

𝒙𝟐 + 𝒚𝟐 Verify that R is an equivalence relation.  

             (ii) Determine the equivalence classes [(1, 3)], [(2, 4)], [(1, 1)]. 

 

For any (𝑎, 𝑏) ∈ 𝐴 × 𝐴,  

 𝑎 + 𝑏 = 𝑎 + 𝑏 

 ⇒ (𝑎, 𝑏)𝑅(𝑎, 𝑏), ∀𝑎 ∈ 𝐴 

R is reflective. 

 (𝑎, 𝑏)𝑅(𝑐, 𝑑) 

 ⇒ 𝑎 + 𝑏 = 𝑐 + 𝑑 

 ⇒ 𝑐 + 𝑑 = 𝑎 + 𝑏 

 ⇒ (𝑐, 𝑑)𝑅(𝑎, 𝑏) 

R is symmetric. 

 (𝑎, 𝑏)𝑅(𝑐, 𝑑) and (𝑐, 𝑑)𝑅(𝑒, 𝑓) 

 ⇒ 𝑎 + 𝑏 = 𝑐 + 𝑑 and 𝑐 + 𝑑 = 𝑒 + 𝑓 

 ⇒ 𝑎 + 𝑏 = 𝑒 + 𝑓 

 ⇒ (𝑎, 𝑏)𝑅(𝑒, 𝑓) 

R is transitive. 

Therefore, R is an equivalence relation. 

 

7. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓} × {𝟏, 𝟐, 𝟑, 𝟒, 𝟓} and  on 𝑨 by (𝒙𝟏, 𝒚𝟏)𝑹(𝒙𝟐, 𝒚𝟐) if 𝒙𝟏 + 𝒚𝟏 =

𝒙𝟐 + 𝒚𝟐,  Determine the equivalence classes [(1, 3)], [(2, 4)], [(1, 1)]. 

 

  [(1, 3)]= {(𝑥, 𝑦) | (𝑥, 𝑦)𝑅 (1, 3)} 

 = {(𝑥, 𝑦) | 𝑥 + 𝑦 = 1 + 3} 

 = {(2, 2), (3, 1), (1, 3)} 

  [(2, 4)] = {(𝑥, 𝑦) | (𝑥, 𝑦)𝑅 (2, 4)} 

 = {(𝑥, 𝑦) | 𝑥 + 𝑦 = 2 + 4} 

 = {(1, 5), (5, 1), (3, 3), (2, 4), (4, 2)} 

  [(1, 1)] = {(𝑥, 𝑦) | (𝑥, 𝑦)𝑅 (1, 1)} 

 = {(𝑥, 𝑦) | 𝑥 + 𝑦 = 1 + 1} = {(1, 1)} 
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8. For 𝑨 = {𝒂, 𝒃, 𝒄, 𝒅, 𝒙, 𝒚, 𝒛} define an equivalence relation on A. Hence find 

equivalence classes. Also find a partition of A. 

Equivalence relation: 

 𝐴 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑥, 𝑦, 𝑧} 

             𝑅 = {(𝑎, 𝑎), (𝑎, 𝑏), (𝑎, 𝑐), (𝑏, 𝑎), (𝑏, 𝑏), (𝑏, 𝑐), (𝑑, 𝑑), (𝑐, 𝑎), (𝑐, 𝑏), (𝑐, 𝑐), (𝑥, 𝑥), (𝑦, 𝑦), (𝑧, 𝑧)} 

 Since R is reflexive, symmetric and transitive, R is an equivalence relation. 

 Equivalence classes: 

 

 

 

 

 Partition of A:     Partition of A = {{𝑎, 𝑏, 𝑐}, {𝑑}, {𝑥}, {𝑦}, {𝑧}} 

9. If R is a relation defined on 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} by 

𝑹 = {(𝟏, 𝟏), (𝟏, 𝟐), (𝟐, 𝟏), (𝟐, 𝟐), (𝟑, 𝟒), (𝟒, 𝟑), (𝟑, 𝟑), (𝟒, 𝟒)}. Determine the partition 

induced by the equivalence relation. 

 Equivalence classes are 

 

 

Partition induced by the given equivalence relation is {{1, 2}, {3, 4}} 

 

 

 

 

 

[𝑎] = {𝑥 | 𝑥 𝑅 𝑎} = {𝑎, 𝑏, 𝑐} 

[𝑏] = {𝑥 | 𝑥 𝑅 𝑏} = {𝑎, 𝑏, 𝑐} 

[𝑐] = {𝑥 | 𝑥 𝑅 𝑐} = {𝑎, 𝑏, 𝑐} 

 

[𝑑] = {𝑥 | 𝑥 𝑅 𝑑} = {𝑑} 

[𝑥] = {𝑥 | 𝑥 𝑅 𝑥} = {𝑥} 

[𝑦] = {𝑥 | 𝑥 𝑅 𝑦} = {𝑦} 

[𝑧] = {𝑥 | 𝑥 𝑅 𝑧} = {𝑧} 

[1] = {𝑥 | 𝑥 𝑅 1} = {1, 2} 

[2] = {𝑥 | 𝑥 𝑅 2} = {1, 2} 

[3] = {𝑥 | 𝑥 𝑅 3} = {3, 4} 

[4] = {𝑥 | 𝑥 𝑅 4} = {3, 4} 
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10. Let 𝑨 = {𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇, 𝒈} and consider the partition 𝑷 = {{𝒂, 𝒄, 𝒅}, {𝒃}, {𝒆, 𝒈}, {𝒇}}. 

Determine the corresponding equivalence relation R. 

 𝑅 = {
(𝑎, 𝑎), (𝑎, 𝑐), (𝑎, 𝑑), (𝑐, 𝑎), (𝑐, 𝑐), (𝑐, 𝑑), (𝑑, 𝑎), (𝑑, 𝑐),

(𝑑, 𝑑), ((𝑏, 𝑏), (𝑒, 𝑒), (𝑒, 𝑔), (𝑔, 𝑒), (𝑔, 𝑔), (𝑓, 𝑓)
} 

11. Let R be an equivalence relation on A and 𝒂, 𝒃 ∈ 𝑨. Then prove the following:  

(i) 𝒂 ∈ [𝒂]  (ii) 𝒂𝑹𝒃 iff [𝒂] = [𝒃]   (iii) If [𝒂] ∩ [𝒃] ≠ 𝝓 then [𝒂] = [𝒃]  

Proof: 

(i) R is reflexive   

     ⇒ (𝑎, 𝑎) ∈ 𝑅  ⇒ 𝑎 ∈ {𝑎} 

 (ii)  To prove:  𝑎𝑅𝑏 ⇒ [𝑎] = [𝑏]      

        Let (𝑎, 𝑏) ∈ 𝑅    

 𝑥 ∈ [𝑎] 

        ⇒ (𝑥, 𝑎) ∈ 𝑅 

        ⇒ (𝑥, 𝑎), (𝑎, 𝑏) ∈ 𝑅 

        ⇒ (𝑥, 𝑏) ∈ 𝑅 

        ⇒ 𝑥 ∈ [𝑏] 

∴  [𝑎] ⊆ [𝑏].  

 

  𝑥 ∈ [𝑏] 

        ⇒ (𝑥, 𝑏) ∈ 𝑅 

        ⇒ (𝑥, 𝑏), (𝑎, 𝑏) ∈ 𝑅 

        ⇒ (𝑥, 𝑏), (𝑏, 𝑎) ∈ 𝑅 

        ⇒ (𝑥, 𝑎) ∈ 𝑅  

        ⇒ 𝑥 ∈ [𝑎] 

∴  [𝑏] ⊆ [𝑎]. 

Therefore, [𝑎] = [𝑏]. 

To prove:  [𝑎] = [𝑏] ⇒ 𝑎𝑅𝑏  

 [𝑎] = [𝑏]    

  𝑎 ∈ [𝑎] ⇒ 𝑎 ∈ [𝑏] 

            ⇒ (𝑎, 𝑏) ∈ 𝑅 

            ⇒ 𝑎 𝑅 𝑏 

   (iii)  [𝑎] ∩ [𝑏] ≠ 𝜙 

     ⇒ Let 𝑥 ∈ [𝑎] ∩ [𝑏] 

     ⇒ 𝑥 ∈ [𝑎] and 𝑥 ∈ [𝑏] 

     ⇒ (𝑥, 𝑎), (𝑥, 𝑏) ∈ 𝑅 for some 𝑥 ∈ 𝑅 (∵ 𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛) 

         ⇒ (𝑎, 𝑥), (𝑥, 𝑏) ∈ 𝑅 for some 𝑥 ∈ 𝑅  (∵ 𝑅 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐) 

         ⇒ (𝑎, 𝑏) ∈ 𝑅  (∵ 𝑅 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒) 

         ⇒ [𝑎] = [𝑏]    (∵ 𝐵𝑦 (𝑖𝑖)) 
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3.6 Partial orders and Hasse diagram 

Partial orders: 

 A relation R on a set A is said to be a partial order on Aif  R reflexive, antisymmetric 

and transitive. A set with a partial order R is called a partially ordered set or a poset. It is denoted 

by (𝐴, 𝑅). (e-g) (𝑍,≤) is a poset. 

Note:  A digraph of a partial order has no cycle of length greater than one. 

Hasse diagram: 

The digraph of a partial order with the following conditions is called  Hasse diagram.  

❖ All vertices have a cycle of length one. (Since it is known, need not produce loop) 

❖ If there is an edge from a to b and from b to c then there is an edge from a to c. (Since it 

is known, need not produce an edge from a to c) 

❖ All edges point upward (Since it is known, need not put arrows in the edges) 
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1. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} and 𝑹 = {(𝟏, 𝟏), (𝟏, 𝟐), (𝟐, 𝟐), (𝟐, 𝟒), (𝟏, 𝟑), (𝟑, 𝟑), (𝟑, 𝟒), (𝟏, 𝟒), (𝟒, 𝟒)}. 

Verify that R is a partial order on A. Write down the Hasse diagram for R. 

 

 (1, 1), (2, 2), (3, 3), (4, 4) ∈ 𝑅.  

Therefore, (𝑥, 𝑥) ∈ 𝑅, ∀𝑥 ∈ 𝐴. 

 (1, 3), (3, 4) ∈ 𝑅 ⟹ (1, 4) ∈ 𝑅 

 (𝑥, 𝑦), (𝑦, 𝑧) ∈ 𝑅 ⟹ (𝑥, 𝑧) ∈ 𝑅 , 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 𝑦, 𝑧 ∈ 𝐴 

𝑅 does not contain (𝑥, 𝑦) and (𝑦, 𝑥) with 𝑥 ≠ 𝑦 . 

Therefore, R is reflexive, anti - symmetric and transitive. 

Therefore, R is a partial order on A. 

Hasse diagram:   

 

 

 

 

 

2. If R is a relation on a set 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} defined on 𝒙𝑹𝒚iff 𝒙|𝒚. Prove that (𝑨, 𝑹) is a 

poset. Draw its Hasse diagram. 

 

 𝑅 = {(1, 1), (1, 2), (1, 3), (1, 4), (2, 2), (2, 4), (3, 3), (4, 4)} 

 (1, 1), (2, 2), (3, 3), (4, 4) ∈ 𝑅.  

Therefore, (𝑥, 𝑥) ∈ 𝑅, ∀𝑥 ∈ 𝐴. 

 (1, 2), (2, 4) ∈ 𝑅 ⟹ (1, 4) ∈ 𝑅 

 (𝑥, 𝑦), (𝑦, 𝑧) ∈ 𝑅 ⟹ (𝑥, 𝑧) ∈ 𝑅 , 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 𝑦, 𝑧 ∈ 𝐴 

𝑅 does not contain (𝑥, 𝑦) and (𝑦, 𝑥) with 𝑥 ≠ 𝑦 . 

Therefore, R is reflexive, anti - symmetric and transitive. 

Therefore, R is a partial order on A. 

Hasse diagram:     
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3. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟔, 𝟏𝟐}. On A define relation R by 𝒂𝑹𝒃 iff 𝒂|𝒃. Prove that R is a 

partial order on A. Draw the Hasse diagram for this relation. 

  

 𝑅 = {
(1, 1), (1, 2), (1, 3), (1, 4), (1, 6), (1, 12), (2, 2), (2, 4), (2, 6),

(2, 12), (3, 3), (3, 6), (3, 12), (4, 4), (4, 12), (6, 6), (6, 12), (12, 12)
} 

 (1, 1), (2, 2), (3, 3), (4, 4) , (6, 6), (12, 12) ∈ 𝑅.  

Therefore, (𝑥, 𝑥) ∈ 𝑅, ∀𝑥 ∈ 𝐴. 

 𝑥|𝑦, 𝑦|𝑧 ∈ 𝑅 ⟹ 𝑥|𝑧 

 (𝑥, 𝑦), (𝑦, 𝑧) ∈ 𝑅 ⟹ (𝑥, 𝑧) ∈ 𝑅 , 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥, 𝑦, 𝑧 ∈ 𝐴 

𝑅 does not contain (𝑥, 𝑦) and (𝑦, 𝑥) with 𝑥 ≠ 𝑦 . 

Therefore, R is reflexive, anti - symmetric and transitive. 

Therefore, R is a partial order on A. 

Haase diagram:   
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4. Let 𝑺 = {𝟏, 𝟐, 𝟑} and 𝑷(𝑺) the power set of S. On 𝑷(𝑺) define the relation R by 

𝒙𝑹𝒚 iff 𝑿 ⊆ 𝒀. Show that the relation is a partial order on 𝑷(𝑺). Draw its Hasse 

diagram. 

 

 𝑃(𝑆) = 𝑅 = {{⬚}, {1}, {2}, {3}, {1,2}, {1, 3}, {2, 3}, {1, 2, 3}}  

                  = {𝑆1, 𝑆2, 𝑆3, 𝑆4, 𝑆5, 𝑆6, 𝑆7, 𝑆8} 

(i)  𝑆𝑖 ⊆ 𝑆𝑗 , ∀ 1 ≤ 𝑖, 𝑗 ≤ 8 

           (𝑆𝑖, 𝑆𝑖) ∈ 𝑅, ∀ 1 ≤ 𝑖 ≤ 8 

(ii)  𝑆𝑖 ⊆ 𝑆𝑗 , 𝑆𝑗 ⊆ 𝑆𝑘  ⟹  𝑆𝑖 ⊆ 𝑆𝑘 , ∀ 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 8 

                 (𝑆𝑖, 𝑆𝑗), (𝑆𝑗, 𝑆𝑘) ∈ 𝑅 ⟹ (𝑆𝑖, 𝑆𝑘) ∈ 𝑅, 𝑓𝑜𝑟 𝑎𝑛𝑦 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 8 

(iii) 𝑅 does not contain 𝑆𝑖 ⊆ 𝑆𝑗 and 𝑆𝑗 ⊆ 𝑆𝑖 with 𝑆𝑖 ≠ 𝑆𝑗 

                 𝑅 does not contain (𝑆𝑖, 𝑆𝑗) and (𝑆𝑗 , 𝑆𝑖) with 𝑆𝑖 ≠ 𝑆𝑗 

Therefore, R is reflexive, anti-symmetric and transitive. 

Therefore, R is partial order relation. 
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5. The Hasse diagram of the partial order R on a set 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔} is a s given 

below:  

 

 

 

 

 

 

Write down R as a subset of 𝑨 × 𝑨. Construct its digraph. 

 

 𝑅 =

{(1, 1), (1, 4), (1, 6), (2, 2), (2, 5), (2, 6), (3, 3), (3, 5), (3, 6)(4, 4), (4, 6), (5, 5), (5, 6), (6, 6)} 

Digraph: 
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6. Draw the Hasse diagram of the relation R on 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓} whose matrix is as 

given below: 𝑴𝑹 =

(

 
 

𝟏 𝟎 𝟏
𝟎 𝟏 𝟏
𝟎 𝟎 𝟏

𝟏 𝟏
𝟏 𝟏
𝟏 𝟏

𝟎 𝟎 𝟎
𝟎 𝟎 𝟎

𝟏 𝟎
𝟎 𝟏)

 
 

 

 

 𝑅 = {(1, 1), (1, 3), (1, 4), (1, 5), (2, 2), (2, 3), (2, 4), (2, 5), (3, 3), (3, 4), (3, 5), (4, 4), (5, 5)} 

Hasse diagram:          

 

 

 

 

 

 

7. Write down the Hasse diagram for the positive divisors of 45. 

 

 𝐴 = 𝑆𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠 𝑜𝑓 45 = {1, 3, 5, 9, 15, 45} 

 𝑅 = {(1, 1), (1, 3), (1, 5), (1, 15), (1, 45), (3, 3), (3, 15), (3, 45), (9, 9), (9, 45), (15, 15),

(15, 45), (45, 45)} 

Hasse diagram:  
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8. Draw the Hasse diagram to represent the positive divisors of 36. 

 

 𝐴 = 𝑆𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠 𝑜𝑓 45 = {1, 2, 3, 4, 6, 9, 12, 18, 36 }      

             Hasse diagram:  
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3.7 Functions 

Definition: 

 Let A and B be any two non empty sets. Then a function 𝑓 from A to B is a relation 

such that for each 𝑎 ∈ 𝐴, there is a unique 𝑏 ∈ 𝐵.  

Note: 

❖ If (𝑎, 𝑏) ∈ 𝑓 then 𝑏 = 𝑓(𝑎) is the image 𝑎 and 𝑎 is a pre-image of 𝑏. 

❖ If 𝑓: 𝐴 → 𝐵 is a function then A-Domain of 𝑓, B-Codomain of 𝑓, 𝑓(𝐴)-Range of 𝑓. 

Example: 

❖ {(1, 𝑎), (2, 𝑎), (2, 𝑐), (3, 𝑏)}is not a function. 

❖ {(𝑥, 𝑧), (𝑦, 𝑥), (𝑦, 𝑦)}is not a function. 

❖ {(𝑝, 𝑞), (𝑞, 𝑞), (𝑟, 𝑞)}is a function. 

Problems: 

1. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}. Determine whether or not the following relations on A are 

functions: (i) 𝒇 = {(𝟐, 𝟑), (𝟏, 𝟒), (𝟐, 𝟏), (𝟑, 𝟐), (𝟒, 𝟒)}    (ii)   𝒈 = {(𝟑, 𝟏), (𝟒, 𝟐), (𝟏, 𝟏)} 

(iii) 𝒉 = {(𝟐, 𝟏), (𝟑, 𝟒), (𝟏, 𝟒), (𝟒, 𝟒)}. 

(i) No. 2 has two images.  

(ii) No. 2 doesn’t have image. 

(iii) Yes. Each element has a unique image. 

 

2. Let a function 𝒇: 𝑹 → 𝑹 be defined by 𝒇(𝒙) = 𝒙𝟐 + 𝟏. Determine the images of the 

following subsets of R: 𝑨 = {𝟐, 𝟑}, 𝑩 = {−𝟐, 𝟎, 𝟑}, 𝑪 = (𝟎, 𝟏),𝑫 = [−𝟔, 𝟑]. 
 

𝑓(𝐴) = {22 + 1, 32 + 1} = {5, 10}, 

𝑓(𝐵) = {(−2)2 + 1, 02 + 1, 32 + 1} = {5, 1, 10} 

𝑓(𝐶) = {𝑥2 + 1 |0 < 𝑥 < 1} 

 𝑓(𝐷) = {𝑥2 + 1| − 6 ≤ 𝑥 ≤ 3} 
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3. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔}and 𝑩 = {𝟔, 𝟕, 𝟖, 𝟗, 𝟏𝟎}. If a function 𝒇: 𝑨 → 𝑩 is defined by     

{(1, 7), (2, 7), (3, 8), (4, 6), (5, 9), (6, 9)} determine 𝒇−𝟏(𝟔)and 𝒇−𝟏(𝟗). If 𝑩𝟏 =

{𝟕, 𝟖}and 𝑩𝟐 = {𝟖, 𝟗, 𝟏𝟎}, find 𝒇−𝟏(𝑩𝟏) and 𝒇−𝟏(𝑩𝟐). 

 

𝑓−1(6) = 𝑃𝑟𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 4 = {4} 

𝑓−1(9) =  𝑆𝑒𝑡 𝑜𝑓 𝑝𝑟𝑒 𝑖𝑚𝑎𝑔𝑒𝑠 𝑜𝑓 9 = {5, 6} 

𝑓−1(𝐵1) = 𝑆𝑒𝑡 𝑜𝑓 𝑝𝑟𝑒 𝑖𝑚𝑎𝑔𝑒𝑠 𝑜𝑓 7 𝑎𝑛𝑑 9 = {1, 2, 3} 

𝑓−1(𝐵2) = 𝑆𝑒𝑡 𝑜𝑓 𝑝𝑟𝑒 𝑖𝑚𝑎𝑔𝑒𝑠 𝑜𝑓 8, 9 𝑎𝑛𝑑 10 =  {3, 5, 6} 

 

4. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓}and 𝑩 = {𝟑, 𝟒, 𝟓}. A function 𝒇: 𝑨 → 𝑩 is given by 𝒇 =

{(𝟏, 𝟑), (𝟐, 𝟑), (𝟑, 𝟒), (𝟒, 𝟓), (𝟓, 𝟒)}.Find 𝒇−𝟏(𝟑), 𝒇−𝟏(𝟒), 𝒇−𝟏(𝑩𝟏), 𝒇
−𝟏(𝑩𝟐). Where 

𝑩𝟏 = {𝟑, 𝟒}, 𝑩𝟐 = {𝟒, 𝟓}.  

 

𝑓−1(3) = 𝑃𝑟𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 3 = {1, 2} 

𝑓−1(4) =  𝑆𝑒𝑡 𝑜𝑓 𝑝𝑟𝑒 𝑖𝑚𝑎𝑔𝑒𝑠 𝑜𝑓 4 = {3, 5} 

𝑓−1(𝐵1) = 𝑆𝑒𝑡 𝑜𝑓 𝑝𝑟𝑒 𝑖𝑚𝑎𝑔𝑒𝑠 𝑜𝑓 3 𝑎𝑛𝑑 4 = {1, 2, 3, 5} 

𝑓−1(𝐵2) = 𝑆𝑒𝑡 𝑜𝑓 𝑝𝑟𝑒 𝑖𝑚𝑎𝑔𝑒𝑠 𝑜𝑓 4 𝑎𝑛𝑑 5 =  {3, 4, 5} 

 

 

5. Let 𝒇:𝑹 → 𝑹 be defined by 𝒇(𝒙) = {
𝟑𝒙 − 𝟓,    𝒇𝒐𝒓 𝒙 > 𝟎
−𝟑𝒙 + 𝟏, 𝒇𝒐𝒓 𝒙 ≤ 𝟎

 . 

       Determine 𝒇(𝟎), 𝒇(−𝟏), 𝒇 (
𝟓

𝟑
) , 𝒇 (−

𝟓

𝟑
) , 𝒇(𝟐) 

𝑓(0) = −3(0) + 1 = 1 

𝑓(−1) = −3(−1) + 1 = 4 

𝑓 (
5

3
) = 3 (

5

3
) − 5 = 0 

𝑓 (−
5

3
) = −3 (−

5

3
) + 1 = 6 

𝑓(2) = 3(2) − 5 = 1 
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6. Let 𝒇:𝑹 → 𝑹 be defined by 𝒇(𝒙) = {
𝟑𝒙 − 𝟓,    𝒇𝒐𝒓 𝒙 > 𝟎
−𝟑𝒙 + 𝟏, 𝒇𝒐𝒓 𝒙 ≤ 𝟎

 . 

Find 𝒇−𝟏(𝟎), 𝒇−𝟏(𝟏), 𝒇−𝟏(−𝟏), 𝒇−𝟏(𝟑), 𝒇−𝟏(−𝟑), 𝒇−𝟏(−𝟔) 

𝑓(𝑥) = 3𝑥 − 5, 𝑥 > 0 

⟹ 0 = 3𝑥 − 5, 𝑥 > 0 

 ⟹ 𝑥 = 5/3 

𝑓(𝑥) = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ 0 = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ 𝑥 = 1/3, 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 

         Therefore, 𝑓−1(0) =
5

3
 

𝑓(𝑥) = 3𝑥 − 5, 𝑥 > 0 

⟹ 1 = 3𝑥 − 5, 𝑥 > 0 ⟹

⟹ 𝑥 = 2 

𝑓(𝑥) = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ 1 = −3𝑥 + 1, 𝑥 ≤ 0 

      ⟹ 𝑥 = 0 

   Therefore, 𝑓−1(1) = {2, 0} 

𝑓(𝑥) = 3𝑥 − 5, 𝑥 > 0 

⟹ −1 = 3𝑥 − 5, 𝑥 > 0 

⟹⟹ 𝑥 = 4/3 

𝑓(𝑥) = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ −1 = −3𝑥 + 1, 𝑥 ≤ 0 

      ⟹ 𝑥 = 2/3 

   Therefore, 𝑓−1(−1) = {4/3} 

 

 

 

 

Therefore, 𝑓−1(3) = {
8

3
, −

2

3
} 

 

 

 

 

Therefore, 𝑓−1(−3) = {
2

3
} 

 

 

 

 

Therefore, 𝑓−1(−6) = 𝜙 

 

𝑓(𝑥) = 3𝑥 − 5, 𝑥 > 0 

⟹ 3 = 3𝑥 − 5, 𝑥 > 0 

 ⟹ 𝑥 =
8

3
 

𝑓(𝑥) = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ 3 = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ 𝑥 = −
2

3
, 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 

𝑓(𝑥) = 3𝑥 − 5, 𝑥 > 0 

⟹ −3 = 3𝑥 − 5, 𝑥 > 0 

 ⟹ 𝑥 =
2

3
 

𝑓(𝑥) = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ −3 = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ 𝑥 =
4

3
, 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 

𝑓(𝑥) = 3𝑥 − 5, 𝑥 > 0 

⟹ −6 = 3𝑥 − 5, 𝑥 > 0 

 ⟹ 𝑥 = −
1

3
 , 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 

𝑓(𝑥) = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ −6 = −3𝑥 + 1, 𝑥 ≤ 0 

⟹ 𝑥 =
7

3
, 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒. 
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7. If 𝒇: 𝒁 → 𝑹 is defined by 𝒇(𝒙) = 𝒙𝟐 + 𝟓 find 𝒇−𝟏({𝟔}), 𝒇−𝟏([𝟔, 𝟕]), 𝒇−𝟏([𝟔, 𝟏𝟎]),  

𝒇−𝟏([−𝟒, 𝟓]), 𝒇−𝟏([𝟓,∞]).    

 

𝑥 = 𝑓−1(6) 

⟹ 𝑓(𝑥) = 6 

⟹ 𝑥2 + 5 = 6 

⟹ 𝑥2 = 1 

⟹ 𝑥 = ±1 

⟹ 𝑥 = {−1, 1} 

𝑥 = 𝑓−1([6, 7]) 

⟹ 𝑓(𝑥) = [6, 7] 

⟹ 6 ≤ 𝑓(𝑥) ≤ 7 

⟹ 6 ≤ 𝑥2 + 5 ≤ 7 

⟹ 1 ≤ 𝑥2 ≤ 2 

⟹ 𝑥 = {−1, 1} 

𝑥 = 𝑓−1([6, 10]) 

⟹ 𝑓(𝑥) = [6, 10] 

⟹ 6 ≤ 𝑓(𝑥) ≤ 10 

⟹ 6 ≤ 𝑥2 + 5 ≤ 10 

⟹ 1 ≤ 𝑥2 ≤ 4 

⟹ 𝑥 = {−2,−1, 1, 2} 

 

𝑥 = 𝑓−1([−4, 5]) 

⟹ 𝑓(𝑥) = [−4, 5] 

⟹ −4 ≤ 𝑓(𝑥) ≤ 5 

⟹ −4 ≤ 𝑥2 + 5 ≤ 5 

⟹ −9 ≤ 𝑥2 ≤ 0 

⟹ 𝑥 = {0} 

𝑥 = 𝑓−1([−5,∞)) 

⟹ 𝑓(𝑥) = [−5,∞) 

⟹ −5 ≤ 𝑓(𝑥) < ∞ 

⟹ −5 ≤ 𝑥2 + 5 < ∞ 

⟹ −25 ≤ 𝑥2 < ∞ 

⟹ 𝑥 = 𝑍 
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8. Let 𝒇:𝑹 → 𝑹 be defined by 𝒇(𝒙) = {
𝟑𝒙 − 𝟓,    𝒇𝒐𝒓 𝒙 > 𝟎
−𝟑𝒙 + 𝟏, 𝒇𝒐𝒓 𝒙 ≤ 𝟎

 . 

Find 𝒇−𝟏([−𝟓, 𝟓]) and 𝒇−𝟏([−𝟔, 𝟓]) 

 

 

 

 

 

 

 

Therefore, 𝑓−1([−5, 5]) = [−
4

3
,
10

3
] 

 

 

 

 

 

 

 

Therefore, 𝑓−1([−5, 5]) = [−
4

3
,
10

3
] 

 

9. Let 𝒇: 𝑿 → 𝒀 be a function, A be a arbitrary non empty  subset of X and C, D be 

arbitrary non empty subsets of Y. Then prove that 𝒇−𝟏(𝑪 ∪ 𝑫) = 𝒇−𝟏(𝑪) ∪ 𝒇−𝟏(𝑫)  

(ii) 𝒇−𝟏(𝑪 ∩ 𝑫) = 𝒇−𝟏(𝑪) ∩ 𝒇−𝟏(𝑫)   (iii) 𝒇−𝟏(𝒄̅) = 𝒇−𝟏(𝑪)̅̅ ̅̅ ̅̅ ̅̅ ̅. 

 

𝑥 ∈ 𝑓−1(𝐶 ∪ 𝐷) ⇔ 𝑓(𝑥) ∈ 𝐶 ∪ 𝐷 

⇔ 𝑓(𝑥) ∈ 𝐶 𝑜𝑟 𝑓(𝑥) ∈ 𝐷 

⇔ 𝑥 ∈ 𝑓−1(𝐶) 𝑜𝑟 𝑥 ∈ 𝑓−1(𝐷)  

⇔ 𝑥 ∈ 𝑓−1(𝐶) ∪ 𝑓−1(𝐷)  

 Therefore, 𝑓−1(𝐶 ∪ 𝐷) = 𝑓−1(𝐶) ∪ 𝑓−1(𝐷)  

 

 

 

−5 ≤ 𝑓(𝑥) ≤ 5 

⟹ −5 ≤ 3𝑥 − 5 ≤ 5, 𝑥 > 0 

 ⟹ 0 ≤ 3𝑥 ≤ 10, 𝑥 > 0 

 ⟹ 0 < 𝑥 ≤ 10/3 

 ⟹ 𝑥 ∈ (0,
10

3
] 

−5 ≤ 𝑓(𝑥) ≤ 5 

⟹ −5 ≤ −3𝑥 + 1 ≤ 5, 𝑥 ≤ 0 

 ⟹ −6 ≤ −3𝑥 ≤ 4, 𝑥 ≤ 0 

 ⟹ −4 ≤ 3𝑥 ≤ 6, 𝑥 ≤ 0 

 ⟹ −
4

3
≤ 𝑥 ≤ 2, 𝑥 ≤ 0 

 ⟹ 𝑥 ∈ [−4/3, 0] 

−6 ≤ 𝑓(𝑥) ≤ 5 

⟹ −6 ≤ 3𝑥 − 5 ≤ 5, 𝑥 > 0 

 ⟹ −1 ≤ 3𝑥 ≤ 10, 𝑥 > 0 

 ⟹ −
1

3
≤ 𝑥 ≤

10

3
, 𝑥 > 0 

 ⟹ 𝑥 ∈ (0,
10

3
] 

−5 ≤ 𝑓(𝑥) ≤ 5 

⟹ −6 ≤ −3𝑥 + 1 ≤ 5, 𝑥 ≤ 0 

 ⟹ −7 ≤ −3𝑥 ≤ 4, 𝑥 ≤ 0 

 ⟹ −4 ≤ 3𝑥 ≤ 7, 𝑥 ≤ 0 

 ⟹ −
4

3
≤ 𝑥 ≤

7

3
, 𝑥 ≤ 0 

 ⟹ 𝑥 ∈ [−4/3, 0] 
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10. Let 𝒇: 𝑿 → 𝒀 be a function, A be a arbitrary non empty  subset of X and C, D be 

arbitrary non empty subsets of Y. Then prove that 𝒇−𝟏(𝑪 ∩ 𝑫) = 𝒇−𝟏(𝑪) ∩ 𝒇−𝟏(𝑫).    

 

𝑥 ∈ 𝑓−1(𝐶 ∩ 𝐷) ⇔ 𝑓(𝑥) ∈ 𝐶 ∩ 𝐷 

⇔ 𝑓(𝑥) ∈ 𝐶 𝑎𝑛𝑑 𝑓(𝑥) ∈ 𝐷 

⇔ 𝑥 ∈ 𝑓−1(𝐶) 𝑎𝑛𝑑 𝑥 ∈ 𝑓−1(𝐷)  

⇔ 𝑥 ∈ 𝑓−1(𝐶) ∩ 𝑓−1(𝐷)  

 Therefore, 𝑓−1(𝐶 ∪ 𝐷) = 𝑓−1(𝐶) ∪ 𝑓−1(𝐷)  

 

11. Let 𝒇: 𝑿 → 𝒀 be a function, A be a arbitrary non empty  subset of X and C, D be 

arbitrary non empty subsets of Y. Then prove that   𝒇−𝟏(𝒄̅) = 𝒇−𝟏(𝑪)̅̅ ̅̅ ̅̅ ̅̅ ̅. 

 

𝑥 ∈ 𝑓−1(𝐶̅) ⇔ 𝑓(𝑥) ∈ 𝐶̅ 

⇔ 𝑓(𝑥) ∉ 𝐶  

⇔ 𝑥 ∉ 𝑓−1(𝐶)  

⇔ 𝑥 ∈ 𝑓−1(𝐶)̅̅ ̅̅ ̅̅ ̅̅ ̅ 

 Therefore, 𝑓−1(𝑐̅) = 𝑓−1(𝐶)̅̅ ̅̅ ̅̅ ̅̅ ̅.  

  

12. If A and B are finite sets with |𝑨| = 𝒎 and |𝑩| = 𝒏. Find how many functions are 

possible from A to B.   

       

Let 𝐴 = {𝑎1, 𝑎2, … , 𝑎𝑚}, 𝐵 = {𝑏1, 𝑏2, … , 𝑏𝑛}, |𝐴| = 𝑚, |𝐵| = 𝑛  

The function 𝑓 is of the form,  𝑓 = {(𝑎1, 𝑥), (𝑎2, 𝑥),   (𝑎𝑛, 𝑥)} 

𝑥 has 𝑛 chances in (𝑎1, 𝑥), 𝑥 has 𝑛 chances in (𝑎2, 𝑥) and so on. 

Total number of functions from A to B = 𝑛 × 𝑛 × …× 𝑛 = 𝑛𝑚 
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13. If there are 2187 functions from A to B and |𝑩| = 𝟑. What is |𝑨|?  

 

If |𝐴| = 𝑚, |𝐵| = 𝑛 then the total number of functions from A to B = 𝑛𝑚 

By data, the total number of functions from A to B = 2187 

 𝑛𝑚 = 2187 

By data, 𝑛 = 3. 

3𝑚 = 2187 

𝑚 log 3 = log 2187 

𝑚 =
log 2187

log 3
= 7 

  

14. If 𝑨 = {𝟎,±𝟏,±𝟐} and 𝒇: 𝑨 → 𝑹 is defined by 𝒇(𝒙) = 𝒙𝟐 − 𝒙 + 𝟏, 𝒙 ∈ 𝑹. 

find the range of 𝒇.  

       

𝑓(0) = 02 − 0 + 1 = 1 

𝑓(−1) = (−1)2 − (−1) + 1 = 3 

𝑓(1) = 12 − 1 + 1 = 1 

𝑓(−2) = (−2)2 − (−2) + 1 = 7 

𝑓(2) = 22 − 2 + 1 = 3 

Therefore, 𝑥 = {1, 3, 7} 
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3.8  1-1 and onto function  

 

❖ 1-1 function and onto function or injective function: Different elements of A have 

different images in B under 𝑓.That is, 𝑓(𝑎1) = 𝑓(𝑎2)  ⇒ 𝑎1 = 𝑎2, 𝑓𝑜𝑟 𝑎1, 𝑎2 ∈ 𝐴. 

❖ Onto function or surjective function: Every element of B has a pre image in A under 𝑓. 

That is, 𝑓(𝐴) = 𝐵. 

❖ 1-1 correspondence or bijective function: 𝑓 is 1-1 and onto. That is, Every element of 

A has a unique image in B and every element of B has a unique element in A. 

❖ Identity function:𝑓: 𝐴 → 𝐴 such that 𝑓(𝑎) = 𝑎, for every 𝑎 ∈ 𝐴. It is denoted by 𝐼𝐴. 

❖ Constant function: 𝑓: 𝐴 → 𝐴 such that 𝑓(𝑎) = 𝑐, for every 𝑎 ∈ 𝐴. 

❖ Constant function: 𝑓: 𝐴 → 𝐴 such that 𝑓(𝑎) = 𝑐, for every 𝑎 ∈ 𝐴.
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Problems: 

1. Find the nature of the following functions defined on 𝑨 = {𝟏, 𝟐, 𝟑},  

(i) 𝒇 = {(𝟏, 𝟏), (𝟐, 𝟐), (𝟑, 𝟑)}  

(ii) 𝒈 ={(1, 2), (2, 2), (3, 2)} 

(iii) 𝒉 ={(1, 2), (2, 2), (3, 1)}  

(iv) 𝒑 = {(1, 2), (2, 3), (3, 1)} 

 

(i) 𝑎 = 𝑓(𝑎), ∀𝑎 ∈ 𝐴. Therefore, 𝑓 is a identity function. 

(ii) 𝑔(𝑎) = 2, ∀𝑎 ∈ 𝐴. Therefore, 𝑔 is a constant function. 

(iii) ℎ(1) = ℎ(2) = 2. 3 has no pre-image. Therefore, ℎ is neither 1-1 nor onto. 

(iv) 𝑝(1) = 2, 𝑝(2) = 3, 𝑝(3) = 1. All are distinct images. Range and co-domain 

are same. Therefore, 𝑝 is 1-1 and onto. 

 

2. In each of the following cases determine f is 1-1 or onto or both or neither:  

(i) 𝑨 = 𝑩 = {𝟏, 𝟐, 𝟑, 𝟒} 𝒂𝒏𝒅 𝒇 = {(𝟏, 𝟏), (𝟐, 𝟑), (𝟑, 𝟒), (𝟒, 𝟐)} 

(ii) 𝑨 = {𝒂, 𝒃, 𝒄}, 𝑩 = {𝟏, 𝟐, 𝟑, 𝟒}, 𝒇 = {(𝒂, 𝟏), (𝒃, 𝟏), (𝒄, 𝟑)} 

(iii) 𝑨 = {𝟏, 𝟐, 𝟑}, 𝑩 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓}, 𝒇 = {(𝟏, 𝟏), (𝟐, 𝟑), (𝟑, 𝟒)} 

(iv)  𝑨 = {𝟏, 𝟐, 𝟑}, 𝑩 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓}, 𝒇 = {(𝟏, 𝟏), (𝟐, 𝟑), (𝟑, 𝟑)} 

(v) 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}, 𝑩 = {𝒂, 𝒃, 𝒄, 𝒅}𝒇 = {(𝟏, 𝒂), (𝟐, 𝒂), (𝟑, 𝒅), (𝟒, 𝒄)} 

 

 

                                Different elements of A have different elements in B.  

 Also 𝑓(𝐴) = 𝐵. Therefore, it is 1-1 correspondence                   

(or) Bijective function. 

 

 

         

       𝑓(𝑎) = 𝑓(𝑏) = 1 and 𝑓(𝐴) = {1, 3} ≠ 𝐵. 

       Therefore, this function is neither 1-1 nor onto. 
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               (iii)                           Different elements of A have different elements in B.  

 But 𝑓(𝐴) = {1, 3, 4} ≠ 𝐵.  

Therefore, this function is 1-1 but not onto. 

 

 

               (iv)   

                                            𝑓(2) = 𝑓(3) = 3 𝑎𝑛𝑑 𝑓(𝐴) = {1, 3} ≠ 𝐵. 

                                Therefore, this function is 1-1 but not onto. 

 

                 

                (v)  

                                            𝑓(1) = 𝑓(2) = 𝑎 𝑎𝑛𝑑 𝑓(𝐴) = {𝑎, 𝑐, 𝑑} ≠ 𝐵. 

                                Therefore, this function is 1-1 but not onto.                                            
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3. The functions 𝒇: 𝑹 → 𝑹 and 𝒈:𝑹 → 𝑹 are defined by 𝒇(𝒙) = 𝟑𝒙 + 𝟕 for all 𝒙 ∈ 𝑹 

and 𝒈(𝒙) = 𝒙(𝒙𝟑 − 𝟏) for all 𝒙 ∈ 𝑹. Verify 𝒇 is 1-1 but 𝒈 is not. 

            𝑓(𝑥1) = 𝑓(𝑥2) ⟹ 3𝑥1 + 7 = 3𝑥2 + 7   

     ⟹ 3𝑥1 = 3𝑥2 

     ⟹ 𝑥1 = 𝑥2 , ∀ 𝑥1, 𝑥2 ∈ 𝑅 

            Therefore, 𝑓 is 1-1. 

             𝑔(0) = 𝑔(1) = 0, 𝑏𝑢𝑡 0 ≠ 1. 

             Therefore, 𝑔 is not 1-1. 

4. The function 𝒇: 𝒁 → 𝒁 be defined by 𝒇(𝒂) = 𝒂 + 𝟏 for 𝒂 ∈ 𝒁. Find whether 1-1 or 

onto. 

            𝑓(𝑎) = 𝑓(𝑏) ⟹ 𝑎 + 1 = 𝑏 + 1   

             ⟹ 𝑎 = 𝑏 , ∀ 𝑎, 𝑏 ∈ 𝑍 

            Therefore, 𝑓 is 1-1. 

             For any 𝑏 ∈ 𝑍, we can find a pre image 𝑏 − 1 as 𝑓(𝑏 − 1) = 𝑏 − 1 + 1 = 𝑏. 

             Therefore, 𝑓 is onto. 

5. The function 𝒇: 𝒁 × 𝒁 → 𝒁 is defined by 𝒇(𝒙, 𝒚) = 𝟐𝒙 + 𝟑𝒚. P.T 𝒇 is onto but not 1-1. 

 

To prove: 𝑓 is 1-1 

 𝑛 = 4𝑛 − 3𝑛 = 2(2𝑛) + 3(−𝑛), ∀𝑛 ∈ 𝑍. 

Therefore, for any 𝑛 ∈ 𝑍, we can find a pre-image(2𝑛,−𝑛) such that  

𝑓(2𝑛,−𝑛) = 2(2𝑛) + 3(−𝑛) = 𝑛. Therefore, 𝑓 is onto. 

To prove: 𝑓 is not onto 

  𝑓(0, 2) = 2(0) + 3(2) = 6 

 𝑓(3, 0) = 2(3) + 3(0) = 6 

 𝑓(0, 2) = 𝑓(3, 0) = 6. 𝐵𝑢𝑡 (2, 0) ≠ (3, 0) 

Therefore, 𝑓 is onto. 
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6. If 𝒇:𝑹 → 𝑹 in each of the following cases determine 𝒇 is 1-1 or onto or both:                  

(i) 𝒇(𝒙) = 𝟐𝒙 − 𝟑  (ii) 𝒇(𝒙) = 𝒙𝟐 + 𝒙   (iii) 𝒇(𝒙) = 𝒆𝒙          (iv) 𝒇(𝒙) = 𝐬𝐢𝐧 𝒙 

 

(i)   Check whether 𝒇 is 1-1.  

 𝑓(𝑥1) = 𝑓(𝑥2) ⟹ 2𝑥1 − 3 = 2𝑥2 − 3 

                           ⟹ 2𝑥1 = 2𝑥2 

                          ⟹ 𝑥1 = 𝑥2, ∀ 𝑥1, 𝑥2 ∈ 𝑅 

Therefore, 𝑓 is 1-1. 

Check whether 𝒇 is onto.  

 𝑦 = 2𝑥 − 3 ⟹ 𝑥 =
𝑦+3

2
 

For any 𝑦 ∈ 𝑅, there exist 𝑥 ∈ 𝑅 such that 𝑓(𝑥) = 𝑓 (
𝑦+3

2
) = 2 (

𝑦+3

2
) − 3 = 𝑦. 

Therefore, 𝑓 is onto. 

(ii) Check whether 𝒇 is 1-1.  

 𝑓(−1) = (−1)2 − 1 = 0 

 𝑓(0) = 02 + 0 = 0 

 𝑓(−1) = 𝑓(0), 𝐵𝑢𝑡 − 1 ≠ 0 

 Therefore, 𝑓 is not 1-1. 

Check whether 𝒇 is onto.   

If 𝑓(𝑥) = −2, then 𝑥2 + 𝑥 + 2 = 0 has complex roots. 

Therefore, 𝑓 is not onto. 
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7. If 𝒇:𝑹 → 𝑹 in each of the following cases determine 𝒇 is 1-1 or onto or both:                  

(i) 𝒇(𝒙) = 𝒆𝒙  (ii) 𝒇(𝒙) = 𝒔𝒊𝒏 𝒙    

 

(i)   Check whether 𝒇 is 1-1 . 

 𝑓(𝑥1) = 𝑓(𝑥2) ⟹ 𝑒𝑥1 = 𝑒𝑥2 

                           ⟹ 𝑥1 = 𝑥2, ∀ 𝑥1, 𝑥2 ∈ 𝑅 

Therefore, 𝑓 is 1-1. 

Check whether 𝒇 is onto.  

 𝑦 = 𝑒𝑥 ⟹ 𝑥 = log 𝑦 

For any 𝑦 ∈ 𝑅, there exist 𝑥 ∈ 𝑅 such that 𝑓(𝑥) = 𝑓(log 𝑦) = 𝑒log𝑦 = 𝑦. 

Therefore, 𝑓 is onto. 

 

(ii)   Check whether 𝒇 is 1-1  

 𝑓(0) = sin 0 = 0 

 𝑓(𝜋) = sin 𝜋 = 0 

 𝑓(0) = 𝑓(𝜋), 𝐵𝑢𝑡 0 ≠ 𝜋 

 Therefore, 𝑓 is not 1-1. 

  Check whether 𝒇 is onto.  

Range = [−1, 1] ⊂ 𝑅. Range is a subset of co-domain. 

Therefore, 𝑓 is not onto. 
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8. Let 𝒇: 𝑿 → 𝒀 be a function and A and B be arbitrary non empty subsets of X. then 

prove the following: (i) If 𝑨 ⊆ 𝑩 then 𝒇(𝑨) ⊆ 𝒇(𝑩)  (ii) 𝒇(𝑨 ∪ 𝑩) = 𝒇(𝑨) ∪ 𝒇(𝑩). 

 

(i)  𝑦 ∈ 𝑓(𝐴) ⟹ 𝑦 = 𝑓(𝑥) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥 ∈ 𝐴 

          ⟹ 𝑦 = 𝑓(𝑥) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥 ∈ 𝐵    ( ∵ 𝐴 ⊆ 𝐵 )   

          ⟹ 𝑦 ∈ 𝑓(𝐵) 

      𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑓(𝐴) ⊆ 𝑓(𝐵) 

 

(ii) 𝑦 ∈ 𝑓(𝐴 ∪ 𝐵) ⟹ 𝑦 = 𝑓(𝑥) 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥 ∈ 𝐴 ∪ 𝐵 

                        ⟹ 𝑦 = 𝑓(𝑥) 𝑓𝑜𝑟  𝑥 ∈ 𝐴 𝑜𝑟 𝑥 ∈ 𝐵 

                        ⟹ 𝑦 ∈ 𝑓(𝐴) 𝑜𝑟 𝑦 ∈ 𝑓(𝐵) 

                        ⟹ 𝑦 ∈ 𝑓(𝐴) ∪ 𝑓(𝐵) 

Therefore, 𝑓(𝐴 ∪ 𝐵) ⊆ 𝑓(𝐴) ∪ 𝑓(𝐵)      -------------           (1) 

 𝐴 ⊆ 𝐴 ∪ 𝐵, 𝐵 ⊆ 𝐴 ∪ 𝐵 

 ⟹ 𝑓(𝐴) ⊆ 𝑓(𝐴 ∪ 𝐵), 𝑓(𝐵) ⊆ 𝑓(𝐴 ∪ 𝐵) 

⟹ 𝑓(𝐴) ∪ 𝑓(𝐵) ⊆ 𝑓(𝐴 ∪ 𝐵)  -----------------------              (2)     
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9. Let A and B be finite sets and 𝒇 be a function from A to B. Then prove the 

following:     (i) If 𝒇 is 1-1,  |𝑨| ≤ |𝑩|   (ii) If 𝒇 is onto, |𝑩| ≤ |𝑨| (iii) If 𝒇 is bijection, 

|𝑨| = |𝑩|. 

(i)   Let |𝐴| = 𝑚, |𝐵| = 𝑛 𝑎𝑛𝑑 𝐴 = {𝑎1, 𝑎2, … , 𝑎𝑚}. 

   𝑎1 ≠ 𝑎2 ≠ ⋯ ≠ 𝑎𝑚 ⟹ 𝑓(𝑎1) ≠ 𝑓(𝑎2) ≠ ⋯ ≠ 𝑓(𝑎𝑚) 

⟹ All images in B are distinct. 

⟹ B has at least 𝑚 elements. 

 ⟹ |𝐵| ≥ 𝑚 

 ⟹ |𝐵| ≥ |𝐴| 

 ⟹ |𝐴| ≤ |𝐵| 

(ii) 𝑓 is onto ⟹ For each 𝑏 ∈ 𝐵, 𝑡here exists 𝑎 ∈ 𝐴 such that 𝑓(𝑎) = 𝑏.                         

 ⟹ As 𝑓 is a function, all pre-images in 𝐴 are distinct.        

 ⟹  𝐴 has at least 𝑛 elements. 

 ⟹ |𝐴| ≥ 𝑛 

 ⟹ |𝐴| ≥ |𝐵| 

 ⟹ |𝐵| ≤ |𝐴| 

(iii) 𝑓 is a bijection ⟹ 𝑓 is 1-1 and onto 

⟹ |𝐴| ≤ |𝐵| and |𝐵| ≤ |𝐴| 

⟹ |𝐴| = |𝐵|  
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10. Let A and B be finite sets with |𝑨| = 𝒎  and |𝑩| = 𝒏 How many 1-1 functions are 

possible from A to B? 

 

Let 𝐴 = {𝑎1, 𝑎2, … , 𝑎𝑚} and 𝐵 = {𝑏1, 𝑏2, … , 𝑏𝑚} 

𝑓 is 1-1 ⟹ |𝐴| ≤ |𝐵| ⟹ 𝑚 ≤ 𝑛. 

𝑓: 𝐴 → 𝐵 is of the form 𝑓 = {(𝑎1, 𝑥), (𝑎2, 𝑥), … , (𝑎𝑚, 𝑥)}  

There are 𝑛 choices for 𝑥 in (𝑎1, 𝑥). 

There are 𝑛 − 1 choices for 𝑥 in (𝑎2, 𝑥). 

    …. 

There are 𝑛 − (𝑚 − 1) choices for 𝑥 in (𝑎𝑚, 𝑥). 

The total number of choices for 𝑥 = 𝑛(𝑛 − 1)(𝑛 − 2)… (𝑛 − (𝑚 − 1)) 

                                                                        =
𝑛!

(𝑛−𝑚)!
 

Therefore, number of 1−1 functions from A to B =
𝑛!

(𝑛−𝑚)!
 

 

 

 

11. If there are 60 1-1 functions from A to B and |𝑨| = 𝟑, what is |𝑩|? 

 

By data, 𝑚 = |𝐴| = 3. 

Number of 1−1 functions from A to B =
𝑛!

(𝑛−𝑚)!
 

                                                         60 =
𝑛!

(𝑛−3)!
 

                                                         60 = 𝑛(𝑛 − 1)(𝑛 − 2) 

Therefore, 𝑛 = 5. 
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3.9 composition of functions 

Introduction: 

❖ Consider three non empty sets A, B and C and functions 𝑓: 𝐴 → 𝐵and 𝑔: 𝐵 → 𝐶.  

The composition of these two functions is defined as 

𝑔𝜊𝑓: 𝐴 → 𝐶 with (𝑔𝜊𝑓)(𝑎) = 𝑔[𝑓(𝑎)], ∀𝑎 ∈ 𝐴 

 

Problems: 

1. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒}, 𝑩 = {𝒂, 𝒃, 𝒄} and 𝑪 = {𝒘, 𝒙, 𝒚, 𝒛} with 𝒇: 𝑨 → 𝑩 and 𝒈:𝑩 → 𝑪 

given by 𝒇 = {(𝟏, 𝒂), (𝟐, 𝒂), (𝟑, 𝒃), (𝟒, 𝒄)} and 𝒈 = {(𝒂, 𝒙), (𝒃, 𝒚), (𝒄, 𝒛)} find 𝒈𝝄𝒇 

 

(𝑔 ∘ 𝑓)(1) = 𝑔[𝑓(1)] = 𝑔(𝑎) = 𝑥 

(𝑔 ∘ 𝑓)(2) = 𝑔[𝑓(2)] = 𝑔(𝑎) = 𝑥 

(𝑔 ∘ 𝑓)(3) = 𝑔[𝑓(3)] = 𝑔(𝑏) = 𝑦 

(𝑔 ∘ 𝑓)(4) = 𝑔[𝑓(4)] = 𝑔(𝑐) = 𝑧 

Therefore, 𝑔 ∘ 𝑓 = {(1, 𝑥), (2, 𝑥), (3, 𝑦), (4, 𝑧)} 
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2. If 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} and 𝒇 = {(𝟏, 𝟐), (𝟐, 𝟐), (𝟑, 𝟏), (𝟒, 𝟑)} find 𝒇𝟐and 𝒇𝟑. 

 

To find: 𝒇𝟐 

𝑓2(1) = (𝑓 ∘ 𝑓)(1) = 𝑓[𝑓(1)] = 𝑓(2) = 2 

𝑓2(2) = (𝑓 ∘ 𝑓)(2) = 𝑓[𝑓(2)] = 𝑓(2) = 2 

𝑓2(3) = (𝑓 ∘ 𝑓)(3) = 𝑓[𝑓(3)] = 𝑓(1) = 2 

𝑓2(4) = (𝑓 ∘ 𝑓)(4) = 𝑓[𝑓(4)] = 𝑓(3) = 1 

Therefore, 𝑓2 = {(1, 2), (2, 2), (3, 2), (4, 1)} 

To find: 𝒇𝟑 

𝑓3(1) = (𝑓 ∘ 𝑓2)(1) = 𝑓[𝑓2(1)] = 𝑓(2) = 2 

𝑓3(2) = (𝑓 ∘ 𝑓2)(2) = 𝑓[𝑓2(2)] = 𝑓(2) = 2 

𝑓3(3) = (𝑓 ∘ 𝑓2)(3) = 𝑓[𝑓2(3)] = 𝑓(2) = 2 

𝑓3(4) = (𝑓 ∘ 𝑓2)(4) = 𝑓[𝑓2(4)] = 𝑓(1) = 2 

Therefore, 𝑓3 = {(1, 2), (2, 2), (3, 2), (4,2)} 

 

3. Consider the functions 𝒇 and 𝒈 defined by 𝒇(𝒙) = 𝒙𝟑and 𝒈(𝒙) = 𝒙𝟐 + 𝟏, ∀𝒙 ∈ 𝑹. 

Find 𝒈𝝄𝒇, 𝒇𝝄𝒈, 𝒇𝟐 𝒂𝒏𝒅 𝒈𝟐. 

(𝑔 ∘ 𝑓)(𝑥) = 𝑔[𝑓(𝑥)] = 𝑔(𝑥3) = (𝑥3)2 + 1 = 𝑥6 + 1 

(𝑓 ∘ 𝑔)(𝑥) = 𝑓[𝑔(𝑥)] = 𝑓(𝑥2 + 1) = (𝑥2 + 1)3 

𝑓2(𝑥) = (𝑓 ∘ 𝑓)(𝑥) = 𝑓[𝑓(𝑥)] = 𝑓(𝑥3) = (𝑥3)3 = 𝑥9 

𝑔2(𝑥) = (𝑔 ∘ 𝑔)(𝑥) = 𝑔[𝑔(𝑥)] = 𝑔(𝑥2 + 1) = (𝑥2 + 1)2 + 1 

4. Consider the functions 𝒇 and 𝒈 defined by 𝒇(𝒙) = 𝒂𝒙 + 𝒃 and 𝒈(𝒙) = 𝟏 − 𝒙 + 𝒙𝟐. If 

(𝒈𝝄𝒇)(𝒙) = 𝟗𝒙𝟐 − 𝟗𝒙 + 𝟑 determine a and b. 

9𝑥2 − 9𝑥 + 3 = (𝑔 ∘ 𝑓)(𝑥) = 𝑔[𝑓(𝑥)] = 𝑔(𝑎𝑥 + 𝑏) 

   = 1 − (𝑎𝑥 + 𝑏) + (𝑎𝑥 + 𝑏)2 

   = 𝑎2𝑥2 + (2𝑎𝑏 − 𝑎)𝑥 + (1 − 𝑏 + 𝑏2) 

Equating coefficients on both the sides, 

 𝑎2 = 9, 2𝑎𝑏 − 𝑎 = −9, 1 − 𝑏 + 𝑏2 = 3 

 𝑎 = ±3, 𝑎(2𝑏 − 1) = −9, 𝑏(𝑏 − 1) = 2 

If 𝑎 = 3, 2𝑏 − 1 = −3, 𝑏 = −1 

 If 𝑎 = −3, 2𝑏 − 1 = 3, 𝑏 = 2 

Therefore, 𝑎 = 3, 𝑏 = −1 (𝑜𝑟) 𝑎 = −3, 𝑏 = 2. 
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5. Let 𝒇, 𝒈 𝒂𝒏𝒅 𝒉 be three functions from Z to Z defined by 𝒇(𝒙) = 𝒙 − 𝟏, 𝒈(𝒙) = 𝟐𝒙 

and 𝒉(𝒙) = {
𝟕,    𝒊𝒇 𝒙 𝒊𝒔 𝒆𝒗𝒆𝒏
𝟒,    𝒊𝒇 𝒙 𝒊𝒔 𝒐𝒅𝒅

 Find 𝒇𝝄𝒈, 𝒈𝝄𝒇,𝒈𝝄𝒉, 𝒉𝝄𝒈, 𝒇𝝄(𝒈𝝄𝒉), (𝒇𝝄𝒈)𝝄𝒉.  

(𝑓 ∘ 𝑔)(𝑥) = 𝑓[𝑔(𝑥)] = 𝑓(2𝑥) = 2𝑥 − 1 

(𝑔 ∘ 𝑓)(𝑥) = 𝑔[𝑓(𝑥)] = 𝑔(𝑥 − 1) = 2(𝑥 − 1) 

(𝑔 ∘ ℎ)(𝑥) = 𝑔[ℎ(𝑥)] = 2[ℎ(𝑥)] = {
2(7), 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

2(4),          𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
= {

14, 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
8,   𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

(ℎ ∘ 𝑔)(𝑥) = ℎ[𝑔(𝑥)] = ℎ(2𝑥) = 7 

[𝑓 ∘ (𝑔 ∘ ℎ)](𝑥) = 𝑓[(𝑔 ∘ ℎ)(𝑥)] 

= {
𝑓(14),   𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓(8), 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
14 − 1,   𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
8 − 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
13,   𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
7, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

[(𝑓 ∘ 𝑔) ∘ ℎ](𝑥) = (𝑓 ∘ 𝑔)[ℎ(𝑥)] 

= {
(𝑓 ∘ 𝑔)(7),       𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
(𝑓 ∘ 𝑔)(4), 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
𝑓[𝑔(7)],       𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓[𝑔(4)], 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
𝑓[2(7)],       𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓[2(4)], 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
𝑓(14),       𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
𝑓(8), 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
14 − 1,       𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
8 − 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
13,       𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
7, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

Basic results: 

(i)         𝑓 ∘ (𝑔 ∘ ℎ) = (𝑓 ∘ 𝑔) ∘ ℎ 

(ii)  𝑓 ∘ 𝑔 ≠ 𝑔 ∘ 𝑓 
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6. Let 𝒇: 𝑨 → 𝑩 and 𝒈:𝑩 → 𝑪 be any two functions. Prove the following:  

(i) If 𝒇 and 𝒈 are 1-1, so is 𝒈𝝄𝒇. (ii) If 𝒈𝝄𝒇 is 1-1 then 𝒇 is 1-1.  

 

(i)         Since 𝑓 is 1-1, 𝑓(𝑥1) = 𝑓(𝑥2) ⟹ 𝑥1 = 𝑥2 ----------------  (1) 

Since 𝑔 is 1-1, 𝑔(𝑦1) = 𝑔(𝑦2) ⟹ 𝑦1 = 𝑦2 ----------------  (2) 

 (𝑔 ∘ 𝑓)(𝑥1) = (𝑔 ∘ 𝑓)(𝑥2) ⟹ 𝑔[𝑓(𝑥1)] = 𝑔[𝑓(𝑥2)] 

             ⟹ 𝑓(𝑥1) = 𝑓(𝑥2)  [∵ 𝑏𝑦 (2)] 

             ⟹ 𝑥1 = 𝑥2             [∵ 𝑏𝑦 (1)] 

Therefore, 𝑔 ∘ 𝑓 is 1-1. 

(ii) Since 𝑔 ∘ 𝑓 is 1-1, (𝑔 ∘ 𝑓)(𝑥1) = (𝑔 ∘ 𝑓)(𝑥2) ⟹ 𝑥1 = 𝑥2-----  (3) 

 𝑓(𝑥1) = 𝑓(𝑥2) ⟹ 𝑔[𝑓(𝑥1)] = 𝑔[𝑓(𝑥2)] 

     ⟹ (𝑔 ∘ 𝑓)(𝑥1) = (𝑔 ∘ 𝑓)(𝑥2) 

     ⟹ 𝑥1 = 𝑥2                            [∵ 𝑏𝑦 (2)] 

Therefore, 𝑓 is 1-1. 

 

7. Let 𝒇: 𝑨 → 𝑩 and 𝒈:𝑩 → 𝑪 be any two functions. Prove the following:  

(i) If 𝒇 and 𝒈 are onto, so is 𝒈𝝄𝒇. (ii) If 𝒈𝝄𝒇 is onto, then 𝒈 is onto.   

 

(i)     Since 𝑓 is onto, for any 𝑏 ∈ 𝐵, there exists 𝑎 ∈ 𝐴 such that 𝑓(𝑎) = 𝑏.  

Since 𝑔 is onto, for any 𝑐 ∈ 𝐶, there exists 𝑏 ∈ 𝐵 such that 𝑔(𝑏) = 𝑐. 

For any 𝑐 ∈ 𝐶, there exists 𝑎 ∈ 𝐴 such that  

 (𝑔 ∘ 𝑓)(𝑎) = 𝑔[𝑓(𝑎)] = 𝑔(𝑏) = 𝑐. 

Therefore, 𝑔 ∘ 𝑓 is onto. 

 

(ii)   Since  𝑔 ∘ 𝑓 is onto, for any 𝑐 ∈ 𝐶, there exists 𝑎 ∈ 𝐴 such that (𝑔 ∘ 𝑓)(𝑎) = 𝑐. 

      For any 𝑐 ∈ 𝐶, there exists 𝑏 ∈ 𝐵 such that  

 𝑔[𝑏] = 𝑔[𝑓(𝑎)] = (𝑔 ∘ 𝑓)(𝑎) = 𝑐. 

Therefore, 𝑔 ∘ 𝑓 is onto. 
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8. Let 𝒇: 𝑨 → 𝑩,𝒈:𝑩 → 𝑪, 𝒉: 𝑪 → 𝑫 be three functions. Then  (𝒉𝝄𝒈)𝝄𝒇 = 𝒉𝝄(𝒈𝝄𝒇) 

 

[(ℎ𝜊𝑔)𝜊𝑓](𝑎) = (ℎ ∘ 𝑔)[𝑓(𝑎)] = (ℎ ∘ 𝑔)(𝑏) = ℎ[𝑔(𝑏)] = ℎ(𝑐) = 𝑑 , ∀𝑎 ∈ 𝐴 

[ℎ𝜊(𝑔𝜊𝑓)](𝑎) = ℎ[(𝑔 ∘ 𝑓)(𝑎)] = ℎ{𝑔[𝑓(𝑎)]} = ℎ[𝑔(𝑏)] = ℎ(𝑐) = 𝑑 , ∀𝑎 ∈ 𝐴 

Therefore,  (ℎ𝜊𝑔)𝜊𝑓 = ℎ𝜊(𝑔𝜊𝑓) 

 

9. Let 𝒇, 𝒈 𝒂𝒏𝒅 𝒉 be three functions from Z to Z defined by 𝒇(𝒙) = 𝒙 − 𝟏, 𝒈(𝒙) = 𝟑𝒙 

and 𝒉(𝒙) = {
𝟎,    𝒊𝒇 𝒙 𝒊𝒔 𝒆𝒗𝒆𝒏
𝟏,    𝒊𝒇 𝒙 𝒊𝒔 𝒐𝒅𝒅

  Verify that 𝒇𝝄(𝒈𝝄𝒉) =  (𝒇𝝄𝒈)𝝄𝒉.  

[𝑓𝜊(𝑔𝜊ℎ)](𝑥) = 𝑓{(𝑔 ∘ ℎ)(𝑥)} 

= 𝑓{𝑔[ℎ(𝑥)]} 

= {
𝑓[𝑔(0)], 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓[𝑔(1)], 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
𝑓[3(0)], 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓[3(1)], 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
𝑓(0), 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
𝑓(3), 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
0 − 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
3 − 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
−1, 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
2, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

 

[(𝑓 ∘ 𝑔) ∘ ℎ](𝑥) = (𝑓 ∘ 𝑔)[ℎ(𝑥)] 

= {
(𝑓 ∘ 𝑔)(0), 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

(𝑓 ∘ 𝑔)(1), 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
𝑓[𝑔(0)], 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓[𝑔(1)], 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
𝑓[3(0)], 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛

𝑓[3(1)], 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
 

= {
𝑓(0), 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
𝑓(3), 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
0 − 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
3 − 1, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑

 

= {
−1, 𝑖𝑓 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛
2, 𝑖𝑓 𝑥 𝑖𝑠 𝑜𝑑𝑑
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10. Let 𝒇 and 𝒈 be functions from R to R defined by 𝒇(𝒙) = 𝒙𝟐and 𝒈(𝒙) = 𝒙 + 𝟓. Prove 

that 𝒈𝝄𝒇 ≠ 𝒇𝝄𝒈. 

 

(𝑔 ∘ 𝑓)(𝑥) = 𝑔[𝑓(𝑥)] = 𝑔(𝑥2) = 𝑥2 + 5 , ∀𝑥 ∈ 𝑅 

(𝑓 ∘ 𝑔)(𝑥) = 𝑓[𝑔(𝑥)] = 𝑓(𝑥 + 5) = (𝑥 + 5)2, ∀ 𝑥 ∈ 𝑅 

Therefore, 𝑔 ∘ 𝑓 ≠ 𝑓 ∘ 𝑔 

 

11. Let 𝒇 and 𝒈 be functions from R to R defined by 𝒇(𝒙) = 𝒙𝟐 and 𝒈(𝒙) = 𝒙 + 𝟓, 

 𝒉(𝒙) = √𝒙𝟐 + 𝟐 . Verify that 𝒇𝝄(𝒈𝝄𝒉) =  (𝒇𝝄𝒈)𝝄𝒉. 

  

[𝑓𝜊(𝑔𝜊ℎ)](𝑥) = 𝑓{(𝑔 ∘ ℎ)(𝑥)} 

   = 𝑓{𝑔[ℎ(𝑥)]} 

= 𝑓 {𝑔 (√𝑥2 + 2)} 

= 𝑓 {√𝑥2 + 2 + 5} 

= (√𝑥2 + 2 + 5)
2

 

[(𝑓 ∘ 𝑔) ∘ ℎ](𝑥) = (𝑓 ∘ 𝑔)[ℎ(𝑥)] 

 = (𝑓 ∘ 𝑔)[√𝑥2 + 2] 

= 𝑓 {𝑔 (√𝑥2 + 2)} 

= 𝑓 {√𝑥2 + 2 + 5} 

= (√𝑥2 + 2 + 5)
2

 

[𝑓𝜊(𝑔𝜊ℎ)](𝑥) = [(𝑓𝜊𝑔)𝜊ℎ](𝑥), 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ 𝑅 

Therefore, 𝑓𝜊(𝑔𝜊ℎ) =  (𝑓𝜊𝑔)𝜊ℎ. 
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3.10 Invertible function 

A function 𝑓: 𝐴 → 𝐵 is said to be inverible if there exists a function 𝑔: 𝐵 → 𝐴 such that  

𝑔𝜊𝑓 = 𝐼𝐴 and 𝑓𝜊𝑔 = 𝐼𝐵. Where 𝐼𝐴- identity function on A, 𝐼𝐵- Identity function on B. 

 

1. Let 𝑨 = {𝟏, 𝟐, 𝟑, 𝟒} and 𝒇, 𝒈 be functions from A to A given by 𝒇 =

{(𝟏, 𝟒), (𝟐, 𝟏), (𝟑, 𝟐), (𝟒, 𝟑)} and 𝒈 = {(𝟏, 𝟐), (𝟐, 𝟑), (𝟑, 𝟒), (𝟒, 𝟏)}. Prove that 𝒈 and 

𝒇 inverses of each other. 

 

(𝑔 ∘ 𝑓)(1) = 𝑔[𝑓(1)] = 𝑔(4) = 1 = 𝐼𝐴(1) 

(𝑔 ∘ 𝑓)(2) = 𝑔[𝑓(2)] = 𝑔(1) = 2 = 𝐼𝐴(2) 

(𝑔 ∘ 𝑓)(3) = 𝑔[𝑓(3)] = 𝑔(2) = 3 = 𝐼𝐴(3) 

(𝑔 ∘ 𝑓)(4) = 𝑔[𝑓(4)] = 𝑔(3) = 4 = 𝐼𝐴(4) 

(𝑔 ∘ 𝑓)(𝑥) = 𝐼𝐴(𝑥), ∀𝑥 ∈ 𝐴 

Therefore, 𝑔 ∘ 𝑓 = 𝐼𝐴 and hence 𝑔 is the inverse of 𝑓. 

 

(𝑓 ∘ 𝑔)(1) = 𝑓[𝑔(1)] = 𝑓(2) = 1 = 𝐼𝐴(1) 

(𝑓 ∘ 𝑔)(2) = 𝑓[𝑔(2)] = 𝑓(3) = 2 = 𝐼𝐴(2) 

(𝑓 ∘ 𝑔)(3) = 𝑓[𝑔(3)] = 𝑓(4) = 3 = 𝐼𝐴(3) 

(𝑓 ∘ 𝑔)(4) = 𝑓[𝑔(4)] = 𝑓(1) = 4 = 𝐼𝐴(4) 

(𝑓 ∘ 𝑔)(𝑥) = 𝐼𝐴(𝑥), ∀𝑥 ∈ 𝐴 

Therefore, 𝑓 ∘ 𝑔 = 𝐼𝐴 and hence 𝑓 is the inverse of 𝑔. 
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2. Consider the function 𝒇:𝑹 → 𝑹 defined by 𝒇(𝒙) = 𝟐𝒙 + 𝟓. Leta function 𝒈:𝑹 → 𝑹 

be defined by 𝒈(𝒙) =
𝟏

𝟐
(𝒙 − 𝟓). Prove that 𝒈 is an inverse of 𝒇. 

 

(𝑔 ∘ 𝑓)(𝑥) = 𝑔[𝑓(𝑥)] = 𝑔(2𝑥 + 5) =
1

2
(2𝑥 + 5 − 5) = 𝑥 = 𝐼𝑅(𝑥), ∀𝑥 ∈ 𝑅. 

(𝑓 ∘ 𝑔)(𝑥) = 𝑓[𝑔(𝑥)] = 𝑔 (
𝑥 − 5

2
) = 2 (

𝑥 − 5

2
) + 5 = 𝑥 = 𝐼𝑅(𝑥), ∀𝑥 ∈ 𝑅. 

Therefore, 𝑔 ∘ 𝑓 = 𝑓 ∘ 𝑔 = 𝐼𝑅 and hence 𝑔 is an inverse of ℎ. 

 

3. Prove that if a function 𝒇: 𝑨 → 𝑩 is invertible then it has a unique inverse. 

 

Let 𝑔 be an inverse of 𝑓 such that 𝑔 ∘ 𝑓 = 𝐼𝐴 and 𝑓 ∘ 𝑔 = 𝐼𝐵 

Let ℎ be another inverse of 𝑓 such that ℎ ∘ 𝑓 = 𝐼𝐴 and 𝑓 ∘ ℎ = 𝐼𝐵 

Then ℎ = ℎ ∘ 𝐼𝐵 = ℎ ∘ (𝑓 ∘ 𝑔) = (ℎ ∘ 𝑓) ∘ 𝑔 = 𝐼𝐴 ∘ 𝑔 = 𝑔. 

Therefore, 𝑓 has a unique inverse. 

 

4. Prove that If 𝒇(𝒂) = 𝒃 then 𝒇−𝟏(𝒃) = 𝒂, provided 𝒇 is invertible. 

 

Let 𝑓 be invertible and 𝑔 be the inverse of 𝑓. Then 𝑔 ∘ 𝑓 = 𝐼𝐴 

Let 𝑓(𝑎) = 𝑏. 

Then  𝑎 = 𝐼𝐴(𝑎) = (𝑔 ∘ 𝑓)(𝑎) = 𝑔[𝑓(𝑎)] = 𝑔(𝑏) = 𝑓−1(𝑏) 

Therefore, 𝑓−1(𝑏) = 𝑎 
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5.  A function 𝒇: 𝑨 → 𝑩 is invertible if and only if it is 1-1 and onto. 

IF PART: 

Given: 𝑓 is invertible. 

To prove: 𝑓 is 1-1 and onto. 

𝑓 is invertible. 

⟹ There exist a unique function 𝑔: 𝐵 → 𝐴 such that 𝑔 𝜊𝑓 = 𝐼𝐴, 𝑓𝜊𝑔 = 𝐼𝐵. 

𝑓(𝑎1) = 𝑓(𝑎2) ⟹ 𝑔[𝑓(𝑎1)] = 𝑔[𝑓(𝑎2)] 

⟹ (𝑔𝜊𝑓)(𝑎1) = (𝑔𝜊𝑓)(𝑎2) 

⟹ 𝐼𝐴(𝑎1) = 𝐼𝐴(𝑎2) 

⟹ 𝑎1 = 𝑎2 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑎1, 𝑎2 ∈ 𝐴 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑓 𝑖𝑠 1 − 1. 

𝐹𝑜𝑟 𝑎𝑛𝑦 𝑏 in B, there exists 𝑎 ∈ 𝐴 such that 𝑏 = 𝐼𝐵(𝑏) = (𝑓𝜊𝑔)(𝑏) = 𝑓[𝑔(𝑏)] = 𝑓(𝑎). 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑓 𝑖𝑠 𝑜𝑛𝑡𝑜. 

ONLY IF PART: 

Given: 𝑓 is 1-1 and onto. 

To prove: 𝑓 is invertible. 

𝑓 is 1-1 and onto. 

⟹ 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑏 in B, there exists a unique  𝑎 ∈ 𝐴 such that 𝑏 = 𝑓(𝑎). 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑔: 𝐵 → 𝐴 by 𝑔(𝑏) = 𝑎. 

 𝑇ℎ𝑒𝑛 (𝑔𝜊𝑓)(𝑎) =  𝑔[𝑓(𝑎)] = 𝑔(𝑏) = 𝑎 = 𝐼𝐴(𝑎), 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑎 ∈ 𝐴 

           (𝑓𝜊𝑔)(𝑏) =  𝑓[𝑔(𝑏)] = 𝑓(𝑎) = 𝑏 = 𝐼𝐵(𝑏), 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑏 ∈  𝐵 

Therefore, 𝑔𝜊𝑓 = 𝐼𝐴 and 𝑓𝜊𝑔 = 𝐼𝐵 and hence 𝑓 is invertible. 

 

Note: 

 𝑓 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 ⟺ 𝑓 𝑖𝑠 1 − 1 𝑎𝑛𝑑 𝑜𝑛𝑡𝑜. 

 

6. Consider the function 𝒇:𝑹 → 𝑹 defined by 𝒇(𝒙) = 𝒙𝟐, ∀𝒙 ∈ 𝑹. Is 𝒇 invertible? 

𝑓(𝑎) = 𝑓(−𝑎) = 𝑎2. 𝐵𝑢𝑡 𝑎 ≠ −𝑎. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑓 𝑖𝑠 𝑛𝑜𝑡 1 − 1. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒. 
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Note: 

If 𝑓: 𝐴 → 𝐵 is an invertible function then 𝑓𝜊𝑓−1 = 𝐼𝐵 and 𝑓−1𝜊𝑓 = 𝐼𝐴 . 

If 𝑔: 𝐵 → 𝐶 is an invertible function then 𝑔𝜊𝑔−1 = 𝐼𝐶  and 𝑔−1𝜊𝑔 = 𝐼𝐵 . 

 

7. If 𝒇: 𝑨 → 𝑩 ao nd 𝒈:𝑩 → 𝑪 are invertible functions then 𝒈𝝄𝒇: 𝑨 → 𝑪 is an invertible 

function and (𝒈𝝄𝒇)−𝟏 = 𝒇−𝟏𝝄𝒈−𝟏. 

 

𝑓 and 𝑔 are invertible functions 

⟹ 𝑓 and 𝑔 are 1-1 and onto. 

⟹ 𝑔𝜊𝑓 is 1-1 and onto. 

⟹ 𝑔𝜊𝑓 is invertible. 

 

𝑓: 𝐴 → 𝐵 and 𝑔: 𝐵 → 𝐶 are invertible functions. 

⟹ 𝑓−1: 𝐵 → 𝐴 and 𝑔−1: 𝐶 → 𝐵 are invertible. 

⟹ 𝑓−1𝜊𝑔−1: 𝐶 → 𝐴 is invertible. 

⟹ ℎ:𝐶 → 𝐴 is invertible. Where ℎ = 𝑓−1𝜊𝑔−1. 

Therefore,  

(𝑔𝜊𝑓) 𝜊ℎ = (𝑔𝜊𝑓) 𝜊(𝑓−1𝜊𝑔−1) = 𝑔𝜊(𝑓𝜊𝑓−1)𝜊𝑔−1 = 𝑔𝜊𝐼𝐵𝜊𝑔−1 = 𝑔𝜊𝑔−1 = 𝐼𝐶  

 ℎ𝜊(𝑔𝜊𝑓) = (𝑓−1𝜊𝑔−1)𝜊(𝑔𝜊𝑓) = 𝑓−1𝜊(𝑔−1𝜊𝑔)𝜊𝑓 = 𝑓−1𝜊𝐼𝐵𝜊𝑓 = 𝑓−1𝜊𝑓 = 𝐼𝐴 

Therefore,  

ℎ is the inverse of 𝑔𝜊𝑓. 

 ⟹ (𝑔𝜊𝑓)−1 = ℎ 

 ⟹ (𝑔𝜊𝑓)−1 = 𝑓−1𝜊𝑔−1 

 

 

 

 

 

 

 

 

notesforvtu.in



Dr. Narasimhan G, RNSIT Page 53 
 

8. Let 𝑨 = 𝑩 = 𝑹. The set of all real numbers and the functions 𝒇: 𝑨 → 𝑩 and 𝒈:𝑩 → 𝑨 

be defined by 𝒇(𝒙) = 𝟐𝒙𝟑 − 𝟏, ∀𝒙 ∈ 𝑨 and 𝒈(𝒚) = {
𝟏

𝟐
(𝒚 + 𝟏)}

𝟏

𝟑
, ∀𝒚 ∈ 𝑩. Show that g 

and f are inverse to each other. 

(𝑔𝜊𝑓)(𝑥) = 𝑔[𝑓(𝑥)] = 𝑔(2𝑥3 − 1) = [
1

2
(2𝑥3 − 1 + 1))]

1/3

= 𝑥 = 𝐼𝐴(𝑥), 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ 𝐴 

(𝑓𝜊𝑔)(𝑦) = 𝑓[𝑔(𝑦)] = 𝑓 [
1

2
(𝑦 + 1)]

1/3

= 2 [
1

2
(𝑦 + 1)] − 1 = 𝑦 = 𝐼𝐵(𝑦), 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑦 ∈ 𝐵 

 Therefore, 𝑔𝜊𝑓 = 𝐼𝐴 and 𝑓𝜊𝑔 = 𝐼𝐵 and hence 𝑓 and 𝑔 are inverse to each other. 

  

9. Let 𝑨 = 𝑩 = 𝑪 = 𝑹. Let 𝒇: 𝑨 → 𝑩 and 𝒈:𝑩 → 𝑪 be defined by 

 𝒇(𝒂) = 𝟐𝒂 + 𝟏, ∀𝒂 ∈ 𝑨 and  𝒈(𝒃) =
𝟏

𝟑
𝒃, ∀𝒃 ∈ 𝑩.  

Compute 𝒈𝝄𝒇. Show that 𝒈𝝄𝒇 is invertible.  Also find (𝒈𝝄𝒇)−𝟏. 

 

(i)  (𝑔𝜊𝑓)(𝑎) = 𝑔[𝑓(𝑎)] = 𝑔(2𝑎 + 1) =
1

3
(2𝑎 + 1). 

 

(ii)  𝑓(𝑎1) = 𝑓(𝑎2) ⟹ 2𝑎1 + 1 = 2𝑎2 + 1 ⟹ 2𝑎1 = 2𝑎2 ⟹ 𝑎1 = 𝑎2 

For any 𝑏 ∈ 𝐵, there exists 𝑎 ∈ 𝐴 such that 2𝑎 + 1 = 𝑏 ⟹ 𝑎 =
𝑏−1

2
 

Therefore, 𝑓 is 1-1 and onto, hence 𝑓 is invertible. 

 

 𝑔(𝑏1) = 𝑔(𝑏2) ⟹
1

3
𝑏1 =

1

3
𝑏2 ⟹ 𝑏1 = 𝑏2 

For any 𝑐 ∈ 𝐶, there exists 𝑏 ∈ 𝐵 such that 
1

3
𝑏 = 𝑐 ⟹ 𝑏 = 3𝑐. 

Therefore, 𝑔 is 1-1 and onto, hence 𝑔 is invertible. 

 

Since 𝑓 and 𝑔 are invertible, 𝑔𝜊𝑓 is also invertible. 

(iii)  (𝑔𝜊𝑓)−1(𝑐) = (𝑓−1𝜊𝑔−1)(𝑐) = 𝑓−1[𝑔−1(𝑐)] = 𝑓−1(3𝑐) =
3𝑐−1

2
 . 
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10. For the functions 𝒇 and 𝒈 from R to R defined by 𝒇(𝒙) = 𝟐𝒙 and  𝒈(𝒙) = 𝟑𝒙 − 𝟐. 

Verify that (𝒈𝝄𝒇)−𝟏 = 𝒇−𝟏𝝄𝒈−𝟏. 

 

 𝑓(𝑥) = 2𝑥 

 ⟹ 𝑦 = 2𝑥  

 ⟹
𝑦

2
= 𝑥 

 ⟹
𝑦

2
= 𝑓−1(𝑦) 

Therefore, 𝑓−1(𝑥) =
𝑥

2
 

 𝑔(𝑥) = 3𝑥 − 2 

 ⟹ 𝑧 = 3𝑥 − 2  

 ⟹
𝑧+2

3
= 𝑥 

 ⟹
𝑧+2

3
= 𝑔−1(𝑧) 

Therefore, 𝑔−1(𝑥) =
𝑥+2

3
 

 (𝑔𝜊𝑓)(𝑥) = 𝑔[𝑓(𝑥)] = 𝑔(2𝑥) = 3(2𝑥) − 2 = 6𝑥 − 2 

⟹ 𝑝 = 6𝑥 − 2     [Assume (𝑔𝜊𝑓)(𝑥) = 𝑝]  

⟹
𝑝 + 2

6
= 𝑥 

⟹
𝑝 + 2

6
= (𝑔𝜊𝑓)−1(𝑝) 

Therefore, (𝑔𝜊𝑓)−1(𝑥) =
𝑥+2

6
                ---------------------------  (1) 

(𝑓−1𝜊𝑔−1)(𝑥) = 𝑓−1[𝑔−1(𝑥)] = 𝑓−1 (
𝑥+2

3
) =

𝑥+2

6
  ------------  (2) 

𝐹𝑟𝑜𝑚 (1), (2)  it is clear that (𝑔𝜊𝑓)−1(𝑥) = (𝑓−1𝜊𝑔−1)(𝑥), 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 ∈ 𝑅. 

Therefore, it is verified that (𝑔𝜊𝑓)−1 = 𝑓−1𝜊𝑔−1. 
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3.11 The pigeonhole principle 

 

❖ If m Pigeons occupies n pigeonholes and 𝑚 > 𝑛 then atleast one pigeonhole has two or 

more pigeons in it. In general, there are at least 𝑝 + 1 pigeons in it. Where 𝑝 = ⌊
𝑚−1

𝑛
⌋. 

Problems: 

1. If five colours are used to paint 26 doors, show that at least 6 doors will have the 

same colours.  

 

𝑚 = Number of Pigeons = Number of doors = 26 

𝑛 = Number of Pigeonholes = Number of colours = 5 

  𝑝 + 1 = ⌊
𝑚−1

𝑛
⌋ + 1 = ⌊

26−1

5
⌋ + 1 = 5 + 1 = 6 

By Pigeonhole principle, there are at least 𝑝 + 1 = 6 doors will have the same colours.  

 

2. If 𝒏 + 𝟏 numbers from 1  to 𝟐𝒏 are selected then show that at least two of them will 

have their sum equal to 𝟐𝒏 + 𝟏. 
 

Consider 𝐴1 = {1, 2𝑛}, 𝐴2 = {2, 2𝑛 − 1}, … , 𝐴𝑛−1 = {𝑛 − 1, 𝑛 + 2} 𝑎𝑛𝑑 𝐴𝑛 = {𝑛, 𝑛 + 1} 

There are 𝑛 sets containing exactly two elements with their sum 2𝑛 + 1. 

𝑚 = Number of Pigeons = Numbers from 1 to 2𝑛 =  𝑛 + 1 

𝑛 = Number of Pigeonholes = Number of sets =  𝑛 

  𝑝 + 1 = ⌊
𝑚−1

𝑛
⌋ + 1 = ⌊

𝑛+1−1

𝑛
⌋ + 1 = 1 + 1 = 2 

By Pigeonhole principle,  

There are at least 𝑝 + 1 = 2 of them will have their sum equal to 2𝑛 + 1. 

 

3. Show that if any seven numbers from 1 to 12 are chosen then at least two of them 

will add to 13. 

 

Consider 𝐴1 = {1, 12}, 𝐴2 = {2, 11}, 𝐴3 = {3, 10}, 𝐴4 = {4, 9}, 𝐴5 = {5, 8}, 𝐴6 = {6, 7} 

There are 6 sets containing exactly two elements with their sum 13. 

𝑚 = Number of Pigeons = Numbers selected= 7 

𝑛 = Number of Pigeonholes = Number of sets = 6 

  𝑝 + 1 = ⌊
𝑚−1

𝑛
⌋ + 1 = ⌊

7−1

6
⌋ + 1 = 1 + 1 = 2 

By Pigeonhole principle, there are at least 𝑝 + 1 = 2 of them will add to 13. 
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4. Show that if any 14 integers are selected from the set 𝑺 = {𝟏, 𝟐, 𝟑, … , 𝟐𝟓} there are  

at least two integers whose sum is 26.  

 

Consider  

 𝐴1 = {1, 25}, 𝐴2 = {2, 24}, 𝐴3 = {3, 23}, 𝐴4 = {4, 22}, 𝐴5 = {5, 21}, 𝐴6 = {6, 20},  

𝐴7 = {7. 19}, 𝐴8 = {8, 18}, 𝐴9 = {9, 17}, 𝐴10 = {10, 16}, 𝐴11 = {11, 15}, 𝐴12 = {12, 14} 

There are 12 sets containing exactly two elements with their sum 26. 

𝑚 = Number of Pigeons = Numbers selected= 14 

𝑛 = Number of Pigeonholes = Number of sets = 12 

  𝑝 + 1 = ⌊
𝑚−1

𝑛
⌋ + 1 = ⌊

14−1

12
⌋ + 1 = 1 + 1 = 2 

By Pigeonhole principle, there are at least 𝑝 + 1 = 2 integers whose sum is 26. 

 

5. Shirts numbered consecutively from 1 to 20 are worn by 20 students of a class. 

When any three of these students are chosen to a debating team from the class, the 

sum of their numbers is used as the code number of the team. Show that if any 8 of 

the 20 are selected then from these 8, we may from at least two different teams 

having the same code number. 

 

Total number of teams with 3 students= (
8
3
) = 56 

Smallest possible code to a team= 1 + 2 + 3 = 6 

highest possible code to a team= 18 + 19 + 20 = 57 

We can generate codes varying from 6 to 57 and there are 52 codes. 

𝑚 = Number of Pigeons = Number of teams = 56 

𝑛 = Number of Pigeonholes = Number of codes = 52 

  𝑝 + 1 = ⌊
𝑚−1

𝑛
⌋ + 1 = ⌊

56−1

52
⌋ + 1 = 1 + 1 = 2 

By Pigeonhole principle, there are at least 𝑝 + 1 = 2 different teams having the same 

code number. 
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6. Let ABC be an equilateral triangle with 𝑨𝑩 = 𝟏𝒄𝒎. Show that if we select 5 points 

in the interior of the triangle , there must be at least two points whose distance is less 

than ½ cm.  

 

 

Consider the triangle 𝐴𝐵𝐶 with 𝐴𝐵 = 𝐵𝐶 = 𝐶𝐴 = 1 𝑐𝑚. 

Consider another triangle 𝐷𝐸𝐹 formed by joining mid  

points of BC, AB and AC. 

Δ 𝐴𝐵𝐶 is partitioned into 4 small equivalent triangles each of which have sides ½ cm. 

𝑚 = Number of Pigeons = Number of points = 5 

𝑛 = Number of Pigeonholes = Number of partitions = 4 

  𝑝 + 1 = ⌊
𝑚−1

𝑛
⌋ + 1 = ⌊

5−1

4
⌋ + 1 = 1 + 1 = 2 

By Pigeonhole principle,  

There are at least 𝑝 + 1 = 2 points whose distance is less than ½ cm. 

 

7. How many persons must be chosen in order that at least 5 of them will have 

birthdays in the same calendar month. 

𝑚 = Number of Pigeons = Number of persons = 𝑚 

𝑛 = Number of Pigeonholes = Number of calendar months = 12 

  By Pigeonhole principle,  

 𝑝 + 1 = ⌊
𝑚−1

𝑛
⌋ + 1 = ⌊

𝑚−1

12
⌋ + 1 = 5 

 ⌊
𝑚−1

12
⌋ = 4 

Least possible value of 𝑚 is 49. 

49 persons must be chosen in order that at least 5 of them will have birthdays in the same 

calendar month. 
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