BCS405A - Module 3

Relations and functions

Relations and Functions: Cartesian Products and Relations, Functions — Plain and One-to-One,
Onto Functions. The Pigeon-hole Principle, Function Composition and Inverse Functions.
Properties of Relations, Computer Recognition — Zero-One Matrices and Directed Graphs,
Partial Orders — Hasse Diagrams, Equivalence Relations and Partitions.

Textbook 1: Ch 5:5.1t05.3,5.5,5.6,Ch 7:7.1t0 7.4

3.1 Cartesian product of sets
Cartesian product:

Let A and B be two sets. Then the set of all ordered pairs (a, b) where a € A and b € B is called
the Cartesian product of A and B.

AXB={(a,b)laec Aand b € B}, BxA={(b,a)|b € Band a € A}
AxA={(a,b)a€Aandb€E A}, AXB#BXxAandA>2 =A XA

Cardinality:

If n(A) = |A|,n(B) = |B| then |A x B| = |A||B|,|B x A| = |B||A|,|A x A| = |A|?
Equality:

(a,b) =(c,d)=a=candb=d

1. Find x and y in each of the following cases: (i) (2x,x +y) = (6,1)
(i) (x +2,4) = (5,2x +y) (i) ) — 2,22+ 1) = (x — 1,y + 2) (iv) (x, ) = (%, ¥%)

Hx=3,y=-2

(i) x =3,y =-2

(iii) Solvex —y=—-1,2x—y =1wegetx =0,y = —1.
(iv)Solve x(x —1) =0, y(y—1) =0wegetx =00r 1,y =0or 1.
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2. GivenA={a,b}andB ={1,2,3}findAX B,Bx A, AX A,B X B.

AxB ={(a,1),(a,2),(a,3),(b,1),(b,2),(b,3)}
BxA={1,a),(1,b),(2,a),(2,b),(3,a),(3,b)}
AxA={(a,a),(ab),(ba),(bb)}

B x B ={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3)}

3. GivenA={1,2},B={a,b,c},C={3,4}find AXB X C, BxCXA.

AXBXC = {(1, a,3),(1,a,4),(1,b,3),(1,b,4),(1,¢,3),(1,c, 4),}

(2,a,3),(2,a,4),(2,b,3),(2,b,4),(2,¢,3),(2,¢,4)

(b,3,1),(b,3,2),(b,4,1),(b,4,2),

(a,3,1),(a,3,2),(a,4,1),(a,4,2),
BXCXA=
(¢,3,1),(c,3,2),(c,4,1),(c,4,2)

4. GivenA=1{1,3,5},B=1{2,3},C ={4,6}
FindAn(BxC), (AXxB)U(BxC), (AXxB)n(BxA), (AxB)n (B xUC().

AN (BxC)
={1,3,5} n {(2,4),(2,6),(3,4),(3,6)}
=¢
(AXB)U(BxC)
={(1,2),(1,3),(3,2),(3,3),(5,2),(53)} u {(24),(2,6),(34), (3,6)}
={(1,2),(1,3),(3,2),(3,3),(5,2), (53),(2,4), (2,6), (3,4), (3,6) }
(AXB)n(BxA)
={(1,2),(1,3),(3,2),(3,3),(5,2),(53)} n{(2,1),(2,3),(25),(3,1),(3,3), (3,5)}
={(3.3)}
(AXB)n(BxC)
={(1,2),(1,3),(3,2),(3,3),(5,2),(53)} n{(2,4), (2,6), (3,4), (3,6)}
=¢
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Given A={a,B,v},B={0,n},C={4ny}
FindAxcC, (AuB)xC, AU(BxC), AX(BUC)

AXC={(al),(a,w),(a,y), (B, B,w), By), ¥, )W, ¥ v)}

(AUB)XC ={a,B,v,6,n} x {4, v}

_ { (a, 1), (e, 1), (a,7), (B, 1), (B, 1), (B, v), (v, D), }
0w, @, ), (6,2),0,1m),6,y),(n,),(n,1),(n,y)

AUBxC) ={a,p,y}u{6,1),0,w),0,v),(ndD,(nw,(ny)}
={a,B,v,(0,2),6,1),(6,y),(n, 1), (n,1w),(n,¥) }

AxBUC) ={a,p,y}x{0,n4uwy}

_ { (a,0), (a,n), (a, 1), (a, ), (a,y), (B, 0),(B,1), }
B, B,w), (B, y), (v.0),Cv,m), (v, D), (v, ), (v, 7)

For any non-empty sets A, B and C Prove the following:
AXBNC)=(AXB)N(AxC), AxX(B—-C)=(AxB)—(Ax0C)

(x,y) EAX(BNC)ox€eAandy€eEBNC
©x€Aand (y€Bandy € ()
& (x€eAandy€eB)and (x € Aandy € C)
©x€EAXBandx € AXC
©x€eE(AXB)N(AX0)
Therefore, AX (BNC) =(AXB)Nn (AxC()

(x,y) EAX(B-C)oxe€eAandy€eB-C
S x€Aand (y€E€EBandy & ()
o (x€Aandy€eB)and (x€Aandy ¢ C)
©x€EAXBandx € AXC
©x€(AXB)—(AX%XC0)
Therefore, AX (B—C) = (AXB)—(AXC()
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7. FindAnB, BNC, AuC, BUCIfAB,CC Z x Z with
A={(x,»|ly=5x-1}L,B={(x,y)ly=6x},C={(x,y)[3x —y = -7}

() (x,y) EANB=>y=5x—1andy = 6x
= 5x—1=6x
>x=—-1landy =—-6

Therefore, AN B = {(—1,—-6)}

(i) (x,y) EBNC=> y=6xand3x—y=—7
=>6x=3x—7

=>x=-7/3andy =-140r0
Therefore, BN C = {(—% —14) , (—g 0)}

(i) (x,y) e AUC = (x,y) EANC
=>y=5x—1land3x —y = -7
=>5x—1=3x+7
>x=4andy =19

Therefore,m={(4,19)}

(iv)(x,y) EBUC= (x,y) EBNC
=>(x,y)gBnC
=>ZXZ—-(x,y)EBNC
=>ZXZ—(y=6xand3x —y=-7)
=>ZXZ—(6x=3x+7)

7
:>Z><Z—(x=§andy=14)

Therefore, BUC = Z X Z — {(g 14)}
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3.2 Relations

Introduction:

«» Let A and B be two sets. Then a subset of A X B is called a relation from A to B.

% A subset of A x A is called a binary relation on A.
% (a,b) ER < aRb

% Number of relations from A to B = no. of subsets of A x B = 2™"*, (|A| = m,|B| = n)

1. Let A and B be sets with |B | = 3. If there are 4096 relations from A to B find |A]|.

By data, |A X B| = 2™" = 4096,n = 3
4096 =212 =23m m=|A| =4

2. LetA=1{1,2,3},B ={2,4,5}. Determine (i) |A x B|(ii) Number of relations from A
to B (iii) Number of binary relations on A. (iv) Number of relations from A to B that
contain exactly 5 ordered pairs.

(i) JAXBl=mn=3x3=9

(ii) Number of relations from A to B = 2mn = 23%3 = 512

(iii) Number of binary relations on A = 2™™ = 23%3 = 29 = 512

(iv) Number of relations from A to B that contain exactly 5 ordered pairs= 9Cs = 126

3. Binary relation R on N is defined recursively by
(0,0) R, If(s,t) ERthen (s +1,t+ 7) € R find R a set of ordered pairs.
(0,00ER=>(0+1,0+7)ER
(1,7 ER=>(1+1,7+7)€ER
(2,14)eR=>(2+1, 14+7)€ER
(321)eR=>(3+1,21+7)€ER
Therefore, R = {(0,0),(1,7),(2,14),(3,21),(4,28), ...}

4. LetR S N x N where (m,n) € R if n = 5m + 2. Give a recursive definition for R.
R is defined by (0,2) € R, if (im,n) € Rthen (m+ 1,n + 5) € R.
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3.3 Zero-one matrices and digraphs
Matrix of a relation:

Let A = {ay,ay, ...,am} and B = {by, by, ..., by}then AX B = {(a;, b))|1 <i <m,1 <j < n}.

Let R be a relation from A to B which is a subset of A x B.

M 7 Mhn 1, if (a;,b;) €ER
Then M(R) = : " : where m;; = )
My - Mpn 0, if (ai’ bf) R

is called the matrix of the relation R (or) Zero-one matrix for R.
Example:

Let A ={0,1,2},B = {p,q}.Let R be a relation from A to B defined by R= {(0,p), (1, q), (2,p)}.
1 0

Then the matrix of the relation R is M(R) = [0 1].
1 0

Digraph of a relation:

Let R be a binary relation on a finite set A. Draw a small circle for each element of A. These
circles are called vertices or nodes. Draw an arrow from a vertex x to vertex y iff(x,y) € R.
These arrows are called edges. The pictorial representation of R is called a digraph or directed

graph.

Example:

Let A ={a,b,c, d} o o
R ={a,b),(b,b),(b,d),(c,b),(c,d),(d a),(dc)} i
then the digraph R is 0‘-0‘

In-degree and out degree:
No. of edges terminating at a vertex is called in-degree.

No. of edges leaving a vertex is called out-degree.

Vertices alb|c|d
In - Degree 2
Out-Degree |1 2|22

—_
w
—_
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Composite relations:

If A, B and C are sets with R; € A X B and R, S B X C, then the composition relation

R,0R, is a relation from A to C defined by Ry0R, = {(x,z)|x € A,z € C} .

Problems:

1. LetA ={1,2,3,4,6}andR be a relation on A defined by aRb iff a is a multiple of b.
(i) Write down R as a set of ordered pairs (ii) Write matrix of R
(iii) Draw the digraph of R.

) {1, D,(21,61),%1,(61),(2,2),42),(6,2),(3,3),06,3),(4,4),(6,6)}

1 2 3 4 6
111 0 0 0 0 )
211000] (1) (2)
(ii)M=310100| (iii) ‘
4f1 1.0 1 0 ‘
611101J .9

Oy
(4)
s

2. LetR={(1,1),(1,2),(2,3),(3,3),(3,4)} be arelation on the set 4 = {1, 2, 3,4}.
(i) Write matrix of R (ii) Draw the digraph of R. 5

1 2 3 4 ( é@
111 1 0 O e
. 210 0 1 O ..
M 310 0 1 1 )
410 0 0 O “9 o
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3. LetA ={1,2,3,4}. Let R be a relation on A defined by xRyiff 'x divides y'. Write
down (i) Write down R as a set of ordered pairs (ii) Write matrix of R (iii) Draw the

digraph of R (iv) In-degrees and out-degrees of all vertices of the digraph.

(i) R = {(1’ 1)’ (1’ 2)’ (1’ 3)’ (1’ 4)’ (2’ 2)’ (2’ 4)’ (3’ 3)’ (4’ 4)}

11 1 1 1
. 2]0 1 0 1
(i1 3(f0 0 1 0
410 0 0 1
(iii) 9
|
&6 0‘
(iv) | Vertices 112134
In-Degree |1]2|2|2
Out-Degree |2 (2|21

4, LetA = {a,b,c,d}and R be a relation on A that has the matrix

1 0 0 o
01 00
111 0
0 1 0 1

(i) Write down R as a set of ordered pairs (ii) Draw the digraph of R

MR=

(iii) List in-degrees and out-degrees of all vertices of the digraph.

()  R={(a,a),((bb)(ca)cb)(cc)(dDb)(dd)}

(i)

(iii) Vertices alb|c|d
In-Degree |23 ]1]1
Out-Degree |1 1|23
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5. Find the relation represented by the digraph given below. Also write down its

-
80
0

Relation represented by the digraph is R = {(1,1), (1, 2),(2,2),(2,3),(4,1), (4,4)}

1 0 o
Corresponding matrix isMp = 8 é 8
1 0 1

o W J SN

6. ForA={1,2,3,4}and R = {(1,2),(1,3),(2,4), (4,4)}. Find R?,R3, R®, My, (Mp)".

R?={(1,49),(2,49, (49}
R® ={(1,4), (2,9, (4.9}
R* ={(1,4),(1,3),(2,4), (4.4}

013 0 000 0
o 0 0 1 ~ [1 0 0 o0
Mr=\g o o oM =13 o o |

0 0 0 1 0 1 0 1

7. LetA=1{1,2,3,4}and R, S are relations on A defined by
R=1{(1,2),(1,3),(2,4),44} 5 ={11),01,2),(1,3),(1,4),(2,3),(2,4)}. Find
RoS,SoR, R?%, S%. Write down their matrices.

RoS =1{(1,3),(1,4)}

SoR = {(1,2),(1,3),(1,4), (2,4)}
R?={(1,4),(24), (4}
52 ={(1,1),(1,2),(1,3), (L4}
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8.

LetA=1{1,2,3,4},B ={w,x,y,z} and C = {p, q, 1, s}. Consider
R, ={(1,x),(2,w),(3,2)} arelation from A to B,

R, ={(w,p),(z,q9),(y,s), (x,p)} arelation from B to C.

(i) Write relation matrices M(R,), M(R;), M(R{0R>)

(ii) Verify M(R,{) X M(R;) = M(R,0R5).

Rl = {(17 X), (2, W); (3) Z)}’ RZ = {(W, P); (Z' q)' (}’r S), (x, p)}
R10R2 = {(17 p); (2, P), (3' q)}

w X y z p q v s
1/0 1 0 0 w/l1 0 0 0
~2[1 0 0 0 _x[1 0 0 0
M(Rl)_B 00 0 1]° M(RZ)_y 00 0 1)’
4\0 0 0 0 z\0 1 0 0
p q 1 s p q T
1/1 0 0 0 1/1 0 0
~2[1 0 0 0 21 0 0
M(R10R2)—3 01 0 0 ,M(R1)><M(R2)—3 0 1 0
4\0 0 0 0 4\0 0 0

Therefore, M(R,) X M(R,) = M(R,0R5).
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Introduction: A relation R on a set A is said to be

% Reflexive if (a,a) € R,Va € A

A X4

A X4

A X4

/7
A X4

/7
A X4

Problems:

1. LetA = {1,2,3}. Determine the nature of the following relations on A.

Symmetric if (a,b) € R = (b,a) €R
Transitive if (a,b) € R,(b,c) €ER = (a,c) €ER

Ir-reflexive if (a,a) ¢ R, foranya € A

Anti-symmetric if (a,b) €R,(b,a) ER=>a=D»b

3.4 Properties of relations

Asymmetric if it is neither symmetric nor anti-symmetric.

Rl = {(1' 2)' (2' 1)1 (11 3)) (3; 1)}; RZ = {(1' 1)' (2' 2)1 (31 3)' (2' 3)};
R3 = {(1! 1)! (2! 2)' (3, 3)}, R4 = {(1, 1)! (2, 2)! (3: 3)' (2, 3)! (3: 2)}:

R6 = {(2, 3)1 (31 4')' (2' 4)}' R7 = {(11 3)' (31 2)}

R5 = {(17 1)' (2' 3)1 (31 3)}:

Reflexive | Symmetric | Transitive | Ir-reflexive | Anti symmetric | Asymmetric
Rl X | v X | X X
R\ X v’ X X v
Rs| v’ v X X X
Rel v v X X X
Rs | X X v X X v
Re| X X v v v X
BRLOX X X v v X
Dr. Narasimhan G, RNSIT Page 11
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2. LetA=1{1,2,3,4},R={(1,3),(1,1),(3,1),(1,2),(3,3),(4,4)} be a relation on A.

Determine whether R is reflexive, symmetric, transitive, irreflexive or
antisymmetric.

R is irreflexive because (1,1) € R but (2,2) ¢ R.

R is asymmetric because (1,3), (3,1),(1,2) € Rbut (2,1) € R.

R is not transitive because (3,1),(1,2) € R but (3,2) € R.

Let A be a finite set which consists of n elements. Determine the relations on A
which are (i) reflexive (ii) symmetric (iii) antisymmetric.

Total number of reflexive relations on A is 2%~

(n2 +n)

Total number of symmetric relations on A is 27 2

TLZ—TL

Total number of anti symmetric relations on Ais 2" x 3"z
1 1 1

. Show that the relation represented by the matrix M = (0 0 1) IS transitive.

0 0 1

R ={(a,a),(a,b),(a,c),(b,c),(c,c)}isatransitive relation.

IfA={1,23,.4}and R = {(1,2),(2,2),(3,4), (4,1)} verify the relation R on A is

whether symmetric or asymmetric or antisymmetric.

R ={(1,2),(2,2),(3,4),(4,1)} is an asymmetric relation.
Because (2,2),(1,2) e Rbut (2,1) € R

Dr. Narasimhan G, RNSIT Page 12
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3.5 Equivalence relations and partitions

% Equivalence relations:
A relation R on a set A is said to be an equivalence relation on A if it is reflexive, symmetric

and transitive.

>

% Equivalence classes:
Let R be an equivalence relation on A and a € A. Then [a] = {x € A|(x,a) € R} is called

the equivalence class of a.

X/
°e

Partition of a set:

Let A be a nonempty set and A,, 4, ..., 4,, be nonempty subsets of A such that
(A, UA,U..UA, =4

(ii) Ay, Ay, ..., A, are disjoint then P = {44, A,, ..., A, } is called a partition of A.

Problems:

1. LetA={1,2,3,4}and R = {(1,1),(1,2),(2,1),(2,2),(3,4),(4,3),(3,3),(4,4)} be a
relation on A. Verify that R is an equivalence relation.
(1,1),(2,2),(3,3),(4,4) €R
(a,a) ER,Va € A,

R is reflexive.

1,2),2,1)eR=>(1,1)ER
(3,4),(4,3) e R>(3,3) ER
(a,b) €R,(b,c) ER > (a,c) ER,Va,bceEA

R is transitive.

(1,2)eR=>(2,1) R
(3,4) ER = (3,4) €R
(a,b) ER = (b,a) ER,Va,beEA

R is symmetric.

Therefore, R is an equivalence relation.
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2. LetA=1{1,2,3,4}andR={(1,1),(1,2),(2,1),(2,2),(3,1),(3,3),(1,3),(4, 1), (4,4)}
be a relation on A.

Is R an equivalence relation?

(1,1),(2,2),(3,3),(4,4) €R
(a,a) € R,Va € A,

R is reflexive.

(4,1),(1,2) € R, but (4,2) ¢ R
R is not transitive.

Therefore, R is not an equivalence relation.

1 0 1
3. AvrelationRonaset A = {a, b, c} is represented My, = (0 1 0).

Determine whether R is an equivalence relation.
R ={(a, ), (b,b),(c,c) (a )}

(a,c) € R,but (c,a) ¢ R

R is not symmetric.

Therefore, R is not an equivalence relation.
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4. For afixed integer n > 1, prove that congruent modulo n is an equivalence relation.

a = b(mod n) > a — b is a multiple of n.

Foranya € Z,
a—a=20
>a—a=0n
= a = a (modn)
= (a,a) ER
R is reflexive.
Foranya,b € Z,
(a,b) €ER
= a = b (mod n)
= a — b is amultiple of n
= b — a is amultiple of n
= b = a (mod n)
= (b,a) ER
R is symmetric.
For any a,b,c € Z,
(a,b),(b,c) ER
= a = b (modn),b = c (modn),
= a = c (mod n)
= a — cis amultiple of n
= a = c (modn)
= (a,c) ER
R is transitive.

Therefore, R is an equivalence relation.
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5 IfA=A;UA,; UA;z where A; = {1,2},4, = {2, 3,4}, A; = {5}. Define relation R
on A by xRy if x and y are in the same subset 4; for 1 < i < 3. Is R an equivalence
relation?

A={1,2,3,4,5}

R=1{(11),(22),373),44%,5,5),01,2),(21,(23),3,2),(2,4),(42),3,4),(43)}

(1,1),(2,2),(3,3),(4,4) €R
(a,a) € R,Va € A,

R is reflexive.

1,2),2,1)eR=>(1,1) ER
(2,3),(3,2) eER=>(2,2) ER
(2,3),(3,4) €ER=(2,4) ER
(a,b) €R,(b,c) ER = (a,c) ER,Va,b,cEA

R is transitive.

(1,2)ER=(2,1) €R
(3,4) €R = (4,3) €R
(2,3)eR=>(3,2)ER

(a,b) €ER = (b,a) ER,Va,beA
R is symmetric.

Therefore, R is an equivalence relation.
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6. LetdA = {1, 2, 3, 4', 5} X {1, 2, 3,4‘, 5} and on A by (xl,yl)R(xZ,yz) if X1 + Y1 =
x, + y, Verify that R is an equivalence relation.
(ii) Determine the equivalence classes [(1, 3)], [(2, 4)], [(1, 1)].

Forany (a,b) € A X A,
a+b=a+b

= (a,b)R(a,b),Va € A

R is reflective.

(a,b)R(c,d)
>a+b=c+d
>c+d=a+b

= (¢,d)R(a, b)

R is symmetric.
(a,b)R(c,d) and (c,d)R(e, f)
>a+b=c+dandc+d=e+f
>a+b=e+f

= (a,b)R(e, f)

R is transitive.

Therefore, R is an equivalence relation.

7. LetA = {1, 2, 3,4‘, 5} X {1, 2, 3,4‘, 5} and on A by (xl,yl)R(xZ,yz) if X1 + Y1 =
x, + y,, Determine the equivalence classes [(1, 3)], [(2, 4)], [(1, 1)].

[(1, 3)]={C,y) | (x, ¥)R (1,3)}
={G,y) |x+y=1+3}
={(2,2),3,1),(1,3)}
[(2,4)] ={C,y) | (6, ¥)R (2,4)}
={y) |x+y=2+4}
={(1,5),(5,1),(3,3),(2,4),(4,2)}
[(1L, D] ={C,y) | (0, ¥)R (1, 1)}
={y)[x+y=1+1}={(1, 1}

Dr. Narasimhan G, RNSIT Page 17
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8. ForA ={a,b,c,d,x,y,z} define an equivalence relation on A. Hence find
equivalence classes. Also find a partition of A.
Equivalence relation:
A={ab,cd,x,vy,z}
R ={(a,a),(a,b),(a,c), (b,a),(b,b),(b,c),(d d),(c,a)(cb) (cc) (xx),(¥y)(z2)}

Since R is reflexive, symmetric and transitive, R is an equivalence relation.

Equivalence classes:

l[a] ={x|xRa}={a,b,c} |[d]={x|xRd}={d}
[b] = {x | xR b} ={a,b,c} | [x] ={x|xRx}={x}
[cl={x|xRc}={ab,c} | [yI={x|xRy}={y}

[z] = (x| xRz} = {z}

Partition of A:  Partition of A = {{a, b, ¢}, {d}, {x}, {v}, {2}

9. IfRisarelation defined on A = {1, 2, 3,4} by
R={(1,1),(1,2),(2,1),(2,2),(3,4),(4,3),(3,3),(4,4)}. Determine the partition

induced by the equivalence relation.

Equivalence classes are

[1]={x|xR1} ={12} [3] ={x|xR3}= {34}
[2] = {x | x R 2} = {1,2} [4] = {x | x R 4} = (3,4}

Partition induced by the given equivalence relation is {{1, 2}, {3, 4}}
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10. Let A = {a, b, c,d, e, f, g} and consider the partition P = {{a, c, d}, {b},{e, g}, {f}}.
Determine the corresponding equivalence relation R.

R = {(a, a),(a,c), (a,d),(ca)(cc)(c,d),(da)(d, c),}
(d,d), ((b,b), (e, e), (e, g9),(g,€),(9,9), (. f)

11. Let R be an equivalence relation on A and a, b € A. Then prove the following:
(i) a € [a] (ii) aRb iff [a] = [b] (iii) If [a] N [b] # ¢ then [a] = [b]
Proof:
(i) R is reflexive
= (a,a) ER = a € {a}
(ii) To prove: aRb = [a] = [b]

Let (a,b) ER
x € [a] x € [b]
= (x,a) ER = (x,b) ER
= (x,a),(a,b) ER = (x,b),(a,b) ER
= (x,b) €R = (x,b),(b,a) ER
= X € [b] = (x,a) ER
~ [a] € [b]. = x € [a]
~ [b] € [a].

Therefore, [a] = [b].
To prove: [a] = [b] = aRb
la] = [b]
a € [a] = a € [b]
= (a,b) €R
=>aRb
(iii) [aln[b] # ¢
= Letx € [a] N [b]
= x € [a] and x € [b]
= (x,a),(x,b) € R forsome x € R (* By definition)
= (a,x),(x,b) € R forsome x € R (~ R is symmetric)
= (a,b) € R (~ R is transitive)
= [a] = [b] (+ By (ii))
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3.6 Partial orders and Hasse diagram

Partial orders:

A relation R on a set A is said to be a partial order on Aif R reflexive, antisymmetric
and transitive. A set with a partial order R is called a partially ordered set or a poset. It is denoted
by (4,R). (e-g) (Z, <) is a poset.

Note: A digraph of a partial order has no cycle of length greater than one.

Hasse diagram:
The digraph of a partial order with the following conditions is called Hasse diagram.

s+ All vertices have a cycle of length one. (Since it is known, need not produce loop)

R/

% If there is an edge from a to b and from b to c then there is an edge from a to c. (Since it

is known, need not produce an edge from a to c)

®,

% All edges point upward (Since it is known, need not put arrows in the edges)

Dr. Narasimhan G, RNSIT Page 20
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1. LetA={1,2,3,4}andR={(1,1),(1,2),(2,2),(2,4),(1,3),(3,3),(3,4),(1,4),(4,4)}.
Verify that R is a partial order on A. Write down the Hasse diagram for R.

(1,1),(2,2),(3,3),(4,4) €R.

Therefore, (x,x) € R,Vx € A.

(1,3),(3,4) eR=(1,4) €ER

(x,y),(y,z) ER = (x,z) ER, foranyxy,z€ A
R does not contain (x,y) and (y,x) withx # y .
Therefore, R is reflexive, anti - symmetric and transitive.
Therefore, R is a partial order on A.

Hasse diagram: 4

2. IfRisarelationonaset A = {1, 2, 3,4} defined on xRyiff x|y. Prove that (4,R) is a

poset. Draw its Hasse diagram.

R={(1,1),(1,2),(1,3),(1,4),(2,2),(2,4),(3,3), (4 4)}
(1,1),(2,2),(3,3),(4,4) € R.

Therefore, (x,x) € R,Vx € A.

(1,2),(2,4) eR=(1,4) €ER

(x,y),(y,z) ER = (x,z) ER, foranyxy,z€ A

R does not contain (x,y) and (y,x) withx # y .

Therefore, R is reflexive, anti - symmetric and transitive.

Therefore, R is a partial order on A.

Hasse diagram: 4
3 2
1
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3. LetA=1{1,2,3,4,6,12}. On A define relation R by aRb iff a|b. Prove that R is a

partial order on A. Draw the Hasse diagram for this relation.

R = { (1,1),(1,2),(1,3),(1,4), (1,6),(1,12),(2,2),(2,4),(2,6), }
~1(2,12),(3,3),(3,6),(3,12), (4,4), (4,12),(6,6), (6,12),(12,12)

(1,1),(2,2),(3,3),(4,4),(6,6), (12,12) € R.
Therefore, (x,x) € R,Vx € A.

x|y,y|z € R = x|z

(x,v),(y,z2) ER = (x,z) ER, foranyx,y,z€ A
R does not contain (x,y) and (y,x) withx # y .
Therefore, R is reflexive, anti - symmetric and transitive.
Therefore, R is a partial order on A.

Haase diagram:

12
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4. LetS ={1,2,3}and P(S) the power set of S. On P(S) define the relation R by
xRy iff X € Y. Show that the relation is a partial order on P(S). Draw its Hasse

diagram.

= {51,52,53,54, SSiS6) S7i58}
() S c5,v1<ij<8

(S.S) ERVI<i<8

(5,5;), (S, Sx) ER= (S;,Sx) €R, forany1<1i,j, k<8
R does not contain §; € S; and S; € S; with S; # §;
R does not contain (S;,S;) and (S}, S;) with S; # ;

Therefore, R is reflexive, anti-symmetric and transitive.

(iii)

Therefore, R is partial order relation.

<
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5. The Hasse diagram of the partial order Ronaset A = {1,2,3,4,5,6} isas given

below: e

Write down R as a subset of A x A. Construct its digraph.

R =
{(1,1),(1,4),(1,6),(2,2),(2,5),(2,6),(3,3),(3,5),(3,6)(4,4), (4, 6), (5,5), (5,6), (6,6) }
Digraph:
Dr. Narasimhan G, RNSIT Page 24
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6. Draw the Hasse diagram of the relation R on A = {1, 2, 3,4, 5} whose matrix is as

10111

{0 1111
givenbelow:Mg=]0 0 1 1 1
0 0 010

0 0 0 0 1

R=1{(1,1),(13),(1,4),(1,5),(22),(2,3),(24),(25),3,3),3,4,3,5), (44,055}

Hasse diagram: o o

ofie

7. Write down the Hasse diagram for the positive divisors of 45.

A = Set of all divisors of 45 ={1,3,5,9, 15,45}

R =1{(1,1),(1,3),(1,5),(1,15),(1,45),(3,3),(3,15),(3,45),(9,9), (9,45), (15,15),
(15,45), (45,45)}
Hasse diagram:
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8. Draw the Hasse diagram to represent the positive divisors of 36.

A = Set of all divisors of 45 =1{1,2,3,4,6,9,12,18,36 }

Hasse diagram:
36
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3.7 Functions
Definition:

Let A and B be any two non empty sets. Then a function f from A to B is a relation
such that for each a € A, there is a unique b € B.

Note:

% If (a,b) € f then b = f(a) is the image a and a is a pre-image of b.
% If f: A - B is a function then A-Domain of f, B-Codomain of f, f(4)-Range of f.

Example:

* {(1,a),(2,a),(2,¢),(3,b)}is not a function.
{(x,2), (v, x), (¥, y)}is not a function.
{(p,9), (q,q), (r,q)}is a function.

Problems:

*

3
o
o<

1. LetA = {1,2,3,4}. Determine whether or not the following relations on A are
functions: (i) f = {(2,3),(1,4),(2,1),(3,2),(4,4)} (i) g={3,1),4,2),(1,1)}
(iih={(2,1),(3,4),(1,4),(4,4)}.

(1) No. 2 has two images.
(i)  No. 2 doesn’t have image.
(i)  Yes. Each element has a unique image.

2. Letafunction f: R — R be defined by f(x) = x? + 1. Determine the images of the
following subsets of R: A = {2,3},B = {-2,0,3},€ = (0,1),D = [-6,3].

f(A) ={22+1,32 + 1} = {5,10},
f(B) ={(-2)?+1,02+ 1,32+ 1} = {5,1,10}
fO={x*+1]0<x<1}

f(D)={x*+1]-6 <x <3}
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3. LetA=1{1,2,3,4,56}and B ={6,7,8,9,10}. If a function f: A — B is defined by
{1, 7),(2,7),(3,8), (4, 6), (5,9), (6, 9)} determine f~1(6)and f~1(9). If B, =
{7,8}and B, = {8,9,10}, find f~1(B,) and f~1(B5).

f71(6) = Pre image of 4 = {4}

f1(9) = Set of pre images of 9 = {5, 6}

f1(B,) = Set of pre images of 7 and 9 = {1, 2,3}
f~1(B,) = Set of pre images of 8,9 and 10 = {3,5,6}

4. LetA=1{1,2,3,4,5}and B = {3,4,5}. Afunction f:A - Bisgivenby f =

{(1,3),(2,3),(3,9),(4,5), (5, D}IFind f1(3), f (D), f1(B1), f(B2). Where
Bl = {3,4}, BZ = {4, 5}

f1(3) = Pre image of 3 = {1,2}

f~1(4) = Set of pre images of 4 = {3,5}

f1(B,) = Set of pre images of 3and 4 = {1,2,3,5}
f~1(B,) = Set of pre images of 4and 5 = {3,4,5}

3x -5, forx>0

5. Let f:R — R be defined by f(x) = {—Sx L orxeo

Determine £(0), f(—1),f (5).f (-3). f()

f(0)=-30)+1=1
f(=1)=-3(-1)+1=4

1§)-3(0)-5-o

(Y=o Ym0
f2)=32)-5=1
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6. Let f:R — R be defined by f(x) = {
Find £71(0), f (D), f1 (=D, F13), f1(=3), F1(=6)

3x -5, forx>0
—3x+1,forx<0°

f(x)=3x—-5x>0
=0=3x—-5x>0
= x=5/3

f(x)=-3x+1,x<0
=0=-3x+1,x<0

= x = 1/3, impossible.

Therefore, f~1(0) = g

f(x)=3x—-5x>0
=1=3x-5x>0=

=x=2

f(x)==-3x+1,x<0
=1=-3x+1,x<0

=x=0

Therefore, f~1(1) = {2, 0}

f(x)=3x—-5x>0
= -1=3x—-5x>0

== x =4/3

f(x)=-3x+1,x<0
= -1=-3x+1,x<0

=x=2/3

Therefore, f~1(—1) = {4/3}

f(x)=3x—-5x>0
=3=3x-5x>0

8
=>x=-
3

fx)=-3x+1,x<0

=3=-3x+1,x<0

2
= x = —3 impossible.

Therefore, f~1(3) = {§ —3

f(x)=3x—-5x>0
= -3=3x—-5x>0

2
> x==
3

f(x)=-3x+1,x<0

= -3=-3x+1,x<0

= x = 3 impossible.

Therefore, f~1(-3) = {3}

3

f(x)=3x—-5x>0
= —-6=3x—-5x>0

1 . .
=x=-z, impossible.

f(x)==-3x+1,x<0

= -6=-3x+1,x<0

7
= x = 3 impossible.

Therefore, f~1(—6) = ¢

aY s a
' A\
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7. If f:Z —> Ris defined by f(x) = x* + 5 find f~1({6}), f~1([6,7]), f1([6,10]),
f1([—4,5D, f 1[5, D).

x=f7(6) x=f(6,7]) x = f~1([6,10])
=f(x)=6 = f(x) =[6,7] = f(x) = [6,10]
=x*+5=6 =6<f(x)<7 =6<f(x) <10
=x2=1 =6<x?+5<7 =>6<x2+5<10
=x=%1 =1<x?<2 =1<x?<4
=x={-1,1} =x={-1,1} =x={-2-112}

x=f"1([-45D x = f1([-5,0))

= f(x) =[-4,5] = f(x) = [-5,)

= -4<f(x)<5
= —4<x?4+5<5
=-9<x2<0

= x = {0}

= -55f(x) <
= -5<x?4+5<
= -25<x?<

=x=7

Dr. Narasimhan G, RNSIT

a aY s
' A\

Page 30




8. Let f:R — R be defined by f(x) = {

3x—5, forx>0
—3x+1,forx<0°’

Find f~1([-5,5]) and f~1([-6,5])

—-5<f(x)<5

= -5<3x-5<5x>0
=0<3x<10,x>0
=0<x<10/3

= X € (0,13—0]

—5=<f(x) <5

= -5<-3x+1<5x<0
= -6<-3x<4,x<0
= —4<3x<6x=<0

4
:—ESxSZ,xSO

= x € [-4/3,0]

Therefore, £1([~5,5]) = [2,%2
—-6<f(x)<5 S=f) =5

= -—-6<3x—-5<5x>0
= -1<3x<10,x>0
ﬁ—leSE,x>O

3 3

10
= X € (0,?

= -6<-3x4+1<5x<0
> -7<-3x<4,x<0

= 4<3x<7,x<0

4 10

Therefore, f~1([-5,5]) = [__,_

9. Let f:X — Y be a function, A be a arbitrary non empty subset of X and C, D be
arbitrary non empty subsets of Y. Then prove that f~1(Cu D) = f~1(C) u f~1(D)

3° 3

(i) f7HCnD) = fHONfD) (i) f71(0) = f71(O).

x€f'(CuD)s f(x)ECUD
e f(x)eCorf(x)€ED
e x€fY(C)orxe f (D)
©x€fHOuf (D)
Therefore, f~1(C U D) = f~1(C) U f~1(D)
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10. Let f: X — Y be a function, A be a arbitrary non empty subset of X and C, D be
arbitrary non empty subsets of Y. Then prove that f~1(€ n D) = f~1(¢) n f~1(D).

xefl(CnD)e f(x)eCnD
o f(x)eCand f(x) €D
e x€efYC)and x € f71(D)
exef(C)nf (D)
Therefore, f~1(CUD) = f~1(C) U f~1(D)

11. Let f: X — Y be a function, A be a arbitrary non empty subset of X and C, D be

arbitrary non empty subsets of Y. Then prove that f~1(c) = f~1(C).

xeEf10)ef(x)el
o f(x)ec
exef (0
e x€ef1(0)

Therefore, f~1(¢) = f~1(0).

12. If A and B are finite sets with |4| = m and |B| = n. Find how many functions are

possible from A to B.

LetA = {ay,a,,...,a,,},B ={by, by, ...,b,},|Al =m,|B| =n
The function f is of the form, f = {(ay,x), (a,, x), (a,, x)}
x has n chances in (a4, x), x has n chances in (a,, x) and so on.

Total number of functions from AtoB=nxnx ..xn =n™
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13. If there are 2187 functions from A to B and |B| = 3. What is |A]|?

If |A| = m, |B| = n then the total number of functions from Ato B = n™
By data, the total number of functions from A to B = 2187

n™ = 2187
By data, n = 3.

m = 2187
mlog3 = log 2187

_log2187
log 3

14.1f A ={0,+1,+2}and f: A > Ris defined by f(x) =x? —x+1,x € R.
find the range of f.

f(0)=02-0+1=1
fFD =D - (-D+1=3
f=1-1+1=1
f(=2)= (-2 = (-2)+1=7
f2)=22-2+1=3
Therefore, x = {1, 3,7}
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3.8 1-1 and onto function

X/
°e

1-1 function and onto function or injective function: Different elements of A have

different images in B under f.Thatis, f(a;) = f(a;) = a; = a,, for a,,a, € A.

¢

Onto function or surjective function: Every element of B has a pre image in A under f.
That is, f(A) = B.

1-1 correspondence or bijective function: f is 1-1 and onto. That is, Every element of

o
A5

¢

o
A5

A has a unique image in B and every element of B has a unique element in A.

X/
°e

Identity function:f: A — A such that f(a) = a, for every a € A. It is denoted by I,.

°

Constant function: f:A — A such that f(a) = c, for every a € A.

% Constant function: f:A — A suchthat f(a) = c, forevery a € A.

:.:

Neitther 1-1 nor onto 1-1 and onto Not a function
1-1 but not onto Onto but not 1-1 Constant function
Tdentity function
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Problems:

1. Find the nature of the following functions defined on 4 = {1, 2, 3},
0 f={11),(022),3,3)}
(i) g9={12).(22)3, 2)}
(i)  h={(1,2),(22),G 1}
vy pr={12),(273). 6 1)}

Q) a = f(a),Va € A. Therefore, f is a identity function.

(i)  g(a) =2,Va € A. Therefore, g is a constant function.

@iii)  h(1) = h(2) = 2. 3 has no pre-image. Therefore, h is neither 1-1 nor onto.
(iv), p@)=2,p2) =3,p(3) = 1. Allare distinct images. Range and co-domain

are same. Therefore, p is 1-1 and onto.

2. In each of the following cases determine f is 1-1 or onto or both or neither:
() A=B={1,234}andf ={(1,1),(2,3),(3,4),(4,2)}
(i) A={ab,c},B=1{1,2,3,4},f ={(a,1),(b,1),(c,3)}
(i) A={1,23},B={1,2345}f=1{(11),(23),(3,4)}
(ivy, A={1,2,3},B={1,23,45}f=1{(11),(23),(3,3)}
(v) A={1,2,3,4},B={a,b,c,d}f ={(1,a),(2,a),(3,d),(4,c)}

(@

Different elements of A have different elements in B.
)4 Also f(A) = B. Therefore, it is 1-1 correspondence
> (or) Bijective function.

w —
- f(a) = f(b) = 1and f(4) = (1,3} # B.
Therefore, this function is neither 1-1 nor onto.
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(iii) ' Different elements of A have different elements in B.

l But f(A) = {1,3,4} # B.
Therefore, this function is 1-1 but not onto.
(iv)
' f(2)=fB3)=3and f(A) ={1,3} # B.
' Therefore, this function is 1-1 but not onto.
0 [13—
‘ f(H)=f2)=aand f(A) ={a,c,d} # B.
[ ><] Therefore, this function is 1-1 but not onto.
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3. The functions f:R —» R and g: R — R are defined by f(x) =3x+ 7 forall x € R
and g(x) = x(x3 — 1) for all x € R. Verify f is 1-1 but g is not.

fx)=f(lx) =3x,+7=3x,+7
= 3x; = 3x,
=X =Xy, VX1, ER
Therefore, f is 1-1.
g(0) =g(1) =0,but 0 # 1.
Therefore, g is not 1-1.
4. The function f: Z — Z be defined by f(a) = a + 1 for a € Z. Find whether 1-1 or

onto.

fa@)=f(b)=a+1=b+1
=a=b,Vab€eZ
Therefore, f is 1-1.
Forany b € Z,we can findapreimageb —1lasf(b—1)=b—-1+1=b.

Therefore, f is onto.

5. The function f: Z X Z — Z is defined by f(x,y) = 2x + 3y. P.T f is onto but not 1-1.

To prove: fis1-1
n=4n—-3n=2(2n)+ 3(—n),vn € Z.
Therefore, for any n € Z, we can find a pre-image(2n, —n) such that
f(2n,—n) = 2(2n) + 3(—n) = n. Therefore, f is onto.
To prove: f is not onto
f(0,2) =2(0)+3(2)=6
f(3,0)=23)+3(0)=6
£(0,2) = f(3,0) = 6.But (2,0) = (3,0)

Therefore, f is onto.
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6. If f:R — R in each of the following cases determine f is 1-1 or onto or both:

(i) f(x) = 2x— 3 (ii) f(x) = x* + x (iii) f(x) = €* (iv) f(x) = sinx

(1) Check whether f is 1-1.
f(x) =f(x) = 2%, —3=2x, — 3
= 2x1 = 2x,
= X1 =X,V Xx,X; ER
Therefore, f is 1-1.

Check whether f is onto.

y=2x—3=>x=yT+3

For any y € R, there exist x € R such that f(x) = f (3/74-3) =2 (”TH) —3=y.

Therefore, f is onto.
(i)  Check whether f is 1-1.

fD=(D2=1=0

f(0)=02+0=0

f(=1) = f(0),But —1# 0

Therefore, f is not 1-1.

Check whether f is onto.

If f(x) = —2,then x2 + x + 2 = 0 has complex roots.

Therefore, f is not onto.
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7. If f: R - R in each of the following cases determine f is 1-1 or onto or both:

(i) f(x) = e (ii) f(x) = sinx

(1) Check whether fis 1-1.
) = fxy) = e*1 = e
= X1 = X5,V Xq,X; ER
Therefore, f is 1-1.
Check whether f is onto.
y=e*=x=logy
For any y € R, there exist x € R such that f(x) = f(logy) = el°8Y =y,

Therefore, f is onto.

(i) Check whether fis 1-1
f(0) =sin0 =0
f(m) =sint =0
f(0)=f(m),But0 #mn
Therefore, f is not 1-1.

Check whether f is onto.
Range = [—1, 1] c R. Range is a subset of co-domain.

Therefore, f is not onto.
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8.

Let f: X — Y be a function and A and B be arbitrary non empty subsets of X. then
prove the following: (i) If A < B then f(A) < f(B) (ii) f(AU B) = f(A) U f(B).

(1) yEf(A) =y=f(x)forsomex €A
=y =f(x) forsomex€B (~ACSB)
=y €f(B)
Therefore, f(A) € f(B)

(i) y€f(AUB)=1y=f(x)forsomex€ AUB
=y=f(x)for x€eAorx€B
=y € f(Aoryef(B)
=yef(AVUf(B)
Therefore, f(AUB) S f(A) U f(B) - 1)
ACAUB,BSCAUB
= f(A) S f(AUB),f(B) S f(AUB)

= f(A) U f(B) € f(AUB) -----mrmmmemmmemoeees )
W¥W
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9. Let A and B be finite sets and f be a function from A to B. Then prove the
following: (i) If fis 1-1, |A| < |B| (ii) If fisonto, |[B| < |A] (iii) If f is bijection,
|| = |B.

Q) Let |A| =m,|B| =nand A = {a,,a,, ..., an}.
Ay # ay # - # ayy = f(ar) # f(az) # - # fam)
= All images in B are distinct.
= B has at least m elements.
= |B|=m
= |B| = |4]
= |A| < |B|
(i)  fisonto = For each b € B, there exists a € A such that f(a) = b.
= As f is a function, all pre-images in A are distinct.
= A has at least n elements.
= |Al=n
= |A| = |B|
= |B| < |4
(i) f isabijection = f is 1-1 and onto
= |A| < |B| and |B| < |A|

= |A| = |B|
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10. Let A and B be finite sets with |[A| = m and |B| = n How many 1-1 functions are

11.

possible from A to B?

Let A = {ay,a,,...,a,}and B = {by, by, ..., b, }
fisl-l1=|A| < |B| > m < n.

f:A - Bisof the form f = {(ay,x), (az, x), ..., (@m, x)}
There are n choices for x in (aq, x).

There are n — 1 choices for x in (a,, x).

There are n — (m — 1) choices for x in (a,, x).

The total number of choices for x = n(n — 1)(n — 2) ...(n — (m — 1))

n!

- (n—m)!

n!

Therefore, number of 1-1 functions from Ato B = -

If there are 60 1-1 functions from A to B and |A4| = 3, what is |B|?

By data, m = |A| = 3.

n!

Number of 1-1 functions from Ato B =

(n—m)!

_ n!
T (n-3)!

60=n(n—1)(n-2)

60

Therefore, n = 5.
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3.9 composition of functions

Introduction:

¢ Consider three non empty sets A, B and C and functions f: A - Band g: B = C.
The composition of these two functions is defined as

gof:A — Cwith (gof)(a) = glf(a)],Va € A

f g

feog
Problems:

1. LetA=1{1,2,3,4},B={a,b,c}and C = {w,x,y,z} withf:A—-> Bandg:B - C
givenby f = {(1,a),(2,a),(3,b),(4,c)}and g = {(a,x),(b,y),(c,2z)} find gof

@GN =glf(D]=g(@ =x
(g°)(2)=glf(2)]=g(a) =x
(G NB) =yglfBG)]=ygb) =y

G =glfB]=g() =2z
Therefore, g o f = {(1,x), (2,%),(3,¥), (4, 2)}
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2. fA=1{1,2,3,4}and f = {(1,2),(2,2),(3,1), (4,3)} find f2and f3.

To find: f?

=N =fIfD]=f2)=2
PR =N =fIfAD]=f2) =2
f2BR)=(fNB=fIf@]=f1)=2
fPA) = N@=flfBI=fB)=1
Therefore, 2 = {(1,2),(2,2),(3,2),(4,1)}
To find: f3

P = fHD=FfIf2M]=f2)=2
2= fHR)=fI?@D]=f)=2
2R =fHB)=fIf?A]=f(2)=2
P =(efHM@=fIf?@Wl=rf1)=2
Therefore, 3 = {(1,2),(2,2),(3,2),(4,2)}

3. Consider the functions f and g defined by f(x) = x3and g(x) = x2 + 1,Vx € R.
Find gof, fog, f* and g*.
(o)) =glf()]=g&*) =) +1=x°+1
(feg)(x) =flg()] = f(x*+1) = (x* + 1)°
P =(fe N =fIf@] = f(x*) = (x*)* = x°
g*(x) =(gog) =glg)]=gx*+1) = (x* +1)* +1

4. Consider the functions f and g defined by f(x) = ax+ band g(x) =1 — x + x2. If
(gof)(x) = 9x* — 9x + 3 determine a and b.

9x? = 9x +3 = (g o fH(x) = glf(¥)] = glax + b)
=1- (ax + b) + (ax + b)?
= a?x? + (2ab —a)x + (1 — b + b?)
Equating coefficients on both the sides,
a’*=9, 2ab—a=-9, 1—-b+b?>=3
a=13, a2b—1)=-9, b(b—1) =2
Ifa=3 2b—1=-3,b=-1
Ifa=-3,2b—1=3,b=2
Therefore,a =3,b = —1 (or) a = -3,b = 2.
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5. Let f, g and h be three functions from Z to Z defined by f(x) =x -1, g(x) = 2x

7, if xiseven
4, ifxisodd

(feg)x) =flgt)] =f(2x) =2x -1

(g ) =glf)]l=gx—-1)=2(x-1)

_ _ _(2(7), if xiseven (14,if x is even
(g o) = glh(n)] = 2[h0)] = {2(4), if xisodd {8, if x is odd
(hog)(x) = h[g(x)] = h(2x) = 7
[f o (g o W](x) = fI(g e W)(x)]

(f(14), if xis even
f(8), if xisodd

(14 — 1, if xis even
8 -1, if xisodd

13, if x is even
7, if xisodd

[(f °g) o hl(x) = (f e g)[h(x)]

and h(x) = { Find fog, gof,goh,hog, fo(goh),(fog)oh.

_ {(f 9)(7), if xiseven
T (feg®), if x is odd
_ {f [g(7)], if xiseven
“flg@],  if xisodd
_(fI2(7)], if xiseven
B {f 2(4)], ifxisodd
_(f(14), if xiseven
_{f(8) if xisodd

_ 14—1 if xiseven

B { if xisodd

_ { lfx is even

a if xisodd

Basic results:

(i)  fo(@geh)=(feog)eh

(i) fog#geof
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6. Letf:4 - Band g: B — C be any two functions. Prove the following:
(i) If fand g are 1-1, so is gof. (ii) If gof is 1-1 then f is 1-1.

(i)  Since fis1-1, f(x;) = f(xp) = x; = Xp === (1)
Since g is 1-1, g(y1) = g(y2) = y1 = yp ===~ )
(g o fx) =(g°fx) = glf (x1)] = glf (x2)]
= f(x1) = f(x2) [+ by (2)]
= X1 =X [+ by (1)]
Therefore, g o f is 1-1.
(i)  Sincege fisl-1,(ge f)(x1) = (ge flx2) = %1 = xp----- (3)
f(x1) = fx2) = glf (x)] = glf (x2)]
= (g o f)x1) = (g°f)xz)
= X1 =X [+ by (2)]
Therefore, f is 1-1.

7. Letf:A — Band g: B — C be any two functions. Prove the following:
(i) If f and g are onto, so is gof. (ii) If gof is onto, then g is onto.

(i) Since f is onto, for any b € B, there exists a € A such that f(a) = b.
Since g is onto, for any ¢ € C, there exists b € B such that g(b) = c.
For any ¢ € C, there exists a € A such that
(e =glf@]=g0) =c.

Therefore, g o f is onto.

(i)  Since g o f isonto, for any c € C, there exists a € A such that (g o f)(a) = c.
For any c € C, there exists b € B such that

glb] = glf (@] = (g fH(a) = c.

Therefore, g o f is onto.
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8. Letf:A - B,g:B — C,h: C - D be three functions. Then (hog)of = ho(gof)

[Chog)of](a) = (he g)If (@)] = (heg)(b) = h[g(b)] =h(c) =d,Va €A
[ho(gof)I(a) = hl(g ° f)(@)] = M{g[f ()]} = hlg(b)] = h(c) =d,Va € A
Therefore, (hog)of = ho(gof)

9. Let f, g and h be three functions from Z to Z defined by f(x) =x—-1,g(x) = 3x

0,

and h(x) = { 1,

[(f 2 9) e hl(x) = (f e g)[h(x)]

Dr. Narasimhan G, RNSIT
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if xis even
if xisodd

[fo(goh)](x) = f{(g > LX)}

flglh()1}

(flg(0)],

flg(D],
(f[3(0)],
LFI3(D)],

{(f ° 9)(0),
(f o)D),
flg(0)],
flg(],
(f13(0)],
f3(D],

Verify that fo(goh) = (fog)oh.

if xiseven
if xisodd

if xiseven
if xisodd

(f(0), If xiseven
f(3), if xisodd

(0 — 1, If x is even
(3—-1, if xisodd
-1, if xiseven

2, if xisodd

if xiseven
if xisodd

if xiseven
if xisodd

if xiseven
if xisodd
(1 (0), if xiseven
f(3), if xisodd

0-—1, if xiseven
3—1, if xisodd
(—1, if xiseven

2, if xisodd
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10. Let f and g be functions from R to R defined by f(x) = x?and g(x) = x + 5. Prove

that gof + fog.

(Gox) =glf(x)] = g(x*) =x*+5,Vx €R
(fog)x)=flgx)]=f(x+5) =(x+5)>*Vx€ER

Therefore,gof #fog

11. Let f and g be functions from R to R defined by f(x) = x?2 and g(x) = x + 5,

h(x) = Vx2 + 2. Verify that fo(goh) = (fog)oh.

[fo(gom)](x) = f{(g > B)(x)}
= flglh()]}

= flo(Vx*+2)}
= f{Vxz+2+5]

= (\/xz +2+ 5)
[(f 2 g) o h](x) = (f  g)[A(x)]

= (/o )V 2)
=flo(Vx+2)}

= f{Vxz+2+5)
=(\/XZ—+2+5)2

[fo(gom)](x) = [(fog)oh](x), for any x € R
Therefore, fo(goh) = (fog)oh.

a al sk a
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3.10 Invertible function

A function f: A — B is said to be inverible if there exists a function g: B — A such that

gof =1and fog = Ig. Where I,-

Vil

A g B

identity function on A, Iz- Identity function on B.

1. LetA ={1,2,3,4}and f, g be functions from A to A given by f =
{(1,4),(2,1),(3,2),(4,3)}and g = {(1,2),(2,3),(3,4),(4,1)}. Prove that g and

f inverses of each other.

(g N =glf(D]=g(
(g R)=glf2)]=g(

4) =1=1L(1D)
D =2=1,(2)

(g HNB) =yglf 3] =92) =3=1,03)
(G N =glfD]=9B) =4=1,(4)

(gof)x) =1(x),vx €A

Therefore, g o f = I, and hence g is the inverse of f.

(fegm)) = flg(D] =

(fe9)(2) = flg(2)] =

(feg)3) =flg®)] =
[

fQ@2)=1=11)
fB)=2=1(2)
f@) =3=0L03)

(feg)® =flg®] = f(1) =4 =1,(4)

(fog)(x) = I4(x),Vx € A

Therefore, f o g = I, and hence f is the inverse of g.
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2. Consider the function f: R — R defined by f(x) = 2x + 5. Leta function g:R - R

be defined by g(x) = %(x — 5). Prove that g is an inverse of f.

(92 () = gIfG)] = g(2x +5) =3 (2x +5-5) =x=Iy(x), Vx€R

(Fo =gl =g () =2 () +5=r =1 vrer

Therefore, g o f = f o g = Iy and hence g is an inverse of h.
3. Prove that if a function f: A — B is invertible then it has a unique inverse.

Let g beaninverse of fsuchthatgoe f =Iyand fo g = I
Let h be another inverse of f suchthat he f =I,and f o h = I
Thenh=helg =he(feg)=(heflog=Il1og=g.

Therefore, f has a unique inverse.
4. Prove that If f(a) = b then f~1(b) = a, provided f is invertible.

Let f be invertible and g be the inverse of f. Thengo f =1,
Let f(a) = b.

Then a = I4(a) = (g ° f)(a) = glf(@)] = g(b) = f71(b)
Therefore, f~1(b) = a
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5. Afunction f: A — B is invertible if and only if it is 1-1 and onto.

IF PART:
Given: f is invertible.
To prove: f is 1-1 and onto.
f is invertible.
= There exist a unique function g: B = A such that g of = I, fog = I;.
f(ay) = f(az) = glf(ap)] = glf(az)]
= (gof)(a1) = (gof)(az)
= l(a1) = Lh(az)
= a, =a, foranya;,a; €A

Therefore,fis1—1.

For any b in B, there exists a € A such that b = Iz(b) = (fog)(b) = flg(b)] =

Therefore, f is onto.

ONLY IF PART:

Given: f is 1-1 and onto.

To prove: f is invertible.

f is 1-1 and onto.

= For any b in B, there exists a unique a € A suchthat b = f(a).

Define g:B —» A by g(b) = a.

Then (gof)(a) = glf(a)] = g(b) =a = I4(a), foranya € A
(fog)(b) = flg(b)] = f(a) =b =Ig(b),forany b € B

Therefore, gof = I, and fog = Iz and hence f is invertible.

Note:

f is invertible & f is 1 — 1 and onto.

f(a).

Consider the function f: R — R defined by f(x) = x%,Vx € R. Is f invertible?

f(a) = f(—a) = a®>.But a # —a.
Therefore, f isnot 1 — 1.

Therefore, f is not invertible.
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Note:
If f: A - B is an invertible function then fof™* = Iz and f~of =1, .

If g: B — C is an invertible function then gog™ = I, and g~og = I .

If f:A - Baond g:B — C are invertible functions then gof: A — C is an invertible

function and (gof)™! = f~log™1.

f and g are invertible functions
= f and g are 1-1 and onto.
= gof is 1-1 and onto.

= gof isinvertible.

f:A - Band g:B - C are invertible functions.

= f~1:B > Aand g 1:C - B are invertible.

= f~log~1:C - Aisinvertible.

= h:C - Ais invertible. Where h = f~tog™1.

Therefore,

(gof) oh = (gof) o(f tog™) = go(fof Hog™' = golgog™" = gog™ = I,
ho(gof) = (ftog™Ho(gof) = fro(g~tog)of = f~tolgof = frof =1,
Therefore,

h is the inverse of gof.

= (gof)™t=h

= (gof)™t =f"tog™!
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8. LetA = B = R. The set of all real numbers and the functions f:4A - Band g:B - A

Dr. Narasimhan G, RNSIT

1

be defined by f(x) = 2x3 — 1,vx € Aand g(y) = {; (¥ + 1)}, vy € B. Show that g

and f are inverse to each other.

1 1/3
(gof)(x) = glf ()] = g2x* - 1) = [E(Zx?’ -1+ 1))] =x =I(x),foranyx € A

1/3

1 1
(Fo)@) = flg = f [0+ 1| =250+ D|~1=y =150, foranyy € B

Therefore, gof = 14 and fog = Iy and hence f and g are inverse to each other.

LetA=B=C=R.Letf:A—- Band g: B — C be defined by
f(@)=2a+1vacAand g(b) =3b,VbEB.

Compute gof. Show that gof is invertible. Also find (gof)™1.
(i) (goN@ =glf@] =gRa+1) =(2a+1).

(i) flay) = f(ay) = 2a;+1=2a,+1= 2a; =2a, = a, =a,
Forany b € B, there existsa € Asuchthat2a+1=»b = a = %

Therefore, f is 1-1 and onto, hence f is invertible.

1 1
g(by) = g(by) = §b1 = gbz = by = by
For any ¢ € C, there exists b € B such thatéb =c= b =3c.

Therefore, g is 1-1 and onto, hence g is invertible.

Since f and g are invertible, gof is also invertible.

3c—-1
7

(i) (gof) M) =(Fog™)() =f g™ (] = f71(Bc) =
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10. For the functions f and g from R to R defined by f(x) = 2x and g(x) = 3x — 2.
Verify that (gof)™! = f~log™1.

f(x) =2x gx)=3x—-2
=9 y = 2x =>z=3x—-2
— Y =X ) E =X
32’ -1 z-?-z
=-=f"0) =>T=g_1(z)
- X
Therefore, f™'(x) =2 | Therefore, g~ (x) = ’C%z

(gof)(x) = glf(x)] = g(2x) =3(2x) — 2 = 6x — 2

= p=6x—2 [Assume (gof)(x) = p]

=P,

= # = (gof)™' ()

Therefore, (gof)™1(x) =5 semeemeememmememeneees (1)
(Frog™)(x) = f g @] = 71 (B2) = 22 oo 2)

From (1), (2) itis clear that (gof) *(x) = (f tog™1)(x), for any x € R.

Therefore, it is verified that (gof)™! = f~log™1.
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3.11 The pigeonhole principle

% If m Pigeons occupies n pigeonholes and m > n then atleast one pigeonhole has two or
more pigeons in it. In general, there are at least p + 1 pigeons in it. Where p = lmT_lj

Problems:

1. If five colours are used to paint 26 doors, show that at least 6 doors will have the
same colours.

m = Number of Pigeons = Number of doors = 26
n = Number of Pigeonholes = Number of colours =5

pa1=[ml 4 g = [

|+1=5+1=6

By Pigeonhole principle, there are at least p + 1 = 6 doors will have the same colours.

2. Ifn+ 1 numbersfrom 1 to 2n are selected then show that at least two of them will
have their sum equal to 2n + 1.

Consider A, = {1,2n},A, ={2,2n -1}, ..., Ap_1 ={n—1,n+2}and A, = {n,n+ 1}
There are n sets containing exactly two elements with their sum 2n + 1.
m = Number of Pigeons = Numbers from1to2n = n+1

n = Number of Pigeonholes = Number of sets = n

n+1-1

p+1=[m7‘1]+1_[ J+1_1+1_2
By Pigeonhole principle,

There are at least p + 1 = 2 of them will have their sum equal to 2n + 1.

3. Show that if any seven numbers from 1 to 12 are chosen then at least two of them
will add to 13.
Consider A; = {1,12},4, = {2,11}, 4; = {3,10}, 4, = {4,9}, 45 = {5,8}, 4; = {6,7}
There are 6 sets containing exactly two elements with their sum 13.
m = Number of Pigeons = Numbers selected= 7
n = Number of Pigeonholes = Number of sets = 6
pri=|"=|+1=|=+1=1+1=2

By Pigeonhole principle, there are at least p + 1 = 2 of them will add to 13.
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4. Show that if any 14 integers are selected from the set § = {1, 2,3, ..., 25} there are
at least two integers whose sum is 26.

Consider

A; = (1,25}, 4, = {2,24}, A; = {3,23}, A, = {4, 22}, As = {5,21}, A = {6,20},

A, ={7.19},Ag = {8,18}, 49 = {9,17}, A, = {10,16},4,; = {11,15}, 4,, = {12, 14}
There are 12 sets containing exactly two elements with their sum 26.

m = Number of Pigeons = Numbers selected= 14

n = Number of Pigeonholes = Number of sets = 12

14-1

poi= 1=

|+1=1+1=2

By Pigeonhole principle, there are at least p + 1 = 2 integers whose sum is 26.

5. Shirts numbered consecutively from 1 to 20 are worn by 20 students of a class.
When any three of these students are chosen to a debating team from the class, the
sum of their numbers is used as the code number of the team. Show that if any 8 of
the 20 are selected then from these 8, we may from at least two different teams
having the same code number.

8
3

Smallest possible codetoateam=1+2+3 =6

Total number of teams with 3 students= ( ) =56

highest possible code to a team= 18 + 19 + 20 = 57
We can generate codes varying from 6 to 57 and there are 52 codes.
m = Number of Pigeons = Number of teams = 56

n = Number of Pigeonholes = Number of codes = 52

56—-1

pei= [ 1=

J+1=1+1=2

By Pigeonhole principle, there are at least p + 1 = 2 different teams having the same

code number.
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6. Let ABC be an equilateral triangle with AB = 1cm. Show that if we select 5 points

in the interior of the triangle , there must be at least two points whose distance is less

than ¥ cm.

Consider the triangle ABC with AB = BC = CA =1 cm.

Consider another triangle DEF formed by joining mid

points of BC, AB and AC.
A ABC is partitioned into 4 small equivalent triangles each of which have sides %2 cm.
m = Number of Pigeons = Number of points = 5

n = Number of Pigeonholes = Number of partitions = 4
p+1=[m7"1j+1=[%]+1=1+1=2

By Pigeonhole principle,

There are at least p + 1 = 2 points whose distance is less than %2 cm.

How many persons must be chosen in order that at least 5 of them will have
birthdays in the same calendar month.

m = Number of Pigeons = Number of persons = m

n = Number of Pigeonholes = Number of calendar months = 12

By Pigeonhole principle,
m-1|
=4
Least possible value of m is 49.

49 persons must be chosen in order that at least 5 of them will have birthdays in the same

calendar month.
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