MODULE-2
REGULAR EXPRESSIONS AND LANGUAGES

Regular Expressions:

Regular expressions are another type of language-defining notation. We shall find
that regular expressions can define exactly the same languages that the various
forms of automata (DFA and NFA) describe: the regular languages. Regular
expressions are closely related to NFA and can be thought of as a fiuser-friendlyo

alternative to the NFA notation for describing regular languages.

We describe regular language through the notation of R. E. This notation involves
a combination of strings or symbols from some alphabet X%, (, ), operators like +,
.

In R. E notation we use 3 operations on languages that the operators of R. E

represent.

1. Union: The union of two regular languages, L; and L., which are represented
using Ly Lo, is also regular and which represents the set of strings that are
either in Ly or L, or both.

Example:

L,={00, 10, 11,01} and

L, ={~, 100}

thenL;* L, ={N, 00, 10, 11, 01, 100}.

2. Concatenation:

The concatenation of two regular languages, L; and L, which are represented

using La. L is also regular and which represents the set of strings that are formed

by taking any string in L; concatenating it with any string in L.

Example:

L, ={0,1}and L, =400, 11} then L;. L, = {000, 011, 100, 111}.
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3. The closure or star or Kleene closure:
If L is a regular language, then the Kleene closure i.e. L* of L; is also regular and
represents the set of those strings which are formed by taking a number of strings
from L; and the same string can be repeated any number of times and
concatenating those strings.

Example:

L, ={ 0,1} then L* is all strings possible with symbols 0 and 1, including

a null string.

L*={~, 0, 1,00,01, 10, 11, 00101, 110011,¢ é .}

Definition of Regular Expressions and the Languages associated with R. E:

BASIS: The basiz consists of three parts:

1. The constants e and ! are regular expressions, denoting the languages {e}
and ), respectively, That is, Lie) = {e}, and L{}) = .

|

If @ is any symbol, then a is a regular expression. This expression denotes
the language {a}. That is, L{a) = {a}. Note that we use boldface font
to denote an expression corresponding to a symbol. The correspondence,
e.g. that a refers to a, should be obvious.

3. A wariable, usually capitalized and italic such as L, is a variable, repre-
senting any language.

INDUCTION: There are four parts to the inductive step, one for each of the
three operators and one for the introduction of parentheses,

1. If E and F are regular expressions, then E 4+ F is a regular expression
5 | 5 ]

denoting the union of L{E) and L(F). That is, L{(E4+F) = L{(E) U L(F).

2. I E and F are regular expressions, then EF is a regular expression denot-

ing the concatenation of L(E) and L(F'). That is, L(IEF) = L{E)L(F] |

3. I E is a regular expression, then E* is a regular expression, denoting the
(=] t] (=]

closure of L(E). That is, L{ E*) {L[E:I:I

1 I E is a regular expression, then (E), a parenthesized E| is also a regular
expression, denoting the same langnage as E. Formally; L{(E) ) = L(E).
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Precedence of Regular Expression Operators:

Like other algebras, the regular-expression operators have an assumed order of
fiprecedenceo, which means that operators are associated with their operands in a
particular order.

1. The star operator is of highest precedence

2. Next in precedence comes the concatenation or dot operator

3. The union or 0+0 has least precedency.

Ex: 01* + 1 can be grouped as, (0(1*))+1

Examples:

Finding RE for the given Language:
l.LetL={wyx{a, b }*:|w|iseven}.
L = {aa,ab,abba,aabb,ba,baabaa,------------- }
Then, RE = ((a + b)(a + b))*
or
RE= (aat+ab + ba + bb)*

2.Let L={w ¥{a, b }*: wstarting with string abb}.
L = {abb,abba,abbb,abbab,é é é .}
Then, RE = abb(a + b)*

3. Let L ={w¥{a, b }*: wending with string abb}.
L = {abb,aabb,babb,ababb----------- }

RE = (a + b)*abb

4., L={w¥{0, 1}*: w have 001 as a substring}.
L ={001,1001,000101,----------- }
RE = (0 + 1)*001(0 + 1)*

5 L={w¥x{0, 1}* : w does not have 001 as a substring}.
L ={0,1,010,110,101, -------- }
RE = (1 + 01)*0*
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6. L ={w ¥{a, b}* : w contains an odd number of a's}.

L = {a,aaa,ababa,bbaaaaba---------- }
RE = b*(ab*ab*)* a b* or b*ab*(ab*ab*)*

7. L ={w ¥ {a, b}* :#a(w) mod 3 = 0}.
L = {aaa,abbaba,baaaaaa,é é }
RE = (b*ab*ab*a)*b*

8. Let L = {w ¥{a, b }*:#a(w) <= 3}.
L = {a,aa,ba,aaab,bbbabb, ----------- }
RE = b*(a + U)b*(a + U)b*(a + 0)b*

9. L={wyx{0, 1}* : w contains no consecutive 0s}
L={0, 0,1,01,10,1010,110,101, ------ }
RE = (0 + U)(1 + 10)

10. L ={wx{0, 1}* : w contains at least two 0is}
L.={00,1010,1100,0001,1010,100,000, --------- }
RE = (0 + 1)*0(0 + 1)*0(0 + 1)*

11. L ={a"™/n>=4 and m<= 3}
RE= (aaaa)a*(U + b + bb + bbb)

12.L ={a"b™/n<=4 and m>= 2}
RE= (U + a + aa + aaa + aaaa)bb(b)*

13. L = { a®*"b?™ / n>=0 and m>= 0}
RE= (aa)*(bb)*

14. L = {a"b™.(m+n) is even}
Since (m+n) is even when both ags and bos are even or both odd.
RE = (aa)*(bb)* + a(aa)*b(bb)*
15. L={w: w ¥'{a, b}* and ny(w) & n,(w) is even}
RE=(aa+bb)* + ((ab+ba)(aa+bb)*(ab+ba))*
' For odd number of aés and even number of bis we need one
extra a at any position in the above expression.
RE=(aa+bb)* b (aa+bb)* +
((ab+ba)(aa+bb)*(ab+ba))* b ((ab+ba)(aa+bb)*(ab+ba))*
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Finite Automata and Regular Expressions:

We know that DFA, NFA and U-NFA accepts the same class of languages. In
order to show that R. E. defines the same class, we must show that:

1. Every language defined by one of these automata is also defined by a
regular expression. For this proof, we can assume the language is accepted
by some DFA.

2. Every language defined by a regular expression is defined by one of these
automata. For this part of the proof, the easiest is to show that there is an

U-NFA with transitions accepting the same language.

From DFAGs to Regular Expressions:

Converting DFAGs to Regular Expressions by Eliminating States:

Given a DFA with its set of states and transitions. When we eliminate a state s,
all the paths that went through s no longer exist in the automaton. If the language
of the automaton is not to change, we must include, on an arc that goes directly
from g to p, the labels of paths that went from some state q to state p through s.
Since the label of this arc may now involve strings, rather than single symbols
and there may even be an infinite number of such strings, we cannot simply list
the strings as a label. Fortunately, there is a simple finite way to represent all such

strings, use a regular expression.

Method for constructing R. E from FA.

1. For each accepting state gr apply the above reduction process to produce
an equivalent automaton with RE labels on the arcs. Eliminate all states
accept gf and start state 0.

2. If gr is not equal to qo, then we are left with two state automaton.
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3. If gr = Qo start state is also final state, then we must perform state
elimination so that we are left with one state automata.
4. The desired RE is the sum or union of all the expressions derived from the

reduced automaton for each accepting state by rules (2) and (3).

Example:
0.1
Stz ' / 1 0,1 — 0.1 -
@ &) O—@)

Figure 3.11: An NFA accepting strings that have a 1 either two or three posi-

tions from the end
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Figure 3.12: The automaton of Fig. 3.11 with regular-expression labels
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Figure 3.13: Eliminating state B
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Figure 3.14: A two-state automaton with states 4 and D
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0+1

Start (_:;' 10+ 1) =
—) ~(©)

Figure 3.15: Two-state antomaton resulting from the elimination of IJ

Therefore the final RE is:  (0+1)*1(0+1)+(0+1)*1(0+1)(0+1)

Converting Regular Expressions to Automata:

Prove that every language defined by a regular expression is also defined by a
finite automaton(6M)
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