
 

 

 

 

 

Module-1 

 Linear Algebra 

 

VECTOR SPACE: 

Rank of a matrix: The number of non-zero rows in row echelon form. and is denoted            by 𝜌(𝐴) 

1. Find the Basis using row space 𝐴 = [ 1  2  3  22  3  5  1 1  3  4  5 ] 

                 

     𝑆𝑜𝑙 ∶    𝑅2 → −2𝑅1 + 𝑅2 ,   𝑅3 → −𝑅1 + 𝑅3      
Apply Row Echelon form (row elementary transformation) 𝐴~ [ 1     2     3       20 − 1 − 1 − 3 0     1    1       3  ] 

 𝑅3 → 𝑅2 + 𝑅3 𝐴~ [ 1     2     3       20 − 1 − 1 − 3 0      0    0       0  ]    𝑅2 → −𝑅2 
 𝐴~ [ 1      2     3       20      1      1        3 0      0     0        0  ] 

 ∴  𝜌(𝐴) = 2 , Linearly dependent. 𝐵𝑎𝑠𝑖𝑠 = [1 2 3 20 1 1 3] 

 

1. 2. Find the Basis using row space 

 [1 3 −22 −1 41 −11 14] 

 𝑆𝑜𝑙 ∶ 𝐴 = [1 3 −22 −1 41 −11 14] 
 ∶    𝑅2 → 𝑅2 − 2𝑅1 ,   𝑅3 → 𝑅3  − 𝑅1    
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𝐴~ [1 3 −20 −7 80 −14 16] 
 𝑅3 → 𝑅3  − 2𝑅2    
 𝐴~ [1 3 −20 −7 80 0 0 ] 
 

 𝐴~ [1 3 −20 −7 80 0 0 ] 
 ∶    𝑅2 → − 𝑅2 7⁄  

 𝐴~ [1 3 −20 1 −8 7⁄0 0 0 ] 
 ∴   𝜌(𝐴) = 2  
 

 

3. Find the row space to find the Basis of the set of vectors 

 (0,1,-3,-1),(1,0,1,1),(3,1,0,2),(1,1,-2,0). 
                 𝑆𝑜𝑙  𝐴 = [ 0    1 − 3 − 11     0     1      1 3     1      0     21      1   − 2    0  ] 

 :  𝑅1 ↔𝑅2 𝐴~ [ 1     0     1      1 0     1 − 3 − 1 3     1      0     21      1   − 2    0  ] 

     𝑅3 → 𝑅3 − 3𝑅1  ,     𝑅4 → 𝑅4 − 𝑅1  
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𝐴~ [ 1     0     1      1 0     1 − 3 − 1 0     1 − 3 − 10     1 − 3 − 1  ] 

 𝑅3 → 𝑅3 − 𝑅2  ,     𝑅4 → 𝑅4 − 𝑅2  𝐴~ [ 1     0     1      1 0     1 − 3 − 1 0       0     0      00       0     0      0  ] 

 ∴  𝜌(𝐴) = 2  and Linearly dependent. 𝐵𝑎𝑠𝑖𝑠 = [1 0 1 10 1 −3 −1] 

 
 

             5. Find the Basis and rank of matrix to the following 

𝐴 = [ 2    3 − 1 − 11 − 1 − 2  − 4 3     1     3    − 26     3     0   − 7  ] 

                 𝑆𝑜𝑙 ∶    𝑅1 ↔𝑅2 

 𝐴~ [1 − 1 − 2  − 42     3 − 1 − 1 3     1     3    − 26     3     0   − 7  ] 

 
          𝑅4 → 𝑅4 − (𝑅1 + 𝑅2 +  𝑅3 ) 

 𝐴~ [1 − 1 − 2  − 42     3 − 1 − 1 3     1     3    − 20      0      0     0 ] 

 

 𝑅3 → 𝑅3 − 3𝑅2  ,     𝑅2 → 𝑅2 − 2𝑅1  
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𝐴~ [1 − 1 − 2  − 40      5       3     7 0     4     9      100      0      0     0 ] 

𝐴~ [1 − 1 − 2  − 40      5       3     7 0     0     3      20      0      0     0 ] 

 

 ∴  𝜌(𝐴) = 3   Basis =[1 −1 −2 −40 5 3 70 0 3 2 ] 
          

 

Find the Basis using Column space for the set of vectors  (1,1,0),(2,3,-2),(-1,-4,6) 

 

Solution: 

 

The given set of vectors should be written as column matrix [1 2 −11 3 −40 −2 6 ] 

 

Using Row Reduced Echelon form  [1 2 −10 1 −30 −2 6 ] 

[1 2 −10 1 −30 0 0 ] 

[1 0 50 1 −30 0 0 ] 

 

Basis are [105] , [ 01−3] 

 

PROBLEMS on Linear combination.  

 

1. Is (6,5,8) is Linear combination of the set of vectors (1,1,3),             

(1,-1,2),(3,1,1)Test for consistency and solve:  

            

Solution: -   

The set of vectors can be written using column matrix 
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𝐿𝑒𝑡[𝐴: 𝐵] = [1 1 1:     61 −1 2:     53 1 1:     8]  
 :   𝑅2 → 𝑅2 − 𝑅1 ,   𝑅3 → 𝑅3  − 3𝑅1   
 [𝐴: 𝐵]~ [1 1 1:     60 −2 1: − 10 −2 −2: − 10] 𝑅3 → 𝑅3  − 𝑅2   
 [𝐴: 𝐵]~ [1 1 1 ∶      60 −2 1 ∶  −10 0 −3 ∶  −9] 

 

 
From this we have,  𝛒(𝐀)=𝟑 𝐚𝐧𝐝 𝛒(𝐀:𝐁)=𝟑  

The given system of equations is consistent.  

Rewriting the above matrix in equation format we get, 

−𝟑𝐳 = −𝟗 ;     −𝟐𝐲  +𝐳 = −𝟏 ;    𝐱 + 𝐲 + 𝐳 = 𝟔   

     𝐳 = 3           -2y + 3 = −𝟏        𝐱+ 2 + 3 = 𝟔    

                          -2y = −4                𝐱=𝟔-5   

                               Y = 2              x=1 

Solving the above equations, we get,  

(𝐱, 𝐲, 𝐳) = (𝟏,𝟐,𝟑) is the required Unique Solution. 
 [658] = 1 [113] + 2 [ 1−11 ] + 3 [121] 

[658] 𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 [113] , [ 1−11 ] , [121] 

 

 
 

 
 

2. (-3,-2,7) is Linear span of the set of vectors (1,3,2),(1,1,4),(1,-2,7)  . 

Solution: 

The above set of vectors written using column matrix, so that it can be written as   
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[1 1 1:     33 1 −2:   22 4 7:     7 ]  
Using Row reduced Echelon form, we get :   𝑅2 → 𝑅2 − 3𝑅1 ,   𝑅3 → 𝑅3  − 2𝑅1   
 [𝐴: 𝐵]~ [1 1 1:     30 −2 −5:  − 70 2 5:     1 ] 𝑅3 → 𝑅3 + 𝑅2   [𝐴: 𝐵]~ [1 1 1:     30 −2 −5:  − 70 0 0:    − 6 ] 

                                                      

    We do not get the solution as left hand side of the matrix in the last row are zero. 
 [−3−27 ] 𝑖𝑠 𝑛𝑜𝑡 𝑙𝑖𝑛𝑒𝑎𝑟 𝑠𝑝𝑎𝑛 𝑜𝑓 [132] , [114] , [ 1−27 ] 

 

 

 

3. Show that (12,33,20) is Linear combination of the set of vectors (2,4,8), 

(1,11,-3),(4,-1,2) 
Solution: - 

 𝐿𝑒𝑡 [2 1 4:     124 11 −1:    338 −3 2:     20 ]  
  𝑅2 → 𝑅2 − 2𝑅1 ,   𝑅3 → 𝑅3  − 4𝑅1 
 [𝐴: 𝐵]~ [2 1 4:     120 9 −9:    90 −7 −14:   − 28]  𝑅2 → 1 9⁄ 𝑅2   .     𝑅3 → −1 7⁄ 𝑅3 

 [𝐴: 𝐵]~ [2 1 4:     120 1 −1:    10 1 2 ∶    4 ] 

 𝑅3 → 𝑅3  − 𝑅2 
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[𝐴: 𝐵]~ [2 1 4:     120 1 −1:    10 0 3 ∶    3 ] 

 

 

 

The system of equations as follows: 2𝑥1 + 𝑥2 + 4𝑥3 = 12    ;  𝑥2 − 𝑥3 = 1     ;   3𝑥3 = 3  
 

Solving the above equations, we get,  

(𝐱𝟏, 𝐱𝟐, 𝐱𝟑) = (𝟑,2,1) is the required solution. 

 (12,33,20) is Linear combination of the set of vectors (2,4,8), (1,11, -3), 

(4, -1,2) 
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