Module-3
Context T Free Grammars

Context Free Grammar is formal grammar, the syntax or structure of a formal
language can be described using context-free grammar (CFG). A context-free

grammar is a formal notation for expressing recursive definitions of languages.

Definition of Context-Free Grammars:
The context-free grammar is defined by quadruple,
G=(V,T,P,S)
where,
Vs afinite set of variables, also called sometimes non-terminals. Each
variable represents a language i.e., a set of strings.
f T is afinite set of symbols that form the strings of the language being
defined. We call this alphabet the terminals or terminal symbols.
f Sis the start symbol, is one of the variables represents the language being
defined.
f There is a finite set of productions or rules that represent the recursive
definition of a language. Each production consists of:
a) A variable that is being defined by the production. This variable is
often called the head of the production.
b) The production symbol A
c) A string of zero or more terminals and variables. This string, called
the body of the production, represents one way to form strings in the

language of the variable of the head.

Example: Consider the grammar for arithmetic expression as follows:
G=(V, T,S, P)with
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V={E}

T={+,*, id}

P={ EAE+E
EAE-E
EAE*E
EAE/E
EA id }

and E is the start symbol.

Derivations using a Grammar:

AThe process of obtaining string of terminals and/or non-terminals from the start

symbol by applying some or all productions is called derivationo.

The process of deriving strings by applyving productions from head to body
requires the definition of a new relation svimbol =, Suppose G = (V. T, P, 5) 1=
a CFG. Let aed5 be a string of terminals and variables, with A a variable. That
g, v and 9 are strings in (VU T)", and A i in V. Let 4 — 5 be a production
ol (. Then we say add = a0, II (¢ is understood, we just say add = av/9.

0
Notice that one derivation step replaces any variable anyvwhere in the string by
the body of one of its productions.

We mayv extend the = relationship to represent zero, one, or manyv derivation
steps, much as the transition function § of a finite automaton was extended to
8. For derivations, we use a ® to denote “zero or more steps,” as follows:

Let us derive the sentence id+id*id from the grammar for arithmetic expression:

E =>E+E
=>id+E
=>id+E*E
=>jd+id*E
=>id+id*id
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Leftmost and Rightmost Derivations

LMD:

In order to restrict the number of choices we have in deriving a string, it is often
useful to require that at each step we replace the leftmost variable by one of its

production bodies. Such a derivation is called a leftmost derivation, and we

indicate that a derivation is leftmost by using the relations m and ri for one or

many steps, respectively.

RMD:
Similarly, it is possible to require that at each step the rightmost variable is

replaced by one of its bodies. If so, we call the derivation rightmost and use the

symbols - and . to indicate one or many rightmost derivations steps,

respectively.

Ex: Consider the string w=id+id*id. Let us derive w using LMD and RMD as
follows:
LMD:
E . E+E
m 1d+E
w I0+E*E
w id+Hd*E
w id+id*id
RMD:
Em E+E
o E+E*E

4 E+E*id



o E+id*id

o id+id*id

The Language of a Grammar:

If & (V.T,P,S) is a CFG, the language of (i, denoted L((7), is the set of
terminal strings that have derivations from the start symbol. That is,

LG)={winT* | S= w)
G

If a language L is the language of some contex-free grammar, then L is said to

be context-free language or CFL.

Sentential Forms:

Derivations from the start symmbol produce strings that have a special role. We
call these “sentential forms.” That is, if & = (V. T, F,5) is a CFG, then any

string o in (VU T such that S = a is a sentential form. IS = o, then
L

ais a lefl-sentential form, and il S = o, then o is a right-sentential form.
T
Note that the language L{(7) 1= those sentential forms that are in 77 i.e. they

consist solely of terminals,

Examples:

Design Context free grammar for the given language:
1. Construct the CFG for the language having any number of a's over the set
x={a}.
Ans :
SAaS |

Therefore, G=(V,T,S,P)
where V={S}, T={a}, P={SAaS | U}, S is the start symbol.
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2. Construct a CFG for the regular expression (0+1)*
Ans: SA0S | 1S U
Therefore, G=(V,T,S,P)
where V={S}, T={0,1}, P={SAO0S | 1S | U}, S is the start symbol.
3. Construct a CFG for a language L = {wcw® | where w U (a, b)*}. Also
derive the string fiabbcbbao
Ans:
SAaSa|bSalc

Derivations:
S=>aSa
S=>abSba //SADbSb
S =>abbSbba //SADSb
S =>abbcbba //SAC

4. Construct a CFG for the language L = a"b?" where n>=1.
Ans:
SAaShb |ab

5. L={a""|nisa positive integer }
Ans:
S->aSh|ab

therefore G=(V, T, P, S) where,
V={S}, T={a,b},P={S->aSh, S->ab }and S is the start symbol.

6. Write CFG for balanced paranthesis.
Ans:

SA(S) | [ST1{S}Iss| U
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7. L={wwR : wi{a,b}*}
Ans: SAaSa |bSb | U

8. The CFG for Plaindrome of 06s and 16s is
AnS:
SAaSa |bSb|a |b| U

9. L={0'1i| ilj, i>=0, j>=0}
Ans:
SAOSL |A | B
AAOA |0
BAIB|1
10. L={ a"b™c" | n>=0, m>=0}
Ans:
SAaAc | U
AAaAC | B
BADbB | U
11.L={ wi{a,b}*: ny(w)=np(w)}
Ans: SAaSh | bSa|SS|U

12. L={ wa{a,b}*: na(w)>ny(w)}
Ans: SAaSbh | bSa | SS | a| aS
13.L={ wi{a,b}*: ny(w)<np(w)}

Ans: SAaSh | bSa | SS | b| bS
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Note: Refer notes for More problems and its solutions.

Parse Trees

There is a tree representation for derivations that has proved extremely useful.
This tree shows us clearly how the symbols of a terminal string are grouped into
substrings, each of which belongs to the language of one of the variables of the

grammar.

Constructing Parse Trees
Let us consider a grammar G=(V, T, P, S). The parse trees for G are trees with
the following conditions:
1. Root of the tree is labelled by start symbol S of the grammar
2. Each interior node is labeled by a variable in V.
3. Each leaf is labeled by either a variable, a terminal, or U. However, if the
leaf is labelled U, then it must be the only child of its parent.

4. If an interior node is labeled A, and its children are labeled
respectively, from the left, then AAX 1 X, é é Xk is a production in P,
Note that the only time one of the Xos can be U is if that is the label of

the only child, and AAU is a production of G.

Example: Consider the following grammar,
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S— ASB | ¢
A — ¢ | aA
B—¢ | bB

A derivation sequence of acb,
S=>ASB
=>aASB
=>aSB
=>acB
=>acbhB

=>acb

The Parse tree of acb is,

1

a 1‘5\ C b B
| 8

The Yield of a Parse Tree
If we look at the leaves of any parse tree and concatenate them from the left,we
get a string, called the yield of the tree, which is always a string that is derived
from the root variable. Of special importance are those parse trees such that:
1. The yield is a terminal string. That is, all leaves are labeled either with a
terminal or with U.

2. The root is labeled by the start symbol.
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These are the parse trees whose yields are strings in the language of the
underlying grammar.

Ex: in the above parse tree yield is, a U ¢ b U=acb.
Exercise on parse tree:
1. Consider the grammar SA (L) | a
LAL,S|S
I. What are the terminals, nonterminal and the start symbol?
Ii. Find the parse tree for the following sentence
a. (a,a)
b. (a, (a, a))
c. (a, ((a,a).(a,a)))
iii. Construct LMD and RMD for each.

Ambiguity in Grammars and Languages:

Applications of CFGbs often rely on the grammar to provide the structure of files.
When a grammar fails to provide unique structures, it is sometimes possible to
redesign the grammar to make the structure unique for each string in the language.
Unfortunately, sometimes we cannot do so. That is, there are some CFLGs that are
Ainherently ambiguouso; every grammar for the language puts more than one

structure on some strings in the language.

Ambiguous Grammars:

Q. What do you mean by ambiguous grammar? Explain with

example.
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A CFG is ambiguous if it produces more than one parse tree for a string in the
language. T i.e. there exists any string in the language that is the yield of two or
more parse trees. In other way, if we are able to derive any string of a grammar
either by applying LMD two or more time or applying RMD two or more time

we call such grammar as Ambiguous grammar.

Example:

1. A good example for ambiguous grammar is the grammar for arithmetic

expressions:
EY E+E|E*E|E-E|E/E|id| (E)

For the expression id+id*id we can generate 2 parse trees and 2 leftmost or 2

rightmost derivations as follows:

E E

ﬂE\ * \E ]\E ’ / EN
]‘3 + "E id id ]|E * Tl
id id id 1d
E =, E*E =, E+E*E =, id+E*E E =, E+E = id+E = 1d+E*E
=, 1d+id*E =,  id+id*id =, 1d+d*E =, id+id*id
E=_ E*E=_ E*d=_ E+E*d E=_ E+E=_ E+E*E =  E+E*id
= EHid*id = __ id+id*id = EH+d*id =__ id+id*id

rm m rm rm

Since we got 2 different parse trees and LMDds we say that given grammar is

ambiguous.

Removing Ambiguity From Grammars:

For the most parsers, the grammar must be unambiguous. Because,
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A unambiguous grammar means unique selection of the parse tree for a
sentence

A We should eliminate the ambiguity in the grammar during the design phase
of the compiler.

A An ambiguous grammar should be written to eliminate the ambiguity.

A We have to prefer one of the parse trees of a sentence (generated by an
ambiguous grammar) to disambiguate that grammar to restrict to this

choice.

Sometimes an ambiguous grammar can be rewritten to eliminate the

ambiguity.

Example 1:
There are two causes of ambiguity in the grammar of arithmetic expression,

EA E+E | E-E |E*E |E/E |(E) | id

1. The precedence of operators is not respected.
2. A sequence of identical operators can group either from the left or from
the right.

Ambiguous grammars (because of ambiguous operators) can be disambiguated
according to the precedence and associativity rules. We can eliminate ambiguity

of this grammar using the following precedence and associativity rules.

Precedence: from highest to lowest
*, [ (left to right)
+, - (left to right)
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Therefore the unambiguous grammar for arithmetic expression is,

EAE+T |ETT
TA T*F|T/F
FA (E) |id

Exercise Questions: Prove that the following grammars are ambiguous.
a) SAAB |aaB
AAa|Aa
BAD
b) SAABA
AAaA |0
BADbB |0

Inherent Ambiguity
A context free language L is said to be inherently ambiguous if all its grammars

are ambiguous. If even one grammar for L is unambiguous, then L is an
unambiguous language.

Consider the Language,

L={a"b"e™d" |n=1m=1}0U{a"b"c"d" | n=1,m =1}

That is, L consists of strings in atbtetd™ such that either:
1. There are as many a's as b’'s and as many s as d's, or

2. There are as many a’s as o's and as many b's as o's.

The grammar for this language is,
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S = AB|C
A = adb|ab
B — ¢eBd|cd
¢ = aCd| aDd
D = bDe|be

Since it is impossible to derived more than one parse tree for any strings of

this grammar, it is an example for inherently ambiguous grammar.

PUSHDOWN AUTOMATA

The context free languages have a type of automaton that defined them. This
automaton, called a fipushdown automatono, is an extension of the nondeterministic finite

automaton with U T transitions, which is one of the ways to define the regular languages.

The pushdown automaton is essentially an U T NFA with the addition of a stack. The

stack canbe read, pushed and popped only at the top, just like the fistackd data structure.

We define two different versions of the pushdown automaton: one that accepts by
entering an accepting state, like finite automata do and another version that accepts by
emptying its stack, regardless of the state it is in. we show that these two variations accept
exactly the context free languages i.e. grammars can be converted to equivalent pushdown

automata and vice-versa.

Model of Pushdown Automata

> The pushdown automaton is in essence a nondeterministic finite automaton with U
T transitions permitted and one additional capability: a stack on which it can store a
string of fistack symbolso.

> The presence of a stack means that unlike finite automaton, the pushdown
automaton can remember an infinite amount of information.

< The model of PDA is as shown below:

Input ——»f SI:;:;te —> Accept/reject

control
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Stack

Figure 6.1: A Pushdown automata with stack

> As shown in the Figure 6.1, PDA has finite state control that reads inputs, one symbol
at a time. The pushdown automaton is allowed to observe the symbol at the top of
the stack and to base its transition on its current state, input symbol, and the symbol
at the top of stack.

FORMAL DEFINITION OF PUSHDOWN AUTOMATA

> Formal definition for pushdown automata (PDA) involves seven components. A
PDA P is defined as follows:
P=(Q, &, U, qo, Zo, F)
=< Where,
f  Q:afinite set of states, like the states of a finite automata
T E: afinite set of input symbols, also analogous to the corresponding
component of afinite automaton.
f G: afinite stack alphabet. It is the set of symbols that we are allowed to
push onto thestack.
f 0: the transition function. As for a finite automaton, U governs the
behavior of the automaton.
UQXEU{XUAQXT*
Formally, U takes as argument a triple t(q, a, X), where:
M0 g is the state in Q
HO a is either an input symbol in E or a = U, the empty string, which
is assumednot to be an input symbol.

o0 X is a stack symbol, which is a member of G.

The output of U is a finite set of pairs (p, 2), where p is the new state
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and 2 is the string of stack symbols that replaces X at the top of stack.

I qo: the start state. The PDA is in this state before making any transitions.

I Zo: the start symbol. Initially, the PDAds stack consists of one instance of
this symbol,and nothing else.

f F: the set of accepting states, or final states.

A Graphical Notation for PDAGs:
The transition function U will explain the behavior of a PDA. It has following
components:

a) The nodes correspond to the states of the PDA.

b} An arrow labeled Starf indicates the start state, and doubly circled states
are accepting, as for finite antomata.

¢) The arcs correspond to transitions of the PDA in the following sense. An
arc labeled a, X /o [rom state g to state p means that 6(g, a, X' contains

the pair (p,a), perhaps among other pairs. That is, the arc label tells
what input is used, and also gives the old and new tops of the stack.

Example: Let us design a PDA P to accept the language L={wwR : w ({0,1}*}
We shall use a stack symbol Z, to mark the bottom of the stack. We need to have
this symbol present so that, after we pop w off the stack and realize that we have
seen wwR on the input, we still have something on the stack to permit us to make
a transition to the accepting state, q,. Thus, our PDA for Lww' can be described
as:

P [{fll'“f“fll'_J}{Ul} {“.J..Zu}.f']..fll'“.ZU.{fll'g}j

where U is defined by the following rules:
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1. d{qu, 0, Zy) {{qo, 0Zy)} and d(qu, 1, Zo) fHgo, LZy) . Oune of these
rules applies initially, when we are in state gy and we see the start symbol
Zy at the top of the stack., We read the first input, and push it onto the
stack, leaving 2, below to mark the bottom.

!

2. 0(go, 0,00 = gy, 000}, diqy, 0, 1) = {{gy, 01}, dlgy, 1,0} = {{gu. 10) }, and
Mgy, 1,1) = {(go, 11)}. These four, similar rules allow us to stay in state
gy and read inputs, pushing each onto the top of the stack and leaving
the previous top stack svmbol alone,

3. dlqgu, e Zy) = g, Zo) b, Slgy,e,0) = {{gy, 00}, and d{gy,e, 1) = {{q, 1)}
These three rules allow P to go from state gy to state ¢ spontaneonsly
(on e input), leaving intact whatever symbol is at the top of the stack.

Lod(q, 0,0) = {{g.e)}, and (g, 1,1) = {{qg,,€)}. Now, in state g, we can
match input symbols against the top symbols on the stack, and pop when
the symbols match.

Mg, e, Zy) = {lge. Zy) b Finally, if we expose the bottom-of-stack marker

Zy and we are in state g, then we have found an input of the form ww®.

o

We go to state g and accept.

Transition diagram is,

0.2,/0Z,
1. Z,/1Z,
0, 0/00
0, 1/01
1,0/10 0,0/c¢
1, 1711 1.1/ ¢
TN N
Start i/"f k/' v //-_:\
~(%) a ) =(%2))
= e zglzy T e ZglzN
g 0/ 0
g 1/ 1

Figure 2: PDA for L={ww"® : w 0{0,1}*}

Instantaneous Descriptions of a PDA:

The PDA goes from configuration to configuration, in response to input symbols
(or sometimes U ) but unlike the finite automaton, where the state is the only thing
that we need to know about the automaton, the PDAGs configuration involves
both the state and the contents of the stack. We shall represent the configuration

of a PDA by a triple (q,w,2), where:
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1. g is the state,
2. w is the remaining input, and

3. 2is the stack contents

Such a triple is called an instantaneous description, or ID of the pushdown
automaton.

Example:

Let us consider the action of the PDA of Example L={wwR } on the input 1111.
Since qO is the start state and ZO0 is the start symbol, the initial 1D is (q0,1111,Z0).
The IDs of the PDA are:

The Languages of a PDA:

> \We have assumed that a PDA accepts it input by consuming it and entering an
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