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4.1 BINARYSEARCHTREES:

e Binarysearchtrees(BST),sometimescalledorderedorsortedbinarytrees,areaparticular type
of containers: data structures that store "items" (such as numbers, namesetc.) in
memory. They allow fast lookup, addition and removal of items, and can be
usedtoimplementeitherdynamicsetsofitems,orlookuptablesthatallowfindinganitembyits
key(e.g..,findingthephonenumberofapersonbyname).

e Binary search trees keep their keys in sorted order, so that lookup and other
operationscan use the principle of binary search: when looking for a key in a tree (or a
place toinsert a new key), they traverse the tree from root to leaf, making comparisons to
keysstored in the nodes of the tree and deciding, based on the comparison, to
continuesearching in the left or right subtrees. On average, this means that each
comparisonallows the operations to skip about half of the tree, so that each lookup,
insertion ordeletion takes time proportional to the logarithm of the number of items
stored in thetree. Thisismuch better than thelineartime required tofinditems by key in
an(unsorted)array,butslowerthanthe correspondingoperationsonhashtables.

e A binary search tree (Fig.4.1) T is a binary tree; either itis empty or each node in
thetreecontains anidentifierand:

(1) allidentifiersintheleftsubtreeof Tareless(numericallyoralphabetically)thantheidentifieri

ntherootnodeT;

(i) allidentifiersintherightsubtreeof Taregreaterthantheidentifierintheroot nodeT;

(i)  theleftandrightsubtreesofTarealsobinarysearchtrees.
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Fig.4.1:BinarySearchtree

Structure:
structnode
{
intinfo;
struct node
*]link;structnode*rli
nk;
b
structnode*NODE;

4.1.1 CreateFunction
e Firstenterthedata. ITINODE=NULL,thencreateanewnodeusingmallocfunction.Storethe
datainthatnewnodeandmakeitsleftand rightlink asNULL.
NODEcreateNode(int item)
{
NODEnewNode;
newNode = (NODE) malloc(sizeof (struct
node));newNode->info=item,;
newNode->Ilink=
NULL;newNode->rlink =
NULL;return(newNode);
}
Example:
Createabinarysearchtreeusingthefollowingdataelements:45,39,56,12,34,78,32,10,
89,54,67,81

SolutionisgiveninFigure4.12
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(Step 2) (Step 3) (Step 4)

.Figure4.12:CreatingaBinarySearchtree

4.1.2 InsertFunction
The insert function is used to add a new node with a given value at the correct position in
thebinary search tree. Adding the node at the correct positionmeans that the new node
shouldnotviolatetheproperties ofthebinarysearchtree.
NODEinsert(intitem,NODEroot)
{
NODE
temp,cur,prev;inti;
temp=createNod(
);
temp>info=item;
temp->1link=temp-
>1link=NULL;if(root==NULL)
{
root=temp;retur

nroot;
else

prev=NULL;
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cur=root;

while(cur!=NULL)

{
prev=cur;
cur=(temp->info<cur->info)?cur->llink:cur->rlink;

}

if(temp->info<prev-
>info)prev-
>1link=temp;

else if(temp->info>prev-
>info)prev-
>rlink=temp;

returnroot;

4.1.3 SearchFunction:

The search function is used to find whether a given value is present in the tree or not.
Thesearching process begins at the root node. The function first checks if the binary search
tree isempty. If it is empty, then the value we are searching for is not present in the tree. So,
thesearch algorithm terminates by displaying an appropriate message. However, if there
arenodes in the tree, then the search function checks to see if the key value of the current
node isequal to the value to be searched. If not, it checks if the value to be searched for is less
thanthe value of the current node, in which case it should be recursively called on the left
childnode. In case the value is greater than the value of the current node, it should be
recursivelycalled on the right child node. The procedure to find the node with value 67 is

illustrated inFig.4.13.
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Step 1) (Step 2)

(Step 3)
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Fig4.13:Exampleforsearchan elementinaBinarySearchtree

NODEsearch(NODEroot)/*forsearchfunction*/
{
int
item,i=0;N
ODEcur;
printf("enter the element to be
searched\n");scanf("%d",&item);

if(root==NULL)

{
printf("tree is
empty\n");returnroot;
}
cur=root;while(cur
'=NULL)
{
if(item==cur->info)
{
i++;
printf("Found key%dintree\n",cur->info);
}

if(item<cur->info)
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cur=cur-
else
>1link;cur=cur-
}
>rlink;
if(i==0)

printf("Key not
found\n");returnroot;
}
4.1.4 DeleteFunction:
The delete function deletes a node from the binary search tree. However, utmost care
shouldbe taken that the properties of the binary search tree are not violated and nodes are not
lost inthe process.
Casel: Deletinga NodethathasNoChildren
Look at the binary search tree given in Fig. 4.14. If we have to delete node 78, we can

simplyremove thisnode withoutanyissue.Thisisthe simplestcase ofdeletion.

(39 (39
® 6 @ 6
& ® &

55 55
Delete node 78

Fig.4.14:deleteanodethathasnochildreninaBinarySearchtree
Case2: Deleting a Node withOneChild
To handle this case, the node’s child is set as the child of the node’s parent. In other
words,replace the node with its child. Now, if the node is the left child of its parent, the
node’s childbecomes the left child of the node’s parent. Correspondingly, if the node is the
right child ofits parent, the node’s child becomes the right child of the node’s parent. Look at

the binarysearchtree shown inFig.4.15andseehow deletionofnode 54ishandled.
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Replace 54 with 55

Fig.4.15:deleteanodewithonechildinaBinarySearchtree

Case3:DeletingaNodewithTwoChildren

To handle this case, replace the node’s value with its in-order predecessor (largestvalue inthe
left sub-tree) or in-order successor (smallest value in the right sub-tree). The in-
orderpredecessor or the successor can then be deleted using any of the above cases. Look at

thebinarysearchtree given in4.16and seehowdeletionofnodewith value56ishandled.

(Step 1) (Step 2) (Step 3) (Step 4)

@) 39 @) @)

® @ @ @ @© @ @ @
B ® ® ® & @ & @
B @ & @ ® @

Replace node Replace node Delete leaf
56 with 78 78 with 80 node 80

Fig.4.16:deleteanodewith2 children inaBinarySearchtree

4.1.5 JoiningandsplittingBinary searchtree:

Ina binarysearchtree,the following additionaloperationsare usefulincertainapplications.

(a) three Way Join (small,mid,big): This creates a binary search tree consisting of the
pairsinitially in the binary search trees small and big, as well as the pair mid. It is assumed
thateach key in small is smaller than mid, key and that each key in big s greater than mid.
key.Followingthejoin,bothsmallandbigareempty.

(b) twoWay Join (small,big): This joins the two binary search trees small and big to obtain
asingle binary search tree that contains all the pairs originally in smalt and big. It is
assumedthat all keys of small are smaller than all keys of big and that following the join both

smallandbigareempty.
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(c) split (theTree,k, small,mid,big): The binary search tree the Tree is split into three
parts:small is a binary search tree that contains all pairs of the Tree that have key less than k;
mid isthe pair (if any) in the Tree whose key is k, and big is a binary search tree that contains
allpairs of the Tree that have key larger than k. Following the split operation theTree is
empty.When the Tree has no pair whose key is k, mid.key is set to -1 (this assumes that-1 is
not avalidkeyforadictionarypair).

e To perform a split ,we first make the following observation about splitting at
theroot.In this case small is leftsubtree of theTree,midis the pairin the root,and
bigisthe rightsubtreeoftheTree.

e If k is smaller than the key at the root,then the root together with its right subtree is
tobeinbig.

e [If k is larger than the key at the root,then the root together with its left subtree is to
beinsmall.

e As we move down we construct the two search tree small and big. The snippet of

splitfunctionis givenbelow.
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void split(nodePointer *thefree, int k, nodePointer tgm,; ™
element *mid, nodePointer *big) ¥
{/* split the binary search tree with respect to key Y
if (!'theTree) (*small = *big = 0;
(*mid) .key = ~1; return;)} /* empty tree ,
nodePointer sHead, bHead, s, b, currentNode; =
/* create header nodes for small and big */
MALLOC (sHead, sizeof (*sHead));
MALLOC (bHead, sizeof (*bHead));
s = sHead; b = bHead;

/* do the split */
currentNode = *theTree;
while (currentNode)
if (k < currentNode—data.key) {/* add to big */
b—leftChild = currentNode;
b = currentNode; currentNode = currentNode—N&fuzh
}
else if (k > currentNode—data.key) {(/* add to smal] -
s—rightChild = currentNode;
s = currentNode; currentNode = currentNode-irigh::
AL
else (/* split at currentNode */
s—-rightChild = currentNode—leftChild;
b—leftChild = currentNode—rightChild;
*small = sHead—rightChild; free(sHead);
*big = bHead—1leftChild; free (bHead);
(*mid) .item = currentNode—data.item;
(*mid) .key = currentNode—data.key;
free (currentNode) ;
return;
}
/* no pair with key k */
s—rightChild = b—leftChild = 0;
*small = sHead—-rightChild; free(sHead);
*big = bHead—leftChild; free(bHead);
(*mid) .key = -1;
return;

4.1.6 Heightofabinarysearchtree:

Unlesscareistaken,theheight ofa binarysearchtreewithnelementscan becomeaslargeas
n.Thisisthecase,forinstance, whenweuseinsert-
nodetoinsertthekeys1,2,3,¢¢¢ n,inthatorder,intoaninitiallyemptybinarysearchtree. However,whe

ninsertionanddeletions
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aremadeatrandom usingtheabovefunctions,theheightof thebinary

searchtreeisO(log2n),ontheaverage.

Session 25 questions:

What is binary search tree?

How to perform create in BST?

How to perform Insert function in BST?

How to perform Search function in BST?
How to perform Delete function in BST?

How to perform Joining and splitting in BST?
How to find height of BST?

Session 26
4.2 SELECTIONTREE:

4.2.1Introduction:

Suppose we have k ordered, called and is in merged into single ordered sequence. Each
runconsists of some records and is in non-decreasing order of a designated field called the
key.Let n be the number of records in all k runs together task can be by the record with
thesmallest key. The smallest has to be found from k possibilities, and it could be the
leadingrecord in any of the k runs. The most direct way to merge k runs is to make k-1 to
determinethe next record to output. For k > 2, we can achieve a reduction in the number of
needed tofind the next smallest element by using the selection tree data structure. There are
two kindsofselectiontrees:winnertrees andlosertrees.

4.2.1WinnerTree:

A winner tree is a binary tree in which each node represents the smaller of its two
children.Thus, the root node the smallest node in the tree. Figure 5.32 illustrates a winner tree
for thecase k=8.

The of this winner tree may be compared to the playing of a tournament in which the
winneristherecordwiththesmallerkey.Then,eachnonleafnodeinthetreethewinnerofa,andthe root
node the overall winner, or the smallest key. Each leaf node the first record in
thecorresponding run. Since the records being merged are large, each node will contain only
apointer to the record it represents. Thus, the root node contains a pointer to the first record
intun 4 A winner tree may be represented using the sequential allocation scheme forbinary
treesthat resultsfrom Lemma 5.4. Thenumber above each nodein Figure 5.32 is the address
ofthe node in this sequential. The record pointed to by the root has the smallest key and so

maybe output. Now, the next record from run 4 enters the winner tree. It has a key value of

10
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15. Tothe tree, the tournamenthastobe replayed only along the path from node 11 to the
root.Thus, the winner from nodes 10 and 11 is again node 11 (15 <20)The winner from nodes
4and 5 is node 4 9 <15)The winner from 2 and 3 is node 3 (8 < 9)The new tree is shown
inFigure 5.33. The is played between sibling nodes and the resultputin the parentnode.Lemma
5.4 may be used to compute the address of sibling and parent nodes -efficiently.

Eachnewtakeplace atthe nexthigherlevelinthe tree.

5° %
11 95|

116 99|
||

\ =] T [ i

runi run2 run3 run4d run5 runé run7 run8

5.32 : Winnertreefork=8

-]

o

56 o6 8

run4 runb runé run7 run8

run3

runl run2

5.33 :Winnertreeoffig.5.32afterone recordhasbeenoutput andthetreerestructured.

4.2.1LoserTree:

After the record with the smallest key value is output, the winner tree of Figure 5.32 is to
berestructured. Since the record with the smallest key value is in run 4this re- involves
insertingthe next record from this run into the tree. The next record has key value 15. are
playedbetween sibling nodes along the path from node 11 to the root. Since these sibling
nodesrepresent the losers of played earlier, we can simplify the process by placing in each
nonleafnode a pointer to the record that loses the rather than to the winner of the tournament.

Aselection tree in which each nonleaf node retains a pointer to the loser is called a loser
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tree.Figure 5.34 shows the loser tree that to the winner tree of Figure 5.32. For, each node the
keyvalue of a record rather than a pointer to the record represented.Theleaf nodes
thefirstrecord in each run. An additional node, node Ohas been added to represent the overall
winner of the tournament. Following the output of the overall winner, the tree is by playing
along thepath from node 11 to node 1The records with which these tournaments are to be
played arereadily available from the parent nodes. As a result, sibling nodes along the path

from 11 to lare notaccessed.

Overall
winner

5.34 :Losertreecorresponding to winner treeoffig.5.32

Session 26:

What do you mean by selection?
What is winner tree, how to find it?
What is looser tree how to find it?

Session 27
4.3:Forest

Definition: Aforestisasetofn>0disjointtrees. Whenweremovetherootofa

tree we obtain a forest. For example, removing the root of any binary tree produces a forest

oftwotrees.

@) (£ jcd
Fow 66 © O

Three-tree
forest4.3.1:Transforming aforestintoa binarytree

Definition:If Tt,..., Taisaforestoftrees,thenthebinarytreecorrespondingtothisforest,denotedbyB

(Ty,..., Tn),

hotesforvtu.in
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(1) isempty, ifn=0

(2) hasrootequaltoroot(T1);hasleftsubtreeequaltoB(T11,T12...Tim),whereTiy,...
,T1mare the subtreesofroot(T);andhasrightsubtree B(T»,...,Tn)

Binarytreerepresentationofforest
4.3.2 ForestTraversal
PreorderTraversal:
Thepreordertraversal of TisequivalenttovisitingthenodesofFintreepreorder. Wedefinethisas:

1. IfFisempty,thenreturn.

2. Visittherootofthefirst treeofF.

3. Traversethesubtreesofthefirst treeintree preorder.
4

Traversethe remaining treesofFinpreorder.
InorderTraversal:
Inorder traversal of TisequivalenttovisitingthenodesofFin treeinorder,whichisdefinedas:

1. IfFisempty,thenreturn.

2. Traversethesubtreesofthefirst treeintree inorder.
3. Visittherootofthefirsttree.
4

Traversetheremainingtreesintreeinorder.
PostorderTraversal:

Thereisnonaturalanalogforthepostordertraversalofthecorrespondingbinarytreeofaforest.Nevert

heless,wecandefine the postordertraversalofaforest,F,as:

1. IfFisempty,thenreturn.
2. Traverse the subtreesofthefirsttreeofFintreepostorder.
3. Traversethe remainingtreesofFintree postorder.
4. Visittherootofthefirst treeofF.
13
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Session 27:

What is forest in data structure?

How represent Binarytreerepresentationofforest?
How to perform preorder traversal in forest?
How to perform post order traversal in forest?
How to perform in order traversal in forest?

Session 28

Representation ofDisjointSets
4.4.1 Introduction

The use of trees in the representation of sets. assume that the elements of the sets are
thenumbers 0, 1, 2,. . .n-1. In practice, these numbers might be indices into a symbol table

thatstorestheactualnames oftheelements.

For example, if we have 10 elements numbered O through 9, we may partition them into

threedisjointsets,51={0,6,7,8),S2={1,4,9},andS3= {2,3,5}.

Figureshowsonepossiblerepresentationforthesesets.

o e e
2 © © © S 5

1 2

Possible forest representation of sets

The minimal operations that we wish to perform on these sets
are:DisjointsetunionandFind(i).
4.4.2 Unionand Findoperations:

to obtain the union of Siand S>Since we have linked the nodes from children to parent,

wesimplymakeoneofthetrees asubtreeoftheother.

14
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S, US, « S, U 8§

1

Possible representation of | U S,

To implement the set union operation, we simply set the parent field of one of the roots to

theother root. We can accomplish this easily if, with each set name, we keep a pointer to the

rootofthetreerepresentingthatset.

@
= s b

S, | « {4)

Sa | N f "._
.0 ©O
\\\a

eﬂ
©

b
/ \\
Data representation of Sy, §,, and S

rather than using the set name S| we refer to this set as 0. The transition to set names is
easy.We assume that a table, name [ |, holds the set names. If 1 is an element in a tree with

root 7,andjhasapointerto entrykinthesetnametable,thenthesetnameisjustname([k].

int findl(int i)

{
for(; parent([i] >= 0; i = parent[i])
return 1i;

}

void unionl(int i, int j)

{
parent[i] = j;

}

Initial attempt at union-find functions

Definition: Weighting rule for union(i, j). If the number of nodes in tree i is less than
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thenumberintree jthenmakejthe parentofi;otherwisemakeithe parentofj.

void union2(int i, int j)

(

/* union the sets with roots i and j, i != j, using
the weighting rule. parent[i] = —count[i] and
parent[j] = —count[j] */
int temp = parent([i] + parent([jl];
if (parent([i] > parent[j]) {
parent[i] = j; /* make j the new root */
parent[j] = temp;
}
else {
parent[j] = i; /*make 1 the new root */
parent [i] = temp;

Union function

Fig.Unionfunctionusingweightingrule

Definition [collapsingrule]:If j isanode on thepath from i

toitsrootandparent[i]!=root(i),thensetparent[j]toroot(i).

int find2(int i)

{

/* find the root of the tree containing element i. Use the
collapsing rule to collapse all nodes from i to root */

int root, trail, lead;
for (root = i; parent[root] >= 0; root = parent|[root])
for (trail = i; trail != root; trail = lead) {

lead = parent[traill;

parent (trail] = root;

}

return root;

Fig:Collapsingrule

Example: Consider the behavior of weghtedUnion on the following sequence of unions starting from
the initial configuration of parent[i]=-count[i]=-1, 0<=i<n=2>:

union(0,1) union(2,3) union(4,5)  union(6,7)

union(0,2) union(4,6) union(0,4)

When the sequence of unions is performed by columns (i.e., top to bottom within a column with
column 1 first, column 2 next, and so on), the trees of 5.43 are obtained. As is evident from this
example, in the general case, the maximum level can be [logom]+1 if the tree has m nodes.

The time to process a find is O(log m) if there are m elements in a tree. If an intermixed sequence of u-
1 union and f find operations is to be processed, the time becomes O(u+f log u), as no tree has more
than u nodes in it.

16
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Figure 5.45: Trees achieving worst case bound

4.4.3 Applicationtoequivalenceclasses

The equivalence classes to be generated may be regarded as set. These sets are disjointsince no
polygon can be in two equivalence classes. Initially, all n polygons are in anequivalence class of their
own; thus parent{i} = -1, 0 <=i< n. If an equivalence pair, i = j,is to be processed, we must first
determine the sets containing i and j. If they are different,then we replace the two sets by their union.
If the two sets are the same, then we donothing since the relation i= j is redundant: I and j are already
in the same equivalenceclass. To process each equivalence pair, we need to perform two finds and at
most oneunion.

Example: We use the union-find algorithms to process the set of equivalence pairs. Initially, there are 12 trees,
one for each variable and parent[i] = -1,0 < Z < 11. The forest configuration following the processing of each
equivalence pair is shown in Figure 5.46. Each tree represents an equivalence class. It is possible to determine
if two elements are currently in the same equivalence class at each stage of the processing by simply making

two finds.

17
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Figure 5.46: Trees for equivalence example

Session 28:

What is the difference between union and find function?
How to implement union using weighting rule?

How to implement find function?

4.4 Counting Binary
trees4.5.1:DistinctBinarytree

ifn=0orn=1,thereisonlyonebinarytree.Ifn=2,thentherearetwodistincttreesandifn=3.

and

Distinct binary trees with n =2

)47

Distinct binary trees with n =3
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4.5.2 Stackpermutations:

Supposewehavethepreordersequence: ABCDEFGHIandtheinordersequence:BCAEDGHFI
of thebinary tree. To construct the binary tree from these sequences, welook at the first
letter in the preorder sequence, A. This letter must be the root of the treeby definition of
the preorder traversal (VLR.}. We also know by definition of the inordertraversal {LVR}
that all nodes preceding A in the inorder sequence (B Q are in the leftsubtree, while the
remaining nodes {ED GHFI) are in the right subtree. Figure 5.49(a) isour first
approximation to the correct tree. Moving right in the preorder sequence, we findB as the
next root. Since no node precedes B in the inorder sequence, B has an empty
leftsubtree,whichmeansthatCisinitsrightsubtree. Figure5.49(b)isthenextapproximation.

Continuing in this way, we arrive at the binary tree of Figure 5.49(c). Byformalizing this
argument (see the exercises for this section), we can verify that everybinarytreehas a

uniquepairofpreorderinordersequences.

Constructing a binary tree from its inorder and preorder sequences

e I[fthenodesofthetreearenumberedsuchthatitspreorderpermutationis1,2,eee
,n,thenfrom ourearlierdiscussionitfollowsthatdistinctbinary
treesdefinedistinctinorderpermutations.

e Thus, the number of distinct binary trees is equal to the number of distinct
inorderpermutationsobtainablefrombinarytreeshaving the
preorderpermutation, 1,2, ee

n. Using the concept of an inorder permutation, we can show that the number of

notesforvtu.in
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distinct permutations obtainable by passing the numbers 1 to n through a stack
anddeleting in all possible ways is equal to the number of distinct binary trees with
nnodes (see the exercises). If we start with the numbers 1, 2, 3, then the
possiblepermutations obtain able by a stack are: (1, 2, 3) (1, 3,2) (2, 1,3) (2,3, 1)
(3, 2, 1)Obtaining(3,1,2)isimpossible.

XY,

Figure 5.51: Binary trees corresponding to five permutations

4.5.3 Matrixmultiplication

Suppose that we wish to compute the product of n matrices: M * Ma* ¢ « « * M,,. Sincematrix
multiplication is associative, we can perform these multiplications in any order.

Wewouldliketoknowhowmanydifferentwayswecanperformthesemultiplications.

Forexample,ifn=3,therearetwopossibilities:

(M) * Mj) * M,
M, *(My*M3;)

(M * My) * M3) * M,
(M * (M, * M3))* M,
M * (M * M3) * M,)
(M * (M * (M5 x My)))
(M * My) * (M3 x My))

The number of distinct ways to obtain Mjand M; ; jare bjand by, respectively.

Therefore,letting

b= 1,wehave
n-1
bﬂ = 2. bi bn- s> 1
i=1

Then we see that b, is the sum of all the possible binary trees formed in the following way:

20
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aroot and two subtreeswithbjand by.i.inodes,for0<i< n.Thisexplanationsaysthat

n-1
bﬂ — E bj bn_{_| , hzl ,and bg =1

i=0

Therefore, the number of binary trees with n nodes, the number of permutations of 1

tonobtainablewitha stack,andthenumberofwaysto multiplyn+1matricesareallequal.

4.5.4 NumberofDistinctbinary trees

Toobtainthenumberofdistinctbinarytreeswithnnodes,wemustsolvetherecurrence

n-1
b,i - E b; b,,_;_| , hzl ,and hﬂ =1

i=0
Tobeginwelet:
B(x)=Y b;x'
i20
whichisthegeneratingfunctionforthenumberofbinarytrees.Nextobservethatbytherecurrence
relationwe gettheidentity:

xB*(x)=B(x)-1

Usingtheformulatosolvequadraticsandtherecurrence thatB(0)=bo=1weget:

1 = Vi-4x

B ="

Wecanusethebinomialtheoremto expand (1-4x)"?to obtain:

1 12 §
B()= - 1-50[ 2| 40
o Z [m|f]] (_])m 22m#l xm
m20

weseethatb,whichisthecoefficientofx"inB(x),is:

172

_1\n 92n+1

Somesimplificationyieldsthemorecompactform
.

2.'1]
n+1 n

whichisapproximately

b, =

n
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b, = O(4"/n*?)
Session 29:
What is counting binary tree?
What is distinct binary tree?
How to perform stack permutation?
How to perform matrix multiplication?
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5. GRAPHS
5.1 ThegraphAbstractDataType

5.1.1 Introduction

In Koenigsberg, the Pregal river flows around the island of Kneiphof. There are four landareas,
labelled A through D in Figure 6.1, that have this river on their border. Seven bridges,labelled a
through g, connect the land areas. The Koenigsberg bridge problem is as follows:Starting at
some land area, is it possible to return to our starting location after walking

acrosseachofthebridges exactlyonce?
Apossiblewalkmightbe:

e startfromlandareaB

e walkacrossbridgeatoislandA
e take bridge e toarea D

e takebridgegtoC

e takebridge dtoA

e takebridgebtoB

e takebridgeftoD

This walk does not cross all bridges exactly once, nor does it return to the starting

landarea B.

Euler solved the problem by using a graph (actually a multigraph) in which the land
areasare vertices and the bridges are edges. His solution is not only elegant, it applies to

allgraphs.

(@)

The bridges of ngnigsberg
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Euler defined the degree of a vertex as the number of edges incidenton it. He

thenshowedthatthereisawalkstartingatanyvertex,goingthrougheachedgeexactlyonce,

and terminating at the starting vertex iff the degree of each vertex is even. We now call
awalk that does this an Eulerian walk. Since this first application, graphs have been used
ina wide variety of applications, including analysis of electrical circuits, finding
shortestroutes, projectplanning,andthe identification of chemical

compounds.Indeedgraphsmaybe themostwidelyusedofallmathematicalstructures.
5.1.2 Definitions

e A graph is an abstract data structure thatis used toimplementthe mathematicalconcept
of graphs. It is basically a collection of vertices (also called nodes) and
edgesthatconnectthesevertices.

e A graph is often viewed as a generalization of the tree structure, where instead
ofhaving a purely parent-to-child relationship between tree nodes, any kind of
complexrelationshipcanexist.

e A graph, G, consists of two sets V and E. V is a finite non-empty set of vertices. E is
aset of pairs of vertices, these pairs are called edges. V(G) and E(G) will represent
thesets of vertices and edges of graph G. We will also write G = (V, E) to represent
agraph.

e In an undirected graph the pair of vertices representing any edge is unordered.
Thus,the pairs (v1, v2) and (v2, v1) represent the same edge. In a directed graph each
edgeis represented by a directed pair (v1, v2). vl is the tail and v2 the head of the
edge.Therefore,andrepresenttwodifferentedges.

e Figure 5.5 shows three graphs GIl, G2 and G3.The graphs Gl and G2 are
undirected.G3 is adirectedgraph.
V(G1)={1,2,3,4};E(G1)={(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}

\Y% (G2) = {1,2,3,4,5,6,7}; E(G2) =
{(1,2),(1,3),(2,4),(2,5),(3,6),(3,7) } V(G3)=
{1,2,3};E(G3)={<1,2>,<2,1>,<2.3>}

‘0 (N
@1+ @ B
¢ ALY
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Fig.5.5.Samplegraphs
5.1.3 Terminologies

o Completegraph:AgraphGissaidtobecompleteifallitsnodesarefullyconnected. That is,
there is a path from one node to every other node in the graph. Acomplete graph has
n(n—1)/2 edges, where n is the number of nodes in G. Example isG1 inFig.5.5.

e Adjacent and incident: If (vl,v2)is an edgeinE(G), then we shall say theverticesvl
and v2 are adjacent and that the edge (vl, v2) is incident on vertices vl and
v2.Thevertices adjacentto vertex 2 in G2 are 4, 5 and 1. The edges incidenton vertex 3
inG2 are (1,3), (3,6) and (3,7). If<vl,v2> is a directed edge, then vertex vl will be
saidto be adjacent to v2 while v2 is adjacent from v1. The edge<v1,v2>is incident to
vlandv2.InG3the edgesincidenttovertex2are<1,2>,<2,1> and<2,3>.

¢ Asubgraph:AsubgraphofGisagraphG'suchthatV(G")SV(G)andE(G")<S
E(G).Figure5.6 showssomeofthesubgraphsofGland G3inthefigures.5.

o e'o @
AN

(a) Some of the subgraphs of G,

SRR I

©

(i) (ii) (iii) (iv)

(b) Some of the subgraphs of G,

Fig.5.6.(a) SubgraphsofG1 and(b) SubgraphsofG3

e Path: a path from vertex vp to vertex vq in graph G is a sequence of vertices vp,
vil,vi2, ..., vin,vq such that (vp, vil),(vil,vi2), ...,(vin,vq) are edges in E(G). If G'
isdirectedthenthepathconsistsof<vp,vil>,<vi,vi2>,...,<vin,vq> ,edgesinE(G").

e Length:lengthofapathisthenumberofedgesonit.

e Simple Path:A simple path is a path in which all vertices except possibly the first
andlast are distinct. A path such as (1,2) (2,4) (4,3) we write as 1,2,4,3. Paths 1,2,4,3
and1,2,4,2 are both of length 3 in G1. The first is a simple path while the second is
not.1,2,3 is a simple directed path in G3. 1,2,3,2 is not a path in G3 as the edge is not
inE(G3).

25
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e Cycle:A cycleis a simple path in which thefirst andlastvertices are the same.1,2,3,1 is
a cycle in Gl. 1,2,1 is a cycle in G3. For the case of directed graphs
wenormallyaddontheprefix"directed" tothetermscycleandpath.

e Connected graph: In an undirected graph, G, two vertices vl and v2 are said to
beconnected if there is a path in G from v1 to v2 (since G is undirected, this means
theremust also be a path from v2 to v1). An undirected graph is said to be connected if
forevery pair of distinct vertices vi , vi in V(G) there is a path from vi to vj in G.
GraphsGl and G2 are connected while G4 of figure 5.7 is not. A connected
component orsimply a component of an undirected graph is a maximal connected

subgraph. G4 hastwocomponents HlandH2.

Fig.5.7.Agraphwith 2connected components

e Connectedacyclicgraph:Atreeisaconnectedacyclic(i.e., has nocycles)graph.

e Strongly connected:A directed graph G is said to be strongly connected if for
everypair of distinct vertices vi ,vj in V(G) there is a directed path from vi to vj and
alsofrom vj to vi . The graph G3 is not strongly connected as there is no path from v3
tov2.Astronglyconnectedcomponentisamaximalsubgraphthatisstronglyconnected. G3h

astwostronglyconnectedcomponents.

®

Fig.5.8.Stronglyconnected componentsofG3 in 5.5.

e Degree: The degree of a vertex is the number of edges incident to that vertex.
Thedegree of vertex 1 in G1 is 3. In case G is a directed graph, we define the in-
degree ofa vertex v to be the number of edges for which v is the head. Theour-degree
isdefined to be the number of edges for which v is the tail. Vertex 2 of G3 has in-
degreel, out-degree 2 and degree 3. If di is the degree of vertex 1 in a graph G with n

verticesandeedges,thenitiseasytoseethate=(1/2)
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structure Graph is
objects: a nonempty set of vertices and a set of undirected edges, where each edge is a
pair of vertices.
functions:
for all graph € Graph, v, v, and v, € Vertices

Graph Create() :=  return an empty graph.

Graph InsertVertex(graph, v) = return a graph with v inserted.

v has no incident edges.

return a graph with a new edge
between v, and v,.

return a graph in which v and all
edges incident to it are removed.
return a graph in which the edge
(v, vy) is removed. Leave

the incident nodes in the graph.

Graph InsertEdge(graph, v, v,)

Graph DeleteVertex(graph, v)

Graph DeleteEdge(graph, v, v,)

Boolean IsEmpty(graph) = if (graph == empty graph) return
TRUE else return FALSE.
List Adjacent(graph, v) = return a list of all vertices that

are adjacent to v.

Fig: Abstractdatatypegraph

Session 30:

What is Graph?

How to implement complete graph?
What is path?

What is cycle?

What is connected graph?

How to find degree?

What is ADT graph?

5.1.3 Graphrepresentations

Therearethreewaysofrepresentation
1. AdjacencyMatrixrepresentation
2. AdjacencyListrepresentation
3. AdjacencyMulti-listrepresentation
4. WeightedEdges
1.AdjacencyMatrix:

Let G = (V,E) be a graph with n vertices, n>=1. The adjacency matrix of G is a 2-
dimensional nXn array, say A, with the property that A(i,j) = 1 iff the edge (vi ,vj )
(for a directed graph) is in E(G). A(i,j)) = 0 if there is no such edge in G. examples

forthe adjacencymatricesforthe areshown infigure5.9.
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‘0 1 2 3 4 | > 3
1 0 1 1 1 | .
e‘ |:> 2 : 0 1 1 = |:(: 0 ?]
3 £ o 3 Lo o o
o 4 1 1 1 0
G, 6,

Fig.5.9.Adjacencymatrixrepresentationofagraph.

2.AdjacencyLists:

In this representation the n rows of the adjacency matrix are represented as n linked
lists.There is one listfor each vertex in G. The nodes in listi represent the vertices that
areadjacent from vertex i. Each node has at least two fields: VERTEX and LINK. The
VERTEXfields contain the indices of the vertices adjacent to vertex i. The adjacency lists for
Gl andG3 are shown in figure 5.10. Each list has a head node. The head nodes are
sequentialproviding easy random access to the adjacency list for any particular vertex. In the
case of anundirected graph with n vertices and e edges, this representation requires n head

nodes and 2elistnodes.Eachlistnode has 2fields.

0 vertex | T2]| J+3] ++4]0]
g{%@ wrtexz | L{T] 3] }-{4]0]

verfex3 =1 = 2] +<¢lo]
vertex 4 1] 2] - 3l0

G,
vertex | - 210
o> verfex2 1 3]0}
vertex 3 0}
G

3

Fig.5.10.AdjacencyListrepresentationofagraph.

3.AdjacencyMultilists:

In the adjacency listrepresentation of an undirected graph, we representeach edge, (vi, Vj),by

two entries. One entry is on the list for v;, and the other is on the list for V;. For each
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edgethereisexactly  onenode,butthisnodeisontheadjacencylistforeachof  thetwoverticesitis
incident to the new node structure. Multi-lists are the lists in which nodes may be

sharedamongseverallists.The node structureisgiveninthe Figure 5.11.

LINK 1 LINK 2

M v v
! 2 for v, for v,

Fig.5.11.NodestructureofAdjacencyMulti-list.
M is a one-bit mark field that may be used to indicate whether or not the edge has

beenexamined.Figure5.12showsthe adjacencymulti-listsforG1

VERTEX

————=Ni | [ 1 [2]N2|N4] edge(1,2)
,/' N2| [ 1] 3IN3IN4] edge (1,3)
4/'N3[Jﬂ 4]0 IN5] edge (1,4)

- Na[ | 2] 3 [n5SIN6]  edge (2,3)
NS| | 2] 4]0IN6|] edge (2,4)
N6| [3][4]0]0] edge (3,9

The lists are: vertex 1: N1 — N2 — N3
vertex 2: N1 — N4 — NS
vertex 3: N2 — N4 - N6
vertex 4: N3 — N5 — N6

Figure5.12AdjacencyMulti-lists forG1

4.WeightedEdges:

The edges of a graph are assigned weights. These weights may represent the distance
fromone vertex to another or the cost of going from one vertex to an adjacent vertex. A graph

withweightededgesis calledanetwork.

Session 31:

How to represent graph?
What is adjacency matrix?
What is adjacency list?
What is adjacency multi list?

What is weighted edge?
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5.2 ElementaryGraphQOperations

Givenanundirectedgraph,G=(V,E),andavertex,v,inV(G)wewishtovisitallverticesin G that are
reachable from v, that is, ail vertices that are connected to v. There are two

waysofdoingthis:depthfirstsearchandbreadthfirstsearch.
5.2.1 DepthFirstSearch

Depth first search is similar to a preorder tree traversal. We begin the search by visiting
thestartvertex,v.visitingconsistsof

printingthenode’svertexfield.Next,weselectanunvisitedvertex,w,fromv’sadjacencylistandcarry
outadepthfirstsearchonw.Eventually our search reaches a vertex, M, that has no unvisited
vertices on its adjacency list.At this point, we remove a vertex from the stack and continue
processing its adjacency list.Previously visited vertices are discarded; unvisited vertices are

visited and placed on thestack.Thesearchterminateswhenthestackis empty.
ProgramtoCheck whetheragivengraph isconnectedornot usingDFSmethod

#tinclude <stdio.h>
int a[20][20], n, i, j, visited[20], count;
/********Connectivity Using DFS***********/
// to insert the verices which are visited void
dfs(int v)
{
int i;
visited[v] = 1;
for (i = 1; i<= n; i++) {
if (a[v][i] && !visited[i]) {
printf("\n %d->%d", v, i);
count++;
dfs(i);
}
}
}

void main() {
int v, choice;
printf("\n Enter the number of cities: ");
scanf("%d", &n);
printf("\n Enter graph data in matrix form:\n");
for (i = 1; i<= n; i++)
for (j = 1; j <= n; j++)
scanf("%d", &a[i][j]);
while (1) {
printf("\nl.Test for connectivity");
printf("\n2.Exit");
printf("\nEnter Your Choice: ");
scanf("%d", &choice);
switch (choice) {
case 1:
for (i = 1; i<= n; i++) {
visited[i] = ©;

}
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printf("ENTER the source vertex");
scanf("%d", &v);

scanf("%d", &v);
dfs(v);

if (count == n - 1)
printf("\nGraph is connected\n");
else
printf("\n Graph is not connected");

count = 0;
break;

case 2:
return;
default:
printf("\nEnter proper Choice");

Enter the number of cities: 4

~ graph data in matrix form:

Your Choice:

5.2.2 BreadthFirstSearch

breadthfirstsearchresemblesalevelordertreetraversal. Breadthfirstsearchstartsatvertexv and
marks it as visited. It then visits each of the vertices on v’s adjacency list. When wehave
visited all the vertices on v’s adjacency list, we visit all the unvisited vertices that areadjacent
to the first vertex on v’s adjacency list. To implement this scheme, as we visit eachvertex,we
place the vertex in a queue.When we have exhausted an adjacency list,weremoveavertexfrom

thequeueandproceed by examiningeach of theverticesonitsadjacency list. Unvisited vertices
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are visited and then placed on the queue; visited vertices areignored.We

havefinishedthesearchwhenthe queueisempty.

Program to print all the nodes reachable from a given starting node in a digraph using

BFSmethod

#include<stdio.h>
int a[20][20], q[20],
visited[20];intn,i,j,f=0,r=-1;

voidcreate_graph() // CreatetheDigraphusingAdjacencymatrix

{

printf("\nEnterthenumberofcities:");scanf("

%d",&n);

32
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printf("\nEntergraphdatainmatrixform:\n");for(i=1;i<=n;i++)
for(j=1;j<=n;j++)

scanf("%d",&ali][j]);//readadjacencymatrix

return;

voidbfs(intv)//ReachabilityusingBreadthFirstSearch
{
for(i=1;i<=n;i++)
if(a[v][i]&&!visited[i])//checkweathernode
isvisitedq[++r]=1;//ifnotadditQueue

if(f<=r)//checkfornonemptyQueue

{
visited[q[f]]=1; // set visited status for front node of
Queuebfs(q[f++]);//recursivecallBSF
}
}/endofBSF
voidmain()
{
int v,
choice;while
ey
{
printf("\nl. CreateaDigraphofNcitiesusingAdjacencyMatrix");
printf("\n2.PrintallthenodesreachablefromagivenstartingnodeinadigraphusingBFSmethod
")s

printf("\n3.Exit");
printf("\nEnterY ourChoice:");sc
anf("%d",&choice);switch(choi
ce)

{

casel:create_graph();
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break;

case2:printf("Enterthesourcevertex:");sca
nf("%d",&v);
if(v<1)||(v>n)) // check for valid source
entryprintf("\nEnter avalid sourcevertex");
else//ifvalidbegintestforreachability
{
for(i=1;1<=n;i++)//beginwithassumingallcitiesarenotvisitedvisited[i
1=0;
visited|[v]=1;//sourceisvisitedbfs(v);//
calBFSto check reachability
printf("The
reachablenodesfromnode%d:\n",v);for(i=1;i<=n;i++)//displayreach
ablecities fromthesourcecityif(visited[i]&&i!=v)
printf("node%d\n" 1);
}
break;ca
se3:return;
default:printf("\nInvalidChoice");
Hlendofswitch
} I/ endofwhile

} // endofmain

output:
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Enter the number of cities: 4
Enter graph data in mat form:
181

B @ 1@

3688

B8 1@

node in a digraph using BFS method

node in a digraph using BFS method

node 2:

Create a Digraph of N cities using
t all the nodes reachable from { ing node in a digraph using BFS method

Your Choice:

5.2.3 Connected Components:

void connected(void)

{
/* determine the connected components of a graph */
int i;

for (1 = 0; 1 < n; i++)
if(!lvisited([i]) {

dfs (i)

£

H
printf ("\n");

Connected components

5.2.4 SpanningTrees

Aspanningtreeisany tree thatconsistssolely ofedgesinGandthatincludesalltheverticesinG.
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0 O O

O O O

A complete graph and three of its spanning trees

we may use either dfs or bfs to create a spanning tree. When dfs is used, the
resultingspanningtreeisknown asadepth firstspanningtree. When

bfsisused,theresultingspanningtreeiscalledabreadthfirstspanningtree.

U,)

&
S

(a) dfs(0) spanning tree (b) bfs(D) spanning tree

dfs and bfs spanning trees for graph of Figure 6.19

A spanning tree is a minimal subgraph G’ of G such that V (G) = V(G) and G' is
connected.We define a minimal subgraph as one with the fewest number of edges. Any
connected graphwith n vertices must have at least n - 1 edges, and all connected graphs with

n - 1 edges aretrees.Therefore,weconcludethataspanningtreehasn-1edges.
5.2.5 BiconnectedComponents

e An articulation point is a vertex v of G such that the deletion of v, together with
alledgesincidentonv,producesagraph,G',thathasatleasttwoconnectedcomponents.For
example,theconnectedgraph ofFigurehasfourarticulationpoints,vertices1,3,5,and7.

e Abiconnectedcomponentofaconnectedundirectedgraphisamaximalbiconnected
subgraph, H, of G. By maximal, we mean that G contains no othersubgraph that is
both biconnected and properly contains H. For example, the graphofFigure

(a)containsthe six biconnectedcomponentsshowninFigure(b).
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(b) Biconnected components

A connected graph and its biconnected components

e We can find the biconnected components of a connected undirected graph, G,
byusing any depth first spanning tree of G. For example, the function call dfs
(3)applied to the graph of Figure (a) above produces the spanning tree of
Figure6.23(a). WehaveredrawnthetreeinFigure6.23(b)tobetterrevealitstreestructure.

e The numbers outside the vertices in either figure give the sequence in which
thevertices are visited during the depth first search. We call this number the depth
firstnumber, or dfn, of the vertex. For example, dfn (3) = 0, dfn (0) = 4, and dfn (9)
= 8.Notice that vertex 3, which is an ancestor of both vertices 0 and 9, has a lower
dfnthan either of these vertices. Generally, if u and V are two vertices, and u is

anancestorofvinthe depthfirstspanningtree,thendfn(u)<dfn(v).
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(a) depth first spanning tree

Figure 6.23: Depth first spanning tree of Figure 6.22(a)

e The broken lines in Figure 6.23(b) represent nontree edges. A nontree edge (u, v)
isa back edge if either u is an ancestor of v or v is an ancestor of u. From
thedefinitionofdepthfirstsearch,itfollowsthat allnontreeedgesareback edges.

e This means that the root of a depth first spanning tree is an articulation point iffithas
at least two children. In addition, any other vertex u is an articulation point iff ithas
at least one child w such that we cannot reach an ancestor of u using a path
thatconsists of only w, descendants of w, and a single back edge. These
observationslead us to define a value, low, for each vertex of G such that low(u) is
the lowestdepth firstnumber thatwe can reach from u using a path of descendants

followedbyatmostonebackedge:

low (u) = min{dfn («), min{low (w) | wis a child of u},
min {dfn (w) | (u, w)is a back edge } }

Therefore, we can say that u is an articulation point if u is either the root of the spanning
treeand has two or more children, or u is not the root and u has a child w such that low(w)
>=dfn{u}. Figure 6.24 shows the dfn and low values for each vertex of the spanning tree
ofFigure 6.23(b). From this table we can conclude that vertex 1 is an articulation point since
ithas a child O such that low (0) = 4 >=dfn (1) = 3. Vertex 7 is also an articulation point
sincelow (8)= 9 >=dfn (7)= 7, asis vertex Ssincelow (6) = 5 >=dfn {5}= 5. Finally,we

notethattheroot,vertex3,isanarticulationpointbecauseithasmore thanone child.
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igure 6.24: dfn and low values for dfs spanning tree with root =3

Wecaneasilymodifydfstocomputedfnandlowforeachvertexofaconnectedundirectedgraph.Thepr

ogramis givenbelow.

#define MIN2(x,y) ((X) < (y) 2 (xX) : (y))
short int dfn[MAX_VERTICES];

short int low[MAX—_VERTICES];

int num;

Theglobaldeclaration
void init (void)
{
ing a;
for (1 = 0; 1 < n; i++) {
visited[i] = FALSE;
dfn[i] = low(i] = -1;
}
num = 0;

Initialization of dfn and low

void dfnlow(int u, int v)
/* compute dfn and low while performing a dfs search
beginning at vertex u, v is the parent of u (if any) */
node—pointer ptr;
int w;
dfn[u] = lowlu] = num++;
for (ptr = graphlu]; ptr; ptr = ptr->1link) {
w = ptr->vertex;
if (dfn[w] < 0) { /* w is an unvisited vertex */
dinlow(w,u);
low{u] = MIN2(low(u],low[w]);
}
else if (w != v)
low[u] = MIN2(low[u],dfn(w]);

Determining dfn and low
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void bicon(int u, int wv)
{
/* compute dfn and low, and output the edges of G by their
biconnected components, v is the parent (if any) of the u
(if any) in the resulting spanning tree. It is assumed that
all entries of dfn[] have been initialized to -1, num has
been initialized to 0, and the stack has been set to empty
hef

node_pointer ptr;

int w,x,v;

dfnfu] = low[u] = num++;

for (ptr = graphl[u]; ptr; ptr = ptr->1link) {

w = ptr—>vertex;

if (v !'= w && dfnlw] < dfn(u])
add (&top,u,w); /* add edge to stack */
if (dfn{w] <0) { /* w has not been visited */
bicon(w,u);
low[u] = MIN2(low[u],low(w]);

if (low[w] =>= dfnlu]) {
printf ("New biconnected component: ");
do { /* delete edge from stack */
delete(&top, &x, &Yy);
printf (" <%d,%d>",x,y):
} while (! ((x == u) && (y == w)));
printf("\n"};
}

}
else if (w !'= v) low[u] = MIN2{(low[u],dfn[wl);

'

Program 6.6: Biconnected components of a graph
Session 32:
What is DFS?
What is BFS?
What is spanning tree?

Question bank

1. Design an algorithm to traverse a graph using Depth First Search
(DFES). Apply DEFS for the graph given below.

OO OO
el

2. Construct a binary tree from the Post-order and In-order
sequence given below In-order: GDHBAEICF Post-order:
GHDBIEFCA

3. Define selection tree. Construct min winner tree for the runs of a
game given below. Each run consists of values of players. Find
the first 5 winners.
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4. Define Binary Search tree. Construct a binary search tree (BST)
for the following elements: 100, 85, 45, 55, 120, 20, 70, 90, 115,
65, 130, 145. Traverse using in-order, pre-order, and post-order
traversal techniques. Write recursive C functions for the same.

5. Define Forest. Transform the given forest into a Binary tree and
traverse using inorder, preorder and postorder traversal.

6. Define the Disjoint set. Consider the tree created by the
weighted union function on the sequence of unions: union(0,1),
union(2,3), union(4,5), union(6,7), union(0,2), union(4,6), and
union(0,4). Process the simple find and collapsing find on eight
finds and compare which find is efficient.

7. What is a graph? Give the matrix and adjacency list

representation of graphs.

Write an algorithm for breadth first search and depth first search.

9. Define graph. Write the difference between graph and trees. For
the given graph, show the adjacency matrix and adjacency list
representation of the graph given below.

*®

10. What are the methods used for traversing a graph? Explain any
one with example.

11. What is a binary search tree? Write algorithm to implement for
recursive search or iterative search fora binary search tree.

12. Write a function to insert an item into an ordered binary search
tree. For the given data, draw a binary search tree and show the
array and linked representation of the same 100, 85, 45, 55, 110,
20, 70,65.

13. Define binary search tree. Write the recursive search and
iterative search algorithm for a binary search tree.

14. What is selection tree explain with an example?
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