BCS405A - Module 4
Principles of counting
4.1 Principles of Inclusion - Exclusion

Introduction:

> If Sis a finite set, $Y§ is a cardinality of Sand & 10 are subsets of S then addition
principle or principle of inclusion and exclusion for two sets is given by

$0° 0¢ 0§ 0§ O, OsandsO0 , O O " O0s §¥s O O

v v

< IfSisafinitesetand © 1® 1816 are subsets of S then addition principle or principle
of inclusion and exclusion for n sets is given by

O 0" 0° 8 05

[Th
©

SO S 0. 0 0O 0,0 SO 0. 8 05

x 0 ©O,0,8 05 ©°0° 8 05
sYs 0 ° 0 ° 8 03
sYs O
> The number of elements in S that satisfy exactly m of the n conditions m & &
: . A p o a q . £ .
0 Y 0 Y c Y 8 p ¢ & Y

> The number of elements in S that satisfy at least m of the n conditions m1 & &

. . a . a p . E p .
) Y . \ . Y 38 . Y
a p a p ) a p
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1. Among the students in a Hostel, 12 students study Mathematics (A), 20 study
Physics(B), 20 study Chemistry(C) and 8 study Biology(D). There are 5 students for
A and B, 7 students for A and C, 4 students for A and D, 16 students for B and C, 4
students for B and D and 3 students for C and D. There are 3 students for A, B and
C, 2 for A, B and D, 2 for B, C and D, 3 for A,C and D. Finally there are 2 who
study all of these subjects. The number of students who study none of the subjects is

71. Find the total number of students in the Hostel.

LetsYs Total number of students in the Hostel ¢

LetY §Is ¢S S 8 pg qn gm Y om

LetY SO, O3 SO, 03 0 0Os sO 05 sO6, 0s so. 0Os
L X T pp T O OO

LetY sO, 6, 05 O, 6, 03 sO, O, 03 O, 0, Os
0 ¢ 0 ¢ pm

LetY sO, 6, 0, 0s ¢

Let 0  The number of students who study none of the subjects  xp

By the principle of inclusion-exclusion,

o Y Y Y Y oenm ow pnm ¢ CW

Total number of students inthe Hostel s¥Ys O O Xxp cqw pnn
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2. Out of 30 students in a Hostel, 15 study History, 8 study Economics and 6 study
Geography. It is known that 3 students study all these subjects. Show that 7 or more
students study none of these subjects.

LetY §1S ¢ ¥ pu U ¢ QW
LetY sO, 6s 3$0, 05 3$O. OS
O, 6, 05 SO, 6 0s 30, 6, 03 0s0, O, OS
LetY sO, 6 05 o
By the principle of inclusion-exclusion, O Y Y 'Y
sYs O O
No. of students study none of these subjects 0
s¥s O
om Y Y Y

on Cw OO0 o X

3. Determine the number of positive integers n such that - and n is not
divisible by 2, 3 and 5.

Vo ¥

Let OhOhO be the number of positive integers divisible by 2, 3 and 5 respectively.

sYs pmmh Y  sOs SO 08 00— — — UM 00 Gm PNO

Y@, 6, 6 ©, 8y — AT P T o o
: , , o or oy P9 PT 0

Y 0, 6, 68 — o

Required number of positive integers O sYs O sYs Y Y Y pTITT
pnc oC 0 GO
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4. How many integers between 1 and 300 (inclusive) are
(i) Divisible by at least one of 5, 6, 8? (ii) Divisible by none of 5, 6, 8?

Lo

Let ©h&h6 be the number of positive integers divisible by 5, 6 and 8 respectively.

v
L

sYs omm Y  $OS SO SO 20— — — @m um OxX PTX
¥ . v W OTT omm omm
30, 0§ 0, 0§ 30, O% on T p— pmt pC X Qw

Whereom 060 vig @ ¢t 060 ¢y I tm 060 iy
Y 0, 6, 08 — <«

Mo Y Y Y px Qv G pgn
(ii) Number of integers divisible by none of 5,6,8 0O sYs O onnm pgn pym

5. In how many ways can the 26 letters of the English alphabet be permuted so that
none of the patterns CAR, DOG, PUN or BYTE occurs?

Let S be the set of all permutations of the 26 letters. Then sYs ¢k

Let A, B, C and D be the set of all permutations of 26 letters in which CAR, DOG, PUN
and BYTE appears respectively.

If CAR is considered as a single block, $6s ¢o o pi ¢th

Similarly, s6s  ctiisds cTAOEQSOs ok

If CAR and DOG are considered as two blocks, 6. 6s c¢ ¢ chi cch
Similarly, 6. 6s $6 63 cch

And 6, 0s 36, Oy 8, 0s o X <h gph

O 6, 65 co w oh cmh

O 6, 0s 6, 6, 0s 6, 6, 0s ¢cp pn ok pwh

0. 6. 6. 0s ¢ po ThA px

Yo os0s 6 O sOs  cth cth gth ok

Y 0, 6 0, 6s 6, 6 O, 03 6, 0s $6, Oy 0 cch cph
Yoos0, 6, 63 6 6 03 s6, 6 0y 6, 6, 05 cmh o pwh
Y o s, 6, 6, 05 pxh

Required number of permutations 0O sY¥s O sYys Y Y Y Y

cph octh cob  ocgh cph ¢tk o pwh pxA
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6. Find the number of permutations of English letters which contain (i) Exactly 2 (ii)
At least 2 (iii) Exactly 3 and (iv) at least 3 of the patterns CAR, DOG, PUN and
BYTE.

Let S be the set of all permutations of the 26 letters. Then sYs gt
Let A, B, C and D be the set of all permutations of 26 letters in which CAR, DOG, PUN
and BYTE appears.
If CAR is considered as a single block, 568 ¢p ¢ pi ¢th
Similarly, s6s  ¢tiisds ¢TAOEQSOs ok
If CAR and DOG are considered as two blocks, 6. 6s c¢ ¢ chi cch
Similarly, 6. 6s $6. 63 cch
And 6, 0s 6, O3 8, 0s <o X <h gph
O 6, 65 co w ok cmh
6O 6, 0s 6, 6, 0s 6 6. 0s cop pn ok powh
O 6, 6, 0s cp po Th pxh
Yoo s 6 0 sOs  cth cth gth ok
Y s0, 63 0, 63 6, 63 O, 0s 6, 0s 6, Oy 0 cch cph
Y oos0, 6 65 0 6 0s O, 6, 0s 6 O 0s cmh o pwh
Y B8, 6. 6, 0s pxh
(i) The number of permutations with exactly two of the patterns
o v S Py S Sy
p . Q. ‘ , ,
Y oY @Y ocgch cph oA o pwh ¢ pxA
(if) The number of permutations with exactly two of the patterns
o v 9 Py
P ' ‘
Yooy CA O pwA T pxA
(iii) The numb er of permutations with exactly two of the patterns
. . ) .
U Y Y

G p . .
Yo a¥ CrA 0 pwhA T pxA
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7. On how many ways can one arrange the letters in CORRESPONDENTS so that
(i) There is no pair of consecutive identical letters ?
(if) There are exactly 2 pairs of consecutive identical letters ?
(iii) There are at least 3 pairs of consecutive identical letters ?

CORRESPONDENTS has 14 letters in which 5 letters O, R, E, S, N repeated twice.

Let Y be the set of all permutations of these 14 letters. Then $'Ys TA

Yoe wno

Let® 1® 1O 10 10 be the set of all permutations in which O, R, E, S, N appear in pair
respectively.

5O S TA 1ELD  picioit

A

°o.0 —/|/. 0.0, 0 =7
6,6,06,06 —,6,06,06,06,06s o
" w A oo o i i
Y (9]0 T ) _A"Y (9]0) T pT T
" o i oo w i i
Y v — pn —A,Y v  — v —,

Yo 00 wh b

(1) Number of permutations where there is no pair of consecutive identical letters

0 " T P y I C Y 1L (0} v m T vy 1L U v
p C o T v
Y Y Y Y Y Y
il pak 4 4 LI
v T +pT 7 pm 7 0] ; WA

(if) Number of permutations where there are exactly two pairs of consecutive identical

letters
o v S P oy C G G 0
p C o
YooY oY opnY |
pTl TA o pn TA ® U —AA Pt wh
(if) Number of permutations where there are atleast three pairs of consecutive identical
letters
o v 9y Ty
C C
Y Ty pmY
pTI TA o U — @ A
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8. Determine the number of positive integers n such that - which are
(i) Divisible by exactly two of 5, 6, 8 (ii) Divisible by at least two of 5, 6, 8.
LetY  phchol 8homm § Therefore, §Ys  omms
Let 1616 be the set of elements of 'Y that are divisible by 5, 6 and 8 respectively.

Y os0s 06 0§ — — — @m um OX PTX

v “ . . o “ . OTmt OTIt OTITt "
%0, 68 0, 6% 0, 68 — = o PT PG X G

Y s0, 6 05 — <

(i) The number of positive integers nsuchthat p €  omm which are divisible by

o
Y
(i) The number of positive integers nsuchthat p €  omm which are divisible by

exactly two of 5,6,8is0 'Y Y cw ¢ cof

At leasttwo of 5,6,8is0 Y S"Y Cw T U
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4.2 Derangements
Introduction:

> A permutation of n distinct objects in which none of the objects is in its natural place
is called a derangement.
> Number of possible derangements of n distinct objects is given by

pppép

< Foré xhQ &iQ moexw &
1. Find the number of derangements of 1, 2, 3, 4. Also evaluate ® (# (® B (351 15)

T8 If there is only one element, it is in its original place in every arrangement.
pt If there are 2 elements, there is one derangement , by interchanging their places.
¢8 For three objects 1, 2, 3, possible derangements are 231, 312.

5%%%@5'&)0Apppppﬂﬁ

2 Te o d o T u
Similarly,Q  ¢qpuh Q@  pYuth Q  pTYoat

2. Thirty students take a quiz. Then for the purpose of grading, the teacher asks the
students to exchange papers so that no one is grading his own paper. In how many
ways can this be done?

Number of possible derangements of 30 distinct papers is given by

Q omh p - 7 3 E — omh Q°  omk Tlopxw

3. In how many ways can each of 10 people select a left glove and a right glove out of a
total of 10 pairs of gloves so that no person selects a matching pair of gloves.

Number of possible derangements of 10 right gloves is given by

Q Pt p 5 5 E —  pmh *  pmh mopxw

Dr. Narasimhan G, RNSIT Page 8

[D £ a [ A
J J \J w =



4. While at the race track, a person bets on each of the nine horses in a race to come in
accordance to how they are favored. In how many ways can they reach the finish
line so that he loses all his bets?

Number of possible derangements of 9 horses is given by

Q  whop - 7 7 E — wh 0° o mogxe

5. There are eight letters to eight different people to be placed in eight different
addressed envelopes. Find the number of ways of doing this so that at least one letter
gets to the right person.

Number of possible derangements of 8 letters is given by

0 wo P PP s _p oy
Q Yhp o d E m A Q i mopxw pTYOCS
Number of ways of doing this so that at least one letter gets to the right person is

YA Q TnoCcm  PTYoo  QUTYX.

6. At a restaurant, 10 men handover their umbrellas to the receptionist. In how many
ways can the umbrellas be returned so that (i) no one receives his own umbrella? (ii)
at least one of the men receives his own umbrella? (iii) at least two of the men

receive their own umbrellas?

(i) No. of possible derangements of 10 umbrellas is given by
, L, P PP s P 0 on
Q pTA p o d o E m pmA 0 PTA  THOPXW

(i) Total no. of arrangements is prh .
No. of ways, no one receives his own umbrella is Q

No. of ways, at least one of the men receives his own umbrella is pk  Q

(iii) Total no. of arrangements is pTiA .
No. of ways, no one receives his own umbrella is Q
No. of ways, only one man receives his own umbrellais pné  Q .
Therefore,

No. of ways, at least two men receive their own umbrellas is priA  Q pmaQ .
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4.3 Rook polynomials

Rook polynomial for the given board
Introduction:

> Let n be the number of squares on the board.
(which resembles chess board or part of a chess board).

> Two or more squares are said to capture each other if they are in the same row or in the
same column of the board.

< For¢ 0O &, leti be the number of positions of non- capturing rooks (pawns). Then

the rook polynomial for the board Cisgivenby i 0l p 1o 10 E 10 .

1. Find the rook polynomials for the following boards:

(i) ©  No. of non-capturing positions of one rook T

i No. of non capturing positions of two rooks ¢

A ~ ~

Rook polynomial of the firstboard ist Gho  p 160 160 p TO CO

(i) 1 No. of non-capturing positions of one rook v
i No. of non capturing positions of two rooks T

i

Rook polynomial of the second boardisi 0l p 160 10 p UL T
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2. Find the rook polynomials for the following boards:

(i) T No. of non-capturing positions of one rook ¢
i No. of non capturing positions of two rooks
i No. of non capturing positions of two rooks ¢

Rook polynomial of the firstboardisi 0l p 160 10 1

P 0w Ue  qw

(i) 1 No. of non-capturing positions of one rook X
1 No. of non capturing positions of two rooks  pm
i No. of non capturing positions of two rooks ¢

Rook polynomial of the second board ist ol p 16 1d 10

P X0 pMB G
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3. Find the rook polynomials for the following boards:

(i) 1 No. of non-capturing positions of one rook @
i No. of non capturing positions of two rooks
i No. of non capturing positions of two rooks ¢

Rook polynomial of the firstboardisi 0l p 160 10 1

P ob Yo Qo

(i) ©  No. of non-capturing positions of one rook
1 No. of non capturing positions of two rooks pT
i No. of non capturing positions of two rooks T

Rook polynomial of the second boardist ol p 16 10 10

p Yo PTO T
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4. Find the rook polynomials for the following boards:

(i) 1 No. of non-capturing positions of one rook X
i No. of non capturing positions of two rooks pm
i No. of non capturing positions of two rooks ¢
Rook polynomial of the first board is1 ¢fd p 160 10 10

P X0 PO G

(i) ©  No. of non-capturing positions of one rook ¢
i No. of non capturing positions of two rooks ¢
i No. of non capturing positions of two rooks p

Rook polynomial of the second board ist ol p 16 16 10

p o0 Oon
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Expansion formula

Introduction:

> In the given board C, mark a particular square by z

> Let D be the board obtained by deleting the row and the column containing the square 2
> Let E be the board obtained by deleting only the square =

= he

Then by expansion formula, the rook polynomial 0i i 6fé 1 Olo i Oha

5. Find the rook polynomial for board using the expansion formula.

Let the given ¢ ¢ board be C and mark a particular square by z
Let D be the board obtained by deleting the row and the column containing the square z
The rook polynomial of Disi O p o
Let E be the board obtained by deleting only the square z
The rook polynomial of Eisi O p o0 @ §
Then by expansion formula, the rook polynomial of C is
16l oi0lo 100
@i 0hd 1 0o
Op p O W

p TW CW
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6. Find the rook polynomial for board using the expansion formula.

C D E

Let the given 0 ¢ board be C and mark the middle square by z
Let D be the board obtained by deleting the row and the column containing the square z
The rook polynomial of Disi Ol p T® ¢Co .
Let E be the board obtained by deleting only the square z
The rook polynomial of Cisi Ol p Yo pTH T .
Then by expansion formula, the rook polynomial of C is
i6lo wi0lo 10
@i Old 10
Op T® CW p Lo PTO  TW

P we P QO
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7. Find the rook polynomial for the given board using the expansion formula:

Let the given board be C and mark a particular square by z
Let D be the board obtained by deleting the row and the column containing the square z
The rook polynomial of Disi Old  p uLvO T®
Let E be the board obtained by deleting only the square z
The rook polynomial of Eisi Ol p X0 ppe 06
Then by expansion formula, the rook polynomial of C is
i6lo wi0lo 10
®iOld 1 0ln
Op LO T P X® PP OW

PYn  POR  X®
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8. Find the rook polynomial for the given board using the expansion formula:

Dr. Narasimhan G, RNSIT

Let the given board be C and mark a particular square by 2
Let D be the board obtained by deleting the row and the column containing the square 2
The rook polynomial of Disi Ol p ¢o
Let E be the board obtained by deleting only the square z
The rook polynomial of Eisi Ol p uvd @b ¢
Then by expansion formula, the rook polynomial of C is
i6lo wi0lo 10
@i Old 10l
Wp Cw P LO OO  CW
P o Yo G

Page 17
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Product formula
Introduction:

> Suppose a board C is made up of two parts © and 6 .

< If 6 and 6 have no squares in the same row or column of C, they are called disjoint sub
boards of C.
> Suppose a board C is made up of two disjoint sub boards 6 and 6 then by product

R Yo

formula, the rook polynomial 1 61 isgivenbyi 6ld 1 6o 16 ho .

9. Find the rook polynomials for the shaded parts of the given board:

9 110 |11

Let O be the board with squares from 1 to 4.

The rook polynomial of 6 ist 610 p T ¢Co .

Let O be the board with squares from 5 to 11.

The rook polynomial of 6 ist 6 o p Xo pnd o
Clearly, 6 and 6 are disjoint sub boards of the given board C.

By product formula, Rook polynomial for the shaded parts of the board is

P T® QW P X® PTO QW

p PP TR  LER GO T
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10. Find the rook polynomials for the shaded parts of the given board:

Let & be the board with squares from 1 to 3.

The rook polynomial of 6 ist 610 p oo & .

Let O be the board with squares from 4 to 7.

The rook polynomial of & isi 6 ld p Th 00

Clearly, 6 and 6 are disjoint sub boards of the given board C.

By product formula, Rook polynomial for the shaded parts of the board is

Dr. Narasimhan G, RNSIT Page 19
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11. Find the rook polynomials for the shaded parts of the given board:

Since board C doesndt have disjoint sub boards, put * in square 6.
Let D be the board obtained by deleting the row and the column containing the square z
The rook polynomial of Disi Ol p TO 0O .
Let E be the board obtained by deleting only the square z
0  Board containing squares 1,2, 3,4,5,7. i 0o p oo pno  TO
0  Board containingsquare8. i 0o p .
By product formula, The rook polynomial of E is
i0lo 10hed 10ho
PO PTIEO  TW P
P X® POO  PTO  TW
By expansion formula, i 6ié 01 0lo i Ohd
Op TO OB P X0 PO®  PTO  TW
Therefore, Rook polynomial for the shaded parts of the board is

6o p Vo cmo  pxd O
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12. Find the rook polynomials for the shaded parts of the given board:

C D E
12 1 1|2
3|4 5 3 5

6|7 |8 7|8 6|7 |8

Since board C doesndt have disjoint sub boards, put * in square 4.
Let D be the board obtained by deleting the row and the column containing the square 2

The rook polynomial of Disi Ol p o® Qo .
Let E be the board obtained by deleting only the square z
The rook polynomial of Eis 1 Ol p X0 pow LG
By expansion formula, Rook polynomial for the shaded parts of the board is
16l o1 0lo 100
Wp OO CW P X0 pPOL LW

P Ue pOR X
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4.4 Arrangements with forbidden positions

Introduction:

Suppose m objects are to be arranged in n places (n m). Suppose there are constraints
under which some objects cannot occupy certain places. Such places are called forbidden
positions.

The number of ways of arrangements with forbidden positions is given by

o Y Y Y Y E p Y ,whereY  &ihY g 0h 1.

[i is the co efficient of @ in the rook polynomial].

1. An apple, a banana, a mango and an orange are to be distributed to four boys

| %] & t| . The boys | i do not wish to have apples, the boy || does not
want banana or mango, and || refuses orange. In how many ways the distribution
can be made so that no boy is displeased?

6 6 6 o

Apple L2
Banana 3
Mango 4
Orange 5

This board C contains three disjoint sub-boards 6 16 ©€Q 6 .

6 is a sub-board containing squares1and2.1 610 p Qo
6 is a sub-board containing squares3and 4.1 6 o p cw

Yo

O isasub-board containing square 5.1 6 ho  p ®

By productrule, i 6fd 1600 1610 160 P CO p CO P
Therefore, Rook polynomial for the shaded parts of the board is

16 p v Yo TO

Yoo&h T ¢t

Y & ph 1 oh v onm

Yo & gh U ¢ oy po

Y ¢ oh U phoT T

o Y Y Y Y gt om pp T O
Therefore, No. of ways of distributing the fruits is 6.
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2. Five teachers 4| 14 04 4 7 are to be made class teachers for five classes
Fig g 0 F i g oneteacher for each class.d =M do notwish to become the
class teachers for g =» ¢ .4 +=Bd for £ =» £ . In how many ways can the

teachers be assigned the work without displeasing any teacher?

R I

Let O Board with squares from 1to 4, 6  Board with squares from 5 to 11.

Clearly, 6 and 6 are disjoint sub boards of the given board C.

i6ho p T co andi bl p xo pio  Co
By product formula, i 6o 1 600 1600 .
i6ho p T CO P X0 PR CW

P PPO TA® VPR QO T
Therefore, Rook polynomial for the shaded parts of the board is
4 |=ﬁo ° ° ° . °

Y o & vk pan
Y & ph 1 cT pp qoT

Y ¢ ¢ch 1 ¢ T cCIn
Y ¢ oh 1 ¢ v ppc
Yoo& th U p o q
Y ¢ vh 1 p T T

o Y Y Y Y Y Y pcn gt Ggtm ppg QY T Y

Therefore, the no. of ways in which the work can be assigned (8
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3. Four persons || 1| f|f #|F who arrive late for a dinner party. Find that only one
chair at each of five tables 1| 4 14 14 and 4 is vacant. | will not sit at
4 =»dl , b will not sit atq , | will not sit at4 =»4 and || will not sit at

4| =»d| . Find the number of ways they can occupy the vacant chairs.

C2

1 |2
0 3
0 4 |5
0 6 |7

Let O Board with squares from 1t0 3, 0  Board with squares from 4 to 7.

Clearly, 6 and 6 are disjoint sub boards of the given board C.

i6ho p ov o andidhlo p T OO

By product formula, i 6o 1 60 1600 .

160 p ob p T O P X0 POR  POG  Oh
Therefore, Rook polynomial for the shaded parts of the board is

160 p X0 pow  pod o0 .

Y o & vk pan

Y& ph 1 ct X poy

Y& ch U 0 pp we

Y & oh 1 ¢ po C

~

Y ¢ th 1 p o o
O Y Y Y Y Y pgn poy wp C@ O QU

Therefore, the no. of ways in which the four persons can be the chairs  qus
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