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BCS405A - Module 4 

Principles of counting  

4.1 Principles of Inclusion - Exclusion 

Introduction: 

× If S is a finite set, ȿὛȿ is a cardinality of S and ὃ ȟ ὃ  are subsets of S then addition 

principle or principle of inclusion and exclusion for two sets is given by 

ȿὃ ᷾ ὃ ȿ ȿὃ ȿ ȿὃ ȿ ȿὃ ᷊ ὃ ȿ and ȿὃ ᷊ ὃ ȿ ȿὃ ᷾ ὃ ȿ ȿὛȿ ȿὃ ᷾ ὃ ȿ 

 

× If S is a finite set and ὃ ȟ ὃ ȟ ȣ ȟ ὃ   are subsets of S then addition principle or principle 

of inclusion and exclusion for n sets is given by 

   ὔ ȿὃ ᷾ ὃ ᷾ ȣ ᷾ ὃ ȿ 

ȿὃ ȿ ὃ ᷊ ὃ ὃ ᷊ ὃ ᷊ ὃ Ễ ρ ȿὃ ᷊ ὃ ᷊ ȣ ᷊ ὃ ȿ 

 Ὓ Ὓ Ὓ  ȣ  ρ Ὓ  

 

× ὔ ȿὃ ᷊ ὃ ᷊ ȣ ᷊ ὃ ȿ ȿὃ ᷾ ὃ ᷾ ȣ ᷾ ὃ ȿ 

ȿὛȿ ȿὃ ᷾ ὃ ᷾ ȣ ᷾ ὃ ȿ 

ȿὛȿ ὔ 

 

× The number of elements in S that satisfy exactly m of the n conditions  π ά ὲ  

Ὁ   Ὓ
ά ρ

ρ
  Ὓ

ά ς
ς

  Ὓ  ȣ ρ
ὲ

ὲ ά
Ὓ  

 

× The number of elements in S that satisfy at least m of the n conditions  π ά ὲ  

ὒ   Ὓ
ά

ά ρ
  Ὓ

ά ρ
ά ρ

  Ὓ  ȣ ρ
ὲ ρ
ά ρ

Ὓ  
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1. Among the students in a Hostel, 12 students study Mathematics (A), 20 study 

Physics(B), 20 study Chemistry(C) and 8 study Biology(D). There are 5 students for 

A and B, 7 students for A and C, 4 students for A and D, 16 students for B and C, 4 

students for B and D and 3 students for C and D. There are 3 students for A, B and 

C, 2 for A, B and D, 2 for B, C and D, 3 for A,C and D. Finally there are 2 who 

study all of these subjects. The number of students who study none of the subjects is 

71. Find the total number of students in the Hostel. 

 

Let ȿὛȿ  Total number of students in the Hostel ὼȢ 

Let Ὓ ȿ!ȿ ȿ"ȿ ȿ#ȿ ȿ$ȿ ρς ςπ ςπ ψ φπ 

Let Ὓ ȿὃ ᷊ ὄȿ ȿὃ ᷊ ὅȿ ȿὃ ᷊ Ὀȿ ȿὄ ᷊ ὅȿ ȿὄ ᷊ Ὀȿ ȿὅ ᷊ Ὀȿ 

           υ χ τ ρφ τ σ σω 

Let Ὓ ȿὃ ᷊ ὄ ᷊ ὅȿ ȿὃ ᷊ ὄ ᷊ Ὀȿ ȿὃ ᷊ ὅ ᷊ Ὀȿ ȿὄ ᷊ ὅ ᷊ Ὀȿ 

           σ ς σ ς ρπ 

Let Ὓ ȿὃ ᷊ ὄ ᷊ ὅ ᷊ Ὀȿ ς 

Let ὔ  The number of students who study none of the subjects χρ 

By the principle of inclusion-exclusion, 

           ὔ Ὓ Ὓ Ὓ Ὓ φπ σω ρπ ς ςω 

           Total number of students in the Hostel ȿὛȿ  ὔ ὔ χρ ςω ρππ 
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2. Out of 30 students in a Hostel, 15 study History, 8 study Economics and 6 study 

Geography. It is known that 3 students study all these subjects. Show that 7 or more 

students study none of these subjects.     

 

Let Ὓ ȿ!ȿ ȿ"ȿ ȿ#ȿ ρυ ψ φ ςω 

Let Ὓ ȿὃ ᷊ ὄȿ ȿὃ ᷊ ὅȿ ȿὄ ᷊ ὅȿ 

            ȿὃ ᷊ ὄ ᷊ ὅȿ ȿὃ ᷊ ὄ ᷊ ὅȿ ȿὃ ᷊ ὄ ᷊ ὅȿ σȿὃ ᷊ ὄ ᷊ ὅȿ 

Let Ὓ ȿὃ ᷊ ὄ ᷊ ὅȿ σ            

By the principle of inclusion-exclusion,   ὔ Ὓ Ὓ Ὓ  

  ȿὛȿ ὔ ὔ 

      No. of students study none of these subjects ὔ 

ȿὛȿ ὔ 

σπ Ὓ Ὓ Ὓ     

σπ ςω σ σ σ χ 

 

 

3. Determine the number of positive integers n such that ▪  and n is not 

divisible by 2, 3 and 5.          

 

Let  ὃȟ ὄȟ ὅ be the number of positive integers divisible by 2, 3 and 5 respectively. 

ȿὛȿ ρππȟ Ὓ ȿὃȿ ȿὄȿ ȿὅȿ  υπ σσ ςπ ρπσ 

Ὓ  ȿὃ ᷊ ὄȿ ȿὄ ᷊ ὅȿ ȿὃ ᷊ ὅȿ
ρππ

φ

ρππ

ρπ

ρππ

ρυ
ρφ ρπ φ σς 

Ὓ ȿὃ ᷊ ὄ ᷊ ὅȿ σ. 

Required number of positive integers ὔ ȿὛȿ ὔ ȿὛȿ Ὓ Ὓ Ὓ ρππ

ρπσ σς σ ςφ 
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4. How many integers between 1 and 300 (inclusive) are  

(i) Divisible by at least one of 5, 6, 8?  (ii) Divisible by none of 5, 6, 8? 

         

Let  ὃȟ ὄȟ ὅ be the number of positive integers divisible by 5, 6 and 8 respectively. 

ȿὛȿ σππȟ Ὓ ȿὃȿ ȿὄȿ ȿὅȿ  φπ υπ σχ ρτχ 

Ὓ  ȿὃ ᷊ ὄȿ ȿὄ ᷊ ὅȿ ȿὃ ᷊ ὅȿ
σππ

σπ

σππ

ςτ

σππ

τπ
 ρπ ρς χ ςω 

Where σπ ὒὅὓ υȟ φ  ȟ     ςτ ὒὅὓ φȟ ψ  ȟ      τπ ὒὅὓ υȟ ψ  

Ὓ ȿὃ ᷊ ὄ ᷊ ὅȿ ς. 

(i) ὔ Ὓ Ὓ Ὓ ρτχ ςω ς ρςπ 

(ii) Number of integers divisible by none of 5, 6, 8 ὔ ȿὛȿ ὔ σππ ρςπ ρψπ 

 

5. In how many ways can the 26 letters of the English alphabet be permuted so that 

none of the patterns CAR, DOG, PUN or BYTE occurs? 

 

Let S be the set of all permutations of the 26 letters. Then ȿὛȿ ςφȦ 

Let A, B, C and D be the set of all permutations of 26 letters in which CAR, DOG, PUN 

and BYTE appears respectively. 

If CAR is considered as a single block, ȿὃȿ ςφ σ ρ Ȧ ςτȦ 

Similarly, ȿὄȿ ςτȦȟ ȿὅȿ ςτȦ ὥὲὨ ȿὈȿ ςσȦ 

If CAR and DOG are considered as two blocks, ȿὃ ᷊ ὄȿ ςφ φ ς Ȧ ςςȦ 

Similarly, ȿὃ ᷊ ὅȿ ȿὄ ᷊ ὅȿ ςςȦ 

And  ȿὃ ᷊ Ὀȿ ȿὄ ᷊ Ὀȿ ȿὅ ᷊ Ὀȿ ςφ χ ς Ȧ ςρȦ 

 ȿὃ ᷊ ὄ ᷊ ὅȿ ςφ ω σ Ȧ ςπȦ 

 ȿὃ ᷊ ὄ ᷊ Ὀȿ ȿὃ ᷊ ὅ ᷊ Ὀȿ ȿὄ ᷊ ὅ ᷊ Ὀȿ ςφ ρπ σ Ȧ ρωȦ 

 ȿὃ ᷊ ὄ ᷊ ὅ ᷊ Ὀȿ ςφ ρσ τ Ȧ ρχȦ 

Ὓ ȿὃȿ ȿὄȿ ȿὅȿ ȿὈȿ ςτȦ ςτȦ ςτȦ ςσȦ 

Ὓ ȿὃ ᷊ ὄȿ ȿὃ ᷊ ὅȿ ȿὄ ᷊ ὅȿ ȿὃ ᷊ Ὀȿ ȿὄ ᷊ Ὀȿ ȿὅ ᷊ Ὀȿ σ ςςȦ ςρȦ  

Ὓ ȿὃ ᷊ ὄ ᷊ ὅȿ ȿὃ ᷊ ὄ ᷊ Ὀȿ ȿὃ ᷊ ὅ ᷊ Ὀȿ ȿὄ ᷊ ὅ ᷊ Ὀȿ ςπȦ σ ρωȦ  

 Ὓ ȿὃ ᷊ ὄ ᷊ ὅ ᷊ Ὀȿ ρχȦ 

Required number of permutations ὔ ȿὛȿ ὔ ȿὛȿ Ὓ Ὓ Ὓ Ὓ  

ςφȦ σ ςτȦ ςσȦ σ ςςȦ ςρȦ ςπȦ σ ρωȦ ρχȦ  
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6. Find the number of permutations of English letters which contain (i) Exactly 2 (ii) 

At least 2 (iii) Exactly 3 and (iv) at least 3 of the patterns CAR, DOG, PUN and 

BYTE. 

 

Let S be the set of all permutations of the 26 letters. Then ȿὛȿ ςφȢ 

Let A, B, C and D be the set of all permutations of 26 letters in which CAR, DOG, PUN 

and BYTE appears. 

If CAR is considered as a single block, ȿὃȿ ςφ σ ρ Ȧ ςτȦ 

Similarly, ȿὄȿ ςτȦȟ ȿὅȿ ςτȦ ὥὲὨ ȿὈȿ ςσȦ 

If CAR and DOG are considered as two blocks, ȿὃ ᷊ ὄȿ ςφ φ ς Ȧ ςςȦ 

Similarly, ȿὃ ᷊ ὅȿ ȿὄ ᷊ ὅȿ ςςȦ 

And  ȿὃ ᷊ Ὀȿ ȿὄ ᷊ Ὀȿ ȿὅ ᷊ Ὀȿ ςφ χ ς Ȧ ςρȦ 

 ȿὃ ᷊ ὄ ᷊ ὅȿ ςφ ω σ Ȧ ςπȦ 

 ȿὃ ᷊ ὄ ᷊ Ὀȿ ȿὃ ᷊ ὅ ᷊ Ὀȿ ȿὄ ᷊ ὅ ᷊ Ὀȿ ςφ ρπ σ Ȧ ρωȦ 

 ȿὃ ᷊ ὄ ᷊ ὅ ᷊ Ὀȿ ςφ ρσ τ Ȧ ρχȦ 

Ὓ ȿὃȿ ȿὄȿ ȿὅȿ ȿὈȿ ςτȦ ςτȦ ςτȦ ςσȦ 

Ὓ ȿὃ ᷊ ὄȿ ȿὃ ᷊ ὅȿ ȿὄ ᷊ ὅȿ ȿὃ ᷊ Ὀȿ ȿὄ ᷊ Ὀȿ ȿὅ ᷊ Ὀȿ σ ςςȦ ςρȦ  

Ὓ ȿὃ ᷊ ὄ ᷊ ὅȿ ȿὃ ᷊ ὄ ᷊ Ὀȿ ȿὃ ᷊ ὅ ᷊ Ὀȿ ȿὄ ᷊ ὅ ᷊ Ὀȿ ςπȦ σ ρωȦ  

 Ὓ ȿὃ ᷊ ὄ ᷊ ὅ ᷊ Ὀȿ ρχȦ 

(i) The number of permutations with exactly two of the patterns 

      Ὁ   Ὓ
ς ρ

ρ
  Ὓ

ς ς
ς

  Ὓ  

           Ὓ σὛ φὛ σ ςςȦ ςρȦ σ ςπȦ σ ρωȦ φ ρχȦ  

(ii) The number of permutations with exactly two of the patterns 

      Ὁ   Ὓ
σ ρ

ρ
  Ὓ  

           Ὓ τὛ ςπȦ σ ρωȦ τ ρχȦ  

(iii) The numb er of permutations with exactly two of the patterns 

       ὒ   Ὓ
σ

σ ρ
  Ὓ  

            Ὓ σὛ ςπȦ σ ρωȦ τ ρχȦ  
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7. On how many ways can one arrange the letters in CORRESPONDENTS so that  

(i) There is no pair of consecutive identical letters ? 

(ii) There are exactly 2 pairs of consecutive identical letters ? 

(iii) There are at least 3 pairs of consecutive identical letters ? 

 

CORRESPONDENTS has 14 letters in which 5 letters O, R, E, S, N repeated twice. 

Let Ὓ be the set of all permutations of these 14 letters. Then ȿὛȿ
Ȧ

Ȧ
 

Let ὃ ȟ ὃ ȟ ὃ ȟ ὃ ȟ ὃ  be the set of all permutations in which O, R, E, S, N appear in pair 

respectively. 

 ȿὃ ȿ
Ȧ

Ȧ
 ȟ Ὢέὶ Ὥ ρȟ ςȟ σȟ τ 

 ὃ ᷊ ὃ
Ȧ

Ȧ
 ,  ὃ ᷊ ὃ ᷊ ὃ

Ȧ

Ȧ
 

 ὃ ᷊ ὃ ᷊ ὃ ᷊ ὃ
Ȧ

Ȧ
 ,  ȿὃ ᷊ ὃ ᷊ ὃ ᷊ ὃ ᷊ ὃ ȿ ωȦ 

 Ὓ υὅ
Ȧ

Ȧ
υ

Ȧ

Ȧ
 ,  Ὓ υὅ

Ȧ

Ȧ
ρπ

Ȧ

Ȧ
 

 Ὓ υὅ
Ȧ

Ȧ
ρπ

Ȧ

Ȧ
 ,  Ὓ υὅ

Ȧ

Ȧ
υ

Ȧ

Ȧ
 ,   

 Ὓ υὅ ωȦ ωȦ 
 

(i) Number of permutations where there is no pair of consecutive identical letters 

Ὁ   Ὓ
π ρ

ρ
  Ὓ

π ς
ς

  Ὓ
π σ

σ
  Ὓ

π τ
τ

  Ὓ
π υ

υ
  Ὓ  

       Ὓ Ὓ Ὓ Ὓ Ὓ Ὓ  

     
ρτȦ

ςȦ υ υ
ρσȦ

ςȦ τ +ρπ
Ȧ

Ȧ
ρπ

Ȧ

Ȧ
υ

Ȧ

Ȧ
ωȦ 

 

(ii) Number of permutations where there are exactly two pairs of consecutive identical 

letters 

Ὁ   Ὓ
ς ρ

ρ
  Ὓ

ς ς
ς

  Ὓ
ς σ

σ
  Ὓ  

                                    Ὓ σὛ φὛ ρπὛ  

                               ρπ
Ȧ

Ȧ
σ ρπ

Ȧ

Ȧ
φ υ

Ȧ

Ȧ
ρπ ωȦ 

(ii) Number of permutations where there are atleast three pairs of consecutive identical 

letters 

                             ὒ   Ὓ
σ
ς

  Ὓ
τ
ς

  Ὓ  

                                    Ὓ τὛ ρπὛ  

                               ρπ
Ȧ

Ȧ
σ υ

Ȧ

Ȧ
φ ωȦ 
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8. Determine the number of positive integers n such that ▪  which are 

            (i)  Divisible by exactly two of 5, 6, 8  (ii) Divisible by at least two of 5, 6, 8.  

 

 Let Ὓ ρȟ ςȟ σȟ ȣ ȟ σππ Ȣ Therefore, ȿὛȿ σππȢ 

 Let ὃȟ ὄȟ ὅ be the set of elements of Ὓ that are divisible by 5, 6 and 8 respectively. 

 Ὓ ȿὃȿ ȿὄȿ ȿὅȿ   φπ υπ σχ ρτχ 

Ὓ  ȿὃ ᷊ ὄȿ ȿὄ ᷊ ὅȿ ȿὃ ᷊ ὅȿ
σππ

σπ

σππ

ςτ

σππ

τπ
 ρπ ρς χ ςω 

Ὓ ȿὃ ᷊ ὄ ᷊ ὅȿ ς.  

(i) The number of positive integers n such that ρ ὲ σππ which are divisible by            

     exactly two of 5, 6, 8 is Ὁ Ὓ
σ
ρ

Ὓ ςω φ ςσȢ 

(ii) The number of positive integers n such that ρ ὲ σππ which are divisible by            

     At least two of 5, 6, 8 is ὒ Ὓ
ς
ρ

Ὓ ςω τ ςυȢ 
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4.2 Derangements 

Introduction: 

 

× A permutation of n distinct objects in which none of the objects is in its natural place 

is called a derangement. 

× Number of possible derangements of n distinct objects is given by  

Ὠ ὲȦ ρ
ρ

ρȦ

ρ

ςȦ

ρ

σȦ
Ễ

ρ

ὲȦ
 

× For ὲ χȟ   Ὠ ὲȦ Ὡ πȢσφχω ὲȦ  

 

1. Find the number of derangements of 1, 2, 3, 4. Also evaluate ▀ ȟ ▀ ȟ ▀ ȟ ▀   (Jan 15) 

 

Ὠ πȢ If there is only one element,  it is in its original place in every arrangement. 

Ὠ ρȢ If there are 2 elements, there is one derangement , by interchanging their places. 

Ὠ ςȢ For three objects 1, 2, 3 , possible derangements are 231, 312. 

Ὠ τȦ ρ
ρ

ρȦ

ρ

ςȦ

ρ

σȦ

ρ

τȦ
ωȟ Ὠ υȦ ρ

ρ

ρȦ

ρ

ςȦ

ρ

σȦ

ρ

τȦ

ρ

υȦ
ττ   

Similarly, Ὠ ςφυ ȟ Ὠ ρψυτ ȟ Ὠ ρτψσσȢ 

 

2. Thirty students take a quiz. Then for the purpose of grading, the teacher asks the 

students to exchange papers so that no one is grading his own paper. In how many 

ways can this be done? 

 

 Number of possible derangements of 30 distinct papers is given by  

 Ὠ σπȦ ρ
   

Ȧ Ȧ Ȧ
Ễ

Ȧ
σπȦ Ὡɂ σπȦ πȢσφχω 

 

3. In how many ways can each of 10 people select a left glove and a right glove out of a 

total of 10 pairs of gloves so that no person selects a matching pair of gloves. 

 

Number of possible derangements of 10 right gloves is given by  

Ὠ ρπȦ ρ
Ȧ Ȧ Ȧ

Ễ
Ȧ

ρπȦ Ὡɂ ρπȦ πȢσφχω  
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4. While at the race track, a person bets on each of the nine horses in a race to come in 

accordance to how they are favored. In how many ways can they reach the finish 

line so that he loses all his bets?  

 

Number of possible derangements of 9 horses is given by  

Ὠ ωȦ ρ
Ȧ Ȧ Ȧ

Ễ
Ȧ

ωȦ Ὡɂ ωȦ πȢσφχω  

          

5. There are eight letters to eight different people to be placed in eight different 

addressed envelopes. Find the number of ways of doing this so that at least one letter 

gets to the right person.  

         

Number of possible derangements of 8 letters is given by  

Ὠ ψȦ ρ
ρ

ρȦ

ρ

ςȦ

ρ

σȦ
Ễ

ρ

ψȦ
ψȦ Ὡɂ ψȦ πȢσφχω ρτψσσȢ 

 Number of ways of doing this so that at least one letter gets to the right person is 

 ψȦ Ὠ τπσςπ ρτψσσ ςυτψχ. 

 

6. At a restaurant, 10 men handover their umbrellas to the receptionist. In how many 

ways can the umbrellas be returned so that (i) no one receives his own umbrella? (ii) 

at least one of the men receives his own umbrella? (iii) at least two of the men 

receive their own umbrellas?      

 

(i) No. of possible derangements of 10 umbrellas is given by  

Ὠ ρπȦ ρ
ρ

ρȦ

ρ

ςȦ

ρ

σȦ
Ễ

ρ

ψȦ
ρπȦ Ὡɂ ρπȦ πȢσφχω 

 

(ii) Total no. of arrangements is ρπȦ . 

No. of ways, no one receives his own umbrella is Ὠ  . 

No. of ways, at least one of the men receives his own umbrella is ρπȦ Ὠ . 

 

(iii) Total no. of arrangements is ρπȦ . 

No. of ways, no one receives his own umbrella is Ὠ  . 

No. of ways, only one man receives his own umbrella is ρπὅ  Ὠ  . 

Therefore,  

No. of ways, at least two men receive their own umbrellas is ρπȦ Ὠ ρπὨ . 
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                                 4.3 Rook polynomials 

Rook polynomial for the given board 
Introduction: 

 

× Let n be the number of squares on the board. 

(which resembles chess board or part of a chess board). 

× Two or more squares are said to capture each other if they are in the same row or in the 

same column of the board. 

× For ς Ὧ ὲ, let ὶ  be the number of positions of non- capturing rooks (pawns). Then 

the rook polynomial for the board C is given by ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ Ễ ὶ ὼ . 

 

1. Find the rook polynomials for the following boards: 

    

 

 

 

 

(i)  ὶ  No. of non-capturing positions of one rook τ 

      ὶ   No. of non capturing positions of two rooks ς 

      Rook polynomial of the first board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ρ τὼ ςὼ  

 

(ii)  ὶ  No. of non-capturing positions of one rook υ 

       ὶ   No. of non capturing positions of two rooks τ 

       Rook polynomial of the second board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ρ υὼ τὼ  
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2. Find the rook polynomials for the following boards: 

 

    

 

 

 

 

(i)  ὶ  No. of non-capturing positions of one rook φ 

      ὶ   No. of non capturing positions of two rooks ψ 

      ὶ   No. of non capturing positions of two rooks ς 

      Rook polynomial of the first board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ὶ ὼ  

 ρ φὼ ψὼ ςὼ  

 

(ii)  ὶ  No. of non-capturing positions of one rook χ 

       ὶ   No. of non capturing positions of two rooks ρπ 

ὶ   No. of non capturing positions of two rooks ς 

       Rook polynomial of the second board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ὶ ὼ  

ρ χὼ ρπὼ ςὼ  
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3. Find the rook polynomials for the following boards: 

 

    

 

 

 

 

 

(i)  ὶ  No. of non-capturing positions of one rook φ 

      ὶ   No. of non capturing positions of two rooks ψ 

      ὶ   No. of non capturing positions of two rooks ς 

      Rook polynomial of the first board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ὶ ὼ  

 ρ φὼ ψὼ ςὼ  

 

(ii)  ὶ  No. of non-capturing positions of one rook ψ 

       ὶ   No. of non capturing positions of two rooks ρτ 

ὶ   No. of non capturing positions of two rooks τ 

       Rook polynomial of the second board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ὶ ὼ  

ρ ψὼ ρτὼ τὼ  
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4. Find the rook polynomials for the following boards: 

 

 

 

 

 

(i)  ὶ  No. of non-capturing positions of one rook χ 

      ὶ   No. of non capturing positions of two rooks ρπ 

      ὶ   No. of non capturing positions of two rooks ς 

      Rook polynomial of the first board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ὶ ὼ  

 ρ χὼ ρπὼ ςὼ  

 

(ii)  ὶ  No. of non-capturing positions of one rook σ 

       ὶ   No. of non capturing positions of two rooks σ 

ὶ   No. of non capturing positions of two rooks ρ 

       Rook polynomial of the second board is ὶ ὧȟ ὼ ρ ὶ ὼ ὶ ὼ ὶ ὼ  

ρ σὼ σὼ ὼ  
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Expansion formula 

Introduction: 

× In the given board C, mark a particular square by ᶻ 

× Let D be the board obtained by deleting the row and the column containing the square ᶻ 

× Let E be the board obtained by deleting only the square ᶻ 

× Then by expansion formula, the rook polynomial Ὥί ὶ ὅȟ ὼ ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ  

 

5. Find the rook polynomial for  board using the expansion formula. 

 

                   C                        D                          E 

 

  

 

Let the given ς ς board be C and mark a particular square by ᶻ 

Let D be the board obtained by deleting the row and the column containing the square ᶻ 

The rook polynomial of D is ὶ Ὀȟ ὼ ρ ὼȢ 

Let E be the board obtained by deleting only the square ᶻ 

The rook polynomial of E is ὶ Ὁȟ ὼ ρ σὼ ὼ Ȣ 

Then by expansion formula, the rook polynomial of C is  

ὶ ὅȟ ὼ ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ  

ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ  

ὼ ρ ὼ ρ σὼ ὼ  

ρ τὼ ςὼ   

 

 

 

 

  *  
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6. Find the rook polynomial for  board using the expansion formula. 

 

      C                               D                             E 

 

 

 

 

 Let the given σ σ board be C and mark the middle square by ᶻ 

Let D be the board obtained by deleting the row and the column containing the square ᶻ 

The rook polynomial of D is ὶ Ὀȟ ὼ ρ τὼ ςὼ . 

Let E be the board obtained by deleting only the square ᶻ 

The rook polynomial of C is ὶ Ὁȟ ὼ ρ ψὼ ρτὼ τὼ . 

Then by expansion formula, the rook polynomial of C is 

ὶ ὅȟ ὼ ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ  

ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ                

ὼ ρ τὼ ςὼ ρ ψὼ ρτὼ τὼ                          

ρ ωὼ ρψὼ φὼ  

  

 

 

 

 

 

 

 

 

 

 

 

   

 *  

   

   

   

   

   

   

   

notesforvtu.in



Dr. Narasimhan G, RNSIT Page 16 
 

7.  Find the rook polynomial for the given board using the expansion formula: 

 

 

 

 

 

 

          C                              D                               E 

 

 

  

 

   

  

 Let the given board be C and mark a particular square by ᶻ 

Let D be the board obtained by deleting the row and the column containing the square ᶻ 

The rook polynomial of D is ὶ Ὀȟ ὼ ρ υὼ τὼ  

Let E be the board obtained by deleting only the square ᶻ 

The rook polynomial of E is ὶ Ὁȟ ὼ ρ χὼ ρρὼ σὼ   

Then by expansion formula, the rook polynomial of C is  

ὶ ὅȟ ὼ ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ  

ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ                

ὼ ρ υὼ τὼ ρ χὼ ρρὼ σὼ                          

ρ ψὼ ρφὼ χὼ  

 

 

 

 

 

 

 

   

   

   

   

  * 
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8. Find the rook polynomial for the given board using the expansion formula: 

 

 

 

 

 

                .        C                           D                         E 

 

 

 

 

 Let the given board be C and mark a particular square by ᶻ 

Let D be the board obtained by deleting the row and the column containing the square ᶻ 

The rook polynomial of D is ὶ Ὀȟ ὼ ρ ςὼ 

Let E be the board obtained by deleting only the square ᶻ 

The rook polynomial of E is ὶ Ὁȟ ὼ ρ υὼ φὼ ςὼ   

Then by expansion formula, the rook polynomial of C is  

ὶ ὅȟ ὼ ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ  

ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ                

ὼ ρ ςὼ ρ υὼ φὼ ςὼ                          

ρ φὼ ψὼ ςὼ  

 

 

 

 

 

 

 

 

   

   

   

   

   

   

   

   

   

   

 *  
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Product formula 

Introduction: 

× Suppose a board C is made up of two parts ὅ  and ὅ . 

× If ὅ  and ὅ  have no squares in the same row or column of C, they are called disjoint sub 

boards of C. 

× Suppose a board C is made up of two disjoint sub boards ὅ  and ὅ  then by product 

formula, the rook polynomial ὶ ὅȟ ὼ  is given by ὶ ὅȟ ὼ ὶ ὅ ȟ ὼ ὶ ὅ ȟ ὼ . 

 

9. Find the rook polynomials for the shaded parts of the given board: 

 

  

 

 

 

 

 

       

 

 

   Let ὅ  be the board with squares from 1 to 4. 

The rook polynomial of ὅ  is ὶ ὅ ȟ ὼ ρ τὼ ςὼ  . 

Let ὅ  be the board with squares from 5 to 11. 

The rook polynomial of ὅ  is ὶ ὅ ȟ ὼ ρ χὼ ρπὼ ςὼ  

Clearly, ὅ  and  ὅ  are disjoint sub boards of the given board C. 

By product formula, Rook polynomial for the shaded parts of the board is 

 ὶ ὅȟ ὼ ὶ ὅ ȟ ὼ ὶ ὅ ȟ ὼ .     

              ρ τὼ ςὼ ρ χὼ ρπὼ ςὼ                

              ρ ρρὼ τπὼ υφὼ ςψὼ τὼ  

     

     

     

     

     

1 2    

3 4    

   5 6 

   7 8 

  9 10 11 
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10. Find the rook polynomials for the shaded parts of the given board: 

 

 

 

 

 

 

         

 

 

 

    

 

Let ὅ  be the board with squares from 1 to 3. 

The rook polynomial of ὅ  is ὶ ὅ ȟ ὼ ρ σὼ ὼ  . 

Let ὅ  be the board with squares from 4 to 7. 

The rook polynomial of ὅ  is ὶ ὅ ȟ ὼ ρ τὼ σὼ  

Clearly, ὅ  and  ὅ  are disjoint sub boards of the given board C. 

By product formula, Rook polynomial for the shaded parts of the board is 

 ὶ ὅȟ ὼ ὶ ὅ ȟ ὼ ὶ ὅ ȟ ὼ .     

              ρ σὼ ὼ ρ τὼ σὼ                

              ρ χὼ ρφὼ ρσὼ σὼ  

 

 

 

 

 

     

     

     

     

1 2    

 3    

  4 5  

   6 7 
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11. Find the rook polynomials for the shaded parts of the given board: 

 

 

 

 

 

                        C                                                   D                                           E    

 

 

 

 

 

 

Since board C doesnôt have disjoint sub boards, put * in square 6. 

Let D be the board obtained by deleting the row and the column containing the square ᶻ 

The rook polynomial of D is ὶ Ὀȟ ὼ ρ τὼ σὼ . 

Let E be the board obtained by deleting only the square ᶻ 

Ὁ  Board containing squares 1, 2, 3, 4, 5, 7.  ὶ Ὁ ȟ ὼ ρ φὼ ρπὼ τὼ  

Ὁ  Board containing square 8.  ὶ Ὁ ȟ ὼ ρ ὼ. 

By product formula, The rook polynomial of E is 

 ὶ Ὁȟ ὼ ὶ Ὁ ȟ ὼ ὶ Ὁ ȟ ὼ  

              ρ φὼ ρπὼ τὼ  ρ ὼ  

              ρ χὼ ρφὼ ρτὼ τὼ   

  By expansion formula, ὶ ὅȟ ὼ ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ  

                                                      ὼ ρ τὼ σὼ ρ χὼ ρφὼ ρτὼ τὼ  

  Therefore, Rook polynomial for the shaded parts of the board is 

            ὶ ὅ ȟ ὼ  ρ ψὼ ςπὼ ρχὼ τὼ  

 

     

     

     

     

     

 1 2   

4  3   

 5  6 7 

     

   8  

 1 2   

4  3   

     

     

     

 1 2   

4  3   

 5   7 

     

   8  
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12. Find the rook polynomials for the shaded parts of the given board: 

 

 

 

 

                  C                                               D                  E    

 . 

 

 

 

 

Since board C doesnôt have disjoint sub boards, put * in square 4. 

Let D be the board obtained by deleting the row and the column containing the square ᶻ 

The rook polynomial of D is ὶ Ὀȟ ὼ ρ σὼ ςὼ . 

Let E be the board obtained by deleting only the square ᶻ 

The rook polynomial of E is  ὶ Ὁȟ ὼ ρ χὼ ρσὼ υὼ   

  By expansion formula, Rook polynomial for the shaded parts of the board is 

   ὶ ὅȟ ὼ ὼ ὶ Ὀȟ ὼ ὶ Ὁȟ ὼ                                                       

                ὼ ρ σὼ ςὼ ρ χὼ ρσὼ υὼ    

                         ρ ψὼ ρφὼ χὼ  

 

   

 

 

 

 

 

 

 

 

 

    

    

    

1 2   

3 4  5 

 6 7 8 

1    

    

  7 8 

1 2   

3   5 

 6 7 8 
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4.4 Arrangements with forbidden positions 
Introduction: 

 

Suppose m objects are to be arranged in n places (n  m). Suppose there are constraints 

under which some objects cannot occupy certain places. Such places are called forbidden 

positions. 

The number of ways of arrangements with forbidden positions is given by  

ὔ Ὓ Ὓ Ὓ Ὓ Ễ ρ Ὓ , where Ὓ ὲȦ ȟ Ὓ ὲ Ὧ Ȧ  ὶ . 

[ὶ  is the co efficient of ὼ  in the rook polynomial]. 

 

1. An apple, a banana, a mango and an orange are to be distributed to  four boys 

║  ȟ ║  ȟ ║  ȟ ║ . The boys ║  ȟ ║ do not wish to have apples, the boy ║  does not 

want banana or mango, and ║ refuses orange. In how many ways the distribution 

can be made so that no boy is displeased? 

                            ὄ     ὄ       ὄ      ὄ  

                               

Apple 

Banana 

Mango 

Orange 

This board C contains three disjoint sub-boards ὅ ȟ ὅ  ὥὲὨ ὅ . 

ὅ  is a sub-board containing squares 1 and 2. ὶ ὅ ȟ ὼ ρ ςὼ 

ὅ  is a sub-board containing squares 3 and 4. ὶ ὅ ȟ ὼ ρ ςὼ  

ὅ  is a sub-board containing square 5. ὶ ὅ ȟ ὼ ρ ὼ 

By product rule, ὶ ὅȟ ὼ ὶ ὅ ȟ ὼ ὶ ὅ ȟ ὼ ὶ ὅ ȟ ὼ ρ ςὼ ρ ςὼ ρ ὼ  

Therefore, Rook polynomial for the shaded parts of the board is 

 ὶ ὅ ȟ ὼ  ρ υὼ ψὼ τὼ  

Ὓ ὲȦ τȦ ςτ 

Ὓ ὲ ρ Ȧ  ὶ σȦ υ σπ 

Ὓ ὲ ς Ȧ  ὶ ςȦ ψ ρφ 

Ὓ ὲ σ Ȧ  ὶ ρȦ τ τ 

ὔ Ὓ Ὓ Ὓ Ὓ ςτ σπ ρφ τ φȢ 

Therefore, No. of ways of distributing the fruits is 6. 

1 2   

  3  

  4  

   5 

notesforvtu.in



Dr. Narasimhan G, RNSIT Page 23 
 

2. Five teachers ╣  ȟ ╣  ȟ ╣  ȟ ╣  ȟ ╣  are to be made class teachers for five classes  

╒  ȟ ╒  ȟ ╒  ȟ ╒  ȟ ╒  one teacher for each class. ╣  ╪▪▀  ╣  do not wish to  become the 

class teachers for ╒  ▫► ╒  . ╣  ╪▪▀  ╣ for ╒  ▫► ╒ . In how many ways can the 

teachers be assigned the work without displeasing any teacher? 

                                 

 

 

             

 

  

  

 

Let ὅ   Board with squares from 1 to 4, ὅ  Board with squares from 5 to 11. 

Clearly, ὅ  and  ὅ  are disjoint sub boards of the given board C. 

ὶ ὅ ȟ ὼ ρ τὼ ςὼ  and ὶ ὅ ȟ ὼ ρ χὼ ρπὼ ςὼ  

By product formula, ὶ ὅȟ ὼ ὶ ὅ ȟ ὼ ὶ ὅ ȟ ὼ . 

ὶ ὅ ȟ ὼ ρ τὼ ςὼ ρ χὼ ρπὼ ςὼ                        

              ρ ρρὼ τπὼ υφὼ ςψὼ τὼ  

Therefore, Rook polynomial for the shaded parts of the board is 

► ╒ ȟ ●  ● ● ● ● ●  

 Ὓ ὲȦ υȦ ρςπ  

 Ὓ ὲ ρ Ȧ  ὶ ςτ ρρ ςφτ 

Ὓ ὲ ς Ȧ  ὶ φ τπ ςτπ 

Ὓ ὲ σ Ȧ  ὶ ς υφ ρρς 

Ὓ ὲ τ Ȧ  ὶ ρ ςψ ςψ 

Ὓ ὲ υ Ȧ  ὶ ρ τ τȢ 

ὔ Ὓ Ὓ Ὓ Ὓ Ὓ Ὓ ρςπ ςφτ ςτπ ρρς ςψ τ ψȢ 

Therefore, the no. of ways in which the work can be assigned ψȢ 

 

 ὅ   ὅ  ὅ  ὅ  ὅ  

Ὕ  1 2    

Ὕ  3 4    

Ὕ     5 6 

Ὕ     7 8 

Ὕ    9 10 11 
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3. Four persons ╟  ȟ ╟  ȟ ╟  ȟ ╟  who arrive late for a dinner party. Find that only one 

chair at each of five tables ╣  ȟ ╣  ȟ ╣  ȟ ╣  and ╣  is vacant. ╟  will not sit at 

╣  ▫► ╣  , ╟  will not sit at ╣  , ╟  will not sit at ╣  ▫► ╣ and ╟  will not sit at 

╣  ▫► ╣ . Find the number of ways they can occupy the vacant chairs. 

 

                                        Ὕ     Ὕ     Ὕ     Ὕ     Ὕ  

                           ὖ  

ὖ   

ὖ   

ὖ               

Let ὅ   Board with squares from 1 to 3, ὅ  Board with squares from 4 to 7. 

Clearly, ὅ  and  ὅ  are disjoint sub boards of the given board C. 

ὶ ὅ ȟ ὼ ρ σὼ ὼ  and ὶ ὅ ȟ ὼ ρ τὼ σὼ  

By product formula, ὶ ὅȟ ὼ ὶ ὅ ȟ ὼ ὶ ὅ ȟ ὼ . 

ὶ ὅ ȟ ὼ ρ σὼ ὼ  ρ τὼ σὼ ρ χὼ ρφὼ ρσὼ σὼ                       

Therefore, Rook polynomial for the shaded parts of the board is 

ὶ ὅ ȟ ὼ  ρ χὼ ρφὼ ρσὼ σὼ . 

 Ὓ ὲȦ υȦ ρςπ  

Ὓ ὲ ρ Ȧ  ὶ ςτ χ ρφψ  

Ὓ ὲ ς Ȧ  ὶ φ ρφ ωφ   

Ὓ ὲ σ Ȧ  ὶ ς ρσ ςφ 

Ὓ ὲ τ Ȧ  ὶ ρ σ σ 

ὔ Ὓ Ὓ Ὓ Ὓ Ὓ ρςπ ρφψ ωφ ςφ σ ςυȢ 

Therefore, the no. of ways in which the four persons can be the chairs ςυȢ 

 

 

 

 

1 2    

 3    

  4 5  

   6 7 
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