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T1 — Chapter 3 (3.1 - 3.9)
2.1 PROPERTIES OF REAL-WORLD NETWORKS

It is important to understand properties of a real-world network before beginning to
reconstruct them. There are three distinct properties that the scientists observed in the
real-world networks

(a) high average local clustering coefficient,

(b) small-world property, and

(c) scale-free property. We will discuss these properties one-by-one.
2.1.1 High Average Local Clustering Coefficient

Real-world networks show a high-average local clustering coefficient (see the definition
of local clustering coefficient in Chapter 2), compared to that of an equivalent random
network of the same size. Note that a random network can be constructed by taking the
same number of nodes and edges as that of the original network and connect each edge
to two nodes randomly (we shall discuss about random network construction in the latter
section of this chapter). High value of local clustering coefficient indicates that at an
individual level, the neighbours of a node tend to be highly connected with each other.
For example, in a protein—protein interaction network, clustering coefficient of 0.73 was
obtained from a network of size 100 (Miller et al. 2007). Ugander et al. (2011) showed
that the Facebook social network has an average local clustering coefficient of 0.14,
which is unexpectedly high for a graph of 150 million nodes.

2.1.2 Small-World Property
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In the 1960s, Stanley Milgram (Milgram 1967) claimed that the most real-world social
networks follow, what he termed as, small-world property. The concept behind the small-
world property is that real-world networks have a surprisingly small average path length.

Small-World Property

A network G i1s said to follow the small-world property if the average path length of the
network is logarithmically proportional to the network size.

Mathematically, 1G © log(|G|) where 1G denotes the average path length of the network.
Milgram’s small-world experiment

The primary motivation behind this experiment was to measure the probability of two
random users being known to each other. This can also be viewed by the average path
length between two randomly chosen nodes in a network.

Stanley Milgram, a famous American social psychologist, conducted this experiment in
the year 1967. He chose the U.S. cities of Omaha, Nebraska, and Wichita, Kansas as the
starting point, and Boston, Massachusetts, to be the ending point of the experiment.
Around 296 letters were given to random individuals in Omaha or Wichita, and they
were asked to forward those letters to an unknown destination in Boston.

Each letter had the following details — the purpose of the study and some basic
information about the destination. Each sender was asked whether she knew the
destination; if yes, the letter was directly sent to the destination; otherwise, the sender
was asked to send the letter to her friend/relative, who she thought, knew the destination.

Within a few days, the first two letters reached the destination through only two links.
Out of total 296 letters, only 64 reached the destination. When Milgram plotted the
intermediate path length that the letters traversed through, the median number of
intermediates was 5.2 (closed to 6), with the maximum as 11 and minimum as 1. Based
on this result, he concluded that there are only six hops between any two random persons
in this world, and he coined the term “six degrees of separation”.

Is today’s online world even smaller than Milgram’s smallworld?

In the year 2008, a study by Microsoft showed that the average chain of contacts between
users of Microsoft Messenger service was 6.6 people (Leskovec and Horvitz 2007). In
May 2011, Facebook, with its 721 million active users and 68 million friendship links,
showed that the average distance between two random Facebook users is 4.74 (with 3.74
intermediaries).
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calculation may convince the readers to believe that “six degrees of separation” may not
be a fairy story.

2.1.3 Scale-Free Property

Majority of the real-world networks exhibit scale invariance on the degree distribution
as the degrees of nodes follow power law distribution as defined (3.2) below.

Power Law

The power law is a relationship between two entities such that one entity varies in a
power of the other. Mathematically, if two entities, x and y, are related by the formula: y
©x-b  y=oax-bwhere b NR, and a is the constant of proportionality. A function
which follows power law is scale-invariant. This is so because when we scale the input
x by a constant ¢, the function remains proportional to the original function. In other
words, power laws have the same functional form at all scales. The power law remains
unchanged (other than a multiplicative factor) when rescaling the independent variable

x. For example, let y = f(x) = ax —b . If we scale x by c, then f(cx) = a(cx) —b = ¢c—bf(x)

f(cx) © f(x)

Power law or Pareto distribution

Power law, in statistics, plays a vital role to quantify the relation between two variables
— a relative change in the value of one variable leads to the proportional change in the
value of other variable, independent of the initial values of both the variable, we say that
one varies as a power of another. A simple example is the area of a square in terms of
the length of its side — if the length is doubled, the area is multiplied by a factor of four
(Bar-Yam 2016; Wikipedia 2020). Another example of power law is the famous Pareto
Principle (or 80/20 rule Marshall (2013), the law of the vital few, or the principle of
factor sparsity) in economics, which states that 80% outcomes are results of 20% of the
causes. For example, in a company, 80% profits are caused by 20% employees; in a
country, 80% properties are consumed by 20% citizens; in a business, 80% of sales come
from 20% of clients (Newman 2005). Therefore, the power law principle is also called
Pareto distribution. Pareto distribution was named after the famous Italian economist
and philosopher, Vilfredo Federico Damaso Pareto, who first observed the 80/20 rule or
the top 1% rule in the wealth distribution among citizens in Italy — 80% of the money
was eared by 20% of the population
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Therefore, networks whose degree distribution P(k) follows power law are known as
scale-free networks. Most real-world networks are observed to be scale-free. Figure 3.2
shows power law degree distribution of a real-world network.

On designing network models, the network scientists try to ensure that the generated
synthetic networks follow the aforementioned three properties of real-world networks.
We discuss some popular and widely accepted network models in the literature from the
following section onward. We begin with the simplest of the lot: the random network
model.

2.2 RANDOM NETWORK MODEL

Random network model is one of the simplest proposed network models, introduced by
Erdds and Rényi (1960). A random network G is a network of N nodes such that any
random pair of nodes is linked by an edge with a fixed probability. There are various
random network models; different models yield different probability distributions on the
resulting random networks. Two popular variants of the model are as follows:

G(N, K) Model: In this variant of the model, originally proposed by Paul Erdés and
Alfréd Rényi, a network is chosen uniformly at random from the set of all possible
networks with N nodes and K edges (Erdds and 1. Rényi 1959, 1960, 1964). Figure 3.3

shows a toy example of a random network.
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As the aforementioned two events have taken place simultaneously, we have the
following equality:

)
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Note that the expression we have obtained for P(K) is an instance of the binomial
distribution, whose probability mass function (pmf) is as follows:

L T4

5@ = ()t e

The mean of the binomial distribution shown here is Np. Using the same, the average
number of edges d00in a random network G(N,p) is:

o O OO 1),
wi=( )Yftn=——1%r

2) n > n
Similarly, in a random network, the average degree (Qis computed as follows:

Sum of degrees of all nodes 2 x Totaledges 2000 1) to(b 1)

oo = Number of nodes "~ Number of nodes O U

=9t 1)

Note that both G0dand 0Qvary linearly with p. As we increase p from 0 to 1, tOdincreases

from 0 to Ugg, — b 1:, and (QUincreases linearly from 0 to N — 1. Hence, the larger
2

the value of p, the denser the resulting random network.

2.2.1 Degree Distribution of Random Network

To determine the degree distribution of a random network, we closely examine one of
the nodes of the random network. The aim is to find the probability P(k) that a particular
node has degree k.
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For the node to have degree k, the node must be adjacent to k other nodes directly.
Clearly, we can select k nodes at random from the remaining N — 1 nodes in
(®,Hpossible ways.

The probability of the existence of edges between the selected k node pairs is 0% On the
contrary, the probability of the absence of the remaining (O p) 0...

.edgesis (1 n)© e o
Since the aforementioned two events are independent, we have the following result:

v o 1. . N o
o= _ Htntt@ e "
Q

Figure 3.4 shows a comparison of the degree distributions of random networks with
varying number of nodes.

2.2.2 Binomial to Poisson Distribution
As N — oo, we can approximate a binomial(N, p) distribution as a Poisson distribution.

Applying the Poisson approximation to the binomial distribution in Equation 3.4, by
letting N — oo, we get:

notesforvtu.in



BAD714D MODULE - 02

. Q 908§ §Qi°
0(D) = T (3.5)

2.2.3 Evolution of a Random Network

For a random network G, let us assume that the giant component is a sub-network 0.
Accordingly,” "0;”is the size (number of nodes) of the giant component, and dQ0is the
average degree of the network.

Theorem 3.1. A giant component emerges in a random network when the average degree
of the network is greater than or equal to 1.

Proof:

Let Ugand Ugbe a pair of nodes in a random network G. Let us assume that Ugis in the
giant component 0j. Therefore, it must be connected to another node Uy, which must also

be a part of 0.

If Uydoes not belong to 0y, this can happen due to either or both of the following two
scenarios:

1 S1: Edge a0y Uyddoes not exist.
1 S2: Edge Uy Ugidoes exist, but node Uydoes not belong to 0.
(All other scenarios would imply that a giant component exists & think why?)

Let us now calculate the probability that a random node v in the network is a part of the
giant component:
- 0"

00 N0;) = —;
( o) 5

ISR

Alternatively, we can define the negation of this probability as m:
<0y

5

a=1

For the two scenarios, one can compute the following:

0(Y1) =1 1
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To obtain the phase transition point, we set Q = Oand obtain:

0Q0 = 1
2.2.4 Average Path Length
Let us examine a node in the random network individually. Referring to Figure 3.5, on
average, a node in the random network has GQineighbours (path distance = 1), where
0Qdis the average degree in the random network. Similarly, there are 0Qi2nodes at a
distance of 2 from the node. Extrapolating this till the last level, that is, (ggp(maximum
path length in the random network), we see Qi@ nodes.

Adding the average degree of nodes at each level, we get:

1 + {08 + 6062 + §Qie + E + foitew = §

Applying summation on this geometric series, we get:
fiQiteatt 1

- =0
Qa1

11
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